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Abstract

The eigenvalues 4,, and eigenvectors f;, of the 5D discrete number operator Ny = AL As
are evaluated in a systematic way. Because the eigenvalues 4, are represented by distinct
non-negative numbers, the number operator V5 has been used to classify eigenvectors of
the 5D discrete Fourier transform &g, thus resolving the ambiguity caused by the well-
known degeneracy of the eigenvalues of the discrete Fourier transform @,,. A procedure for
sparsealization the intertwining operators As and AL has been formulated, which made it
possible to construct a discrete analog of the continuous-case formula ¥,(x) =

\/% (@")™p, (x). In addition, a discrete analog for the eigenvectors f,, of the another con-

tinuous-case formula ¥, (x) = c;1H, (x) Yo(x), ¢, = V2" n!, has been established in
terms of the Newtonian basis polynomials 7, (X5), n € Zs, times the lowest eigenvector fj.
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1. Introduction

Let me begin by recalling first that the discrete (finite) Fourier transform (DFT)
based on five points is represented by a 5 X 5 unitary symmetric matrix @5 with
entries (see, for example, [1]-[6])
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(@) =52 g%,  kl€Zs:={0,12,34}, (1)

where q = exp(2mi /5) is a primitive 5-th root of unity. Those vectors f, which are
solutions of the standard equations

4
> @ Fdn = 2 Fdm k€L, @
k=0

then represent five eigenvectors of operator @5, associated with the eigenvalues
A. Because the fourth power of @5 is a unit matrix, only four distinct eigenvalues
among A;s are +1 and +i.

The purpose of this presentation is to discuss some novel findings concerning
algebraic properties of two intertwining operators associated with the DFT matrix
(1). These operators are represented by matrices As and AL of the same size 5 X 5,
such that the intertwining relations

As @5 = i D As, AL &g = —i D AL (3)
are valid. Matrices Ag and AL have emerged in a paper devoted to the problem of
determining an explicit form for the difference operator that governs the eigenvec-
tors of the DFT matrix @s. They can be interpreted as discrete analogs of the har-
monic oscillator lowering and raising operators a = 2_1/2(x +d/dx) and aT =
271/2 (x — d/dx); their algebraic properties have been studied in detail in [8]-[10].
In particular, it was shown that the operators A and A" form a cubic algebra Cq with
q a root of unity [10]. The algebra C,, associated with operators 4 and AT, is cer-
tainly more complicated than Heisenberg-Weyl algebra, generated by the lowering
and raising operators a and at of the continuous case. Nevertheless, the remarka-
ble fact is that it turns out possible to use the same procedure of constructing the
eigenvectors of the discrete number operator V : = A"A4 in the form of the ladder—
type hierarchy, as in the linear harmonic oscillator case in quantum mechanics [11]:

1
ao(x) =0,  Ppx) = N alihp 1 (x), n=123,.. (4)

Note also that from the intertwining relations (3) it follows that the operator N5 =
ALAs commutes with the DFT operator ®s, that is, [V5, @5] = 0. The discrete num-
ber operator Nz and DFT operator @5 thus have the same eigenvectors and the
former can be employed to find an explicit form of the eigenvectors of the latter
(see [12] for a more detailed discussion of this point).

This work presents a novel analytical method for evaluating the eigenvalues and
eigenvectors of the 5D discrete number operator Ny = ALAs, levering the sym-
metry of the intertwining operators A5 and Ag with respect to the discrete reflec-
tion operator P;. It turned out that in order to achieve this goal, it is necessary to
isolate from the intertwining operators A5 and AI—, those symmetric and antisym-
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metric parts that annihilate arbitrary vectors of the same parity. In fact, this study
develops a procedure for the sparsealization of operators As and AL, which enables
us to derive a still-missing discrete matrix analog of the well-known formulas

wn(x>=%_,(a+)"wo<x)=c;1Hn<x)wo<x), (=T (5)
n:

associated with the continuous case, for eigenvectors fj, of the DFT operator @s.

The remainder of this talk is organized as follows. In Section 2 an account is given
on how to resolve the problem of finding the eigenvectors f,, and eigenvalues 1,
of the 5D discrete number operator Ny = ALAs. A detailed description of how to
accomplish this task is provided in Section 3. Section 4 closes the paper by express-
ing the eigenvectors f,, in terms of Newtonian basis polynomials times the lowest
eigenvector f,.

2. 5D Intertwining operators Ag and Af

This section begins by deriving additional symmetry properties of the 5D inter-
twining operators As and ATS [7]. The explicit form of the matrices, associated with
the operators As and AL, is

1 1
A5 = E(XS +iYs) = E(Xs + Ds),
(6)
A = i(Xs —i¥s) = i(Xs — Ds)
V2 V2 '

where Xz = diag(Sg,S1,52,53,54), Sp:=2sin(2nn/5),n € Zs, Y5 =—iDg =
i(C — Cs) and Cs is the 5D basic circulant matrix with entries (Cs); = 8k—1. The
5D operators X5 and Yz are Hermitian and act as finite-dimensional analogs of the
coordinates and momentum operators, respectively, in quantum mechanics. It is
remarkable that operators X and Y are "classical" operators with good spectral
properties. For operator X5, the spectrum of X; is

Ap = sp = i(q_n - qn), n € Zs. (7)

This indicates that the spectrum (7) belongs to the class of Askey—Wilson spectra
of the type

An = Clqn+C2q_n+C0. (8)

The eigenvectors of operator X5 are represented by the Euclidean 5-column or-
thonormal vectors ej, with the components (ey); = 6k, k, L € Zs, that is,

X5 ey = Sk € - (9)
The spectrum of the matrix Y5 = — i D5 belongs to the same Askey—-Wilson family
because the operators X5 and Y5 = —iDs are unitary equivalent, Y5 = —iDg =
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<I>5X5<I>5T, and hence isospectral. Note that the spectrum of Xz is simple, that is, it is
nondegenerate. In addition, from the unitary equivalence of operators Xz and Y5 =
— i Dg it follows that the eigenvectors of the latter operator are of the form:

Y5€k:_iD56k:Sk€k1

€pi=Dce, = 5—1/2(1' qn' an’ q3n'q4n)T. (10)

Let me draw attention now to the remarkable symmetry between the operators
X5 and Y5 = —1iDs: the operator X5 is two-diagonal in the eigenbasis of the opera-
tor Y5 =—i D5,

Xs €n =1(€p-1 — €nv1), (11)
whereas operator Y; is similarly two-diagonal in the eigenbasis of operator X5,
Yse, =—iDse, =1 (en+1 - en—l) . (12)
It is also worth mentioning here that the N-column eigenvectors of operator Y =
—1iD forageneral N,
N-1
€n = Py en = Z (¢N)kn €k = N_l/z(l' qn’ an' e q(N—l)n)T , (13)
k=0
form an orthonormal basis in the N-dimensional complex plane CV and are fre-
qguently used therefore as building blocks of the discrete Fourier transform in appli-
cations (see, for example, p.130 in [13], where the €, referred to as discrete trigo-
nometric functions).
Note also that both operators X5 and Ds = iY5 are P;-antisymmetric; that is,

PdX5+X5Pd:0, PdD5+D5Pd:0. (14)

Moreover, since the 5D intertwining operators Ag and AL under discussion are
linear combinations of the operators X5 and Dg = iYs, from it follows that both
operators A5 and AL are also P;-antisymmetric.

It remains only to note that such a detailed discussion of the matrix structure of
the operators Xz and D5 = iY5 is dictated by the fact that it makes it possible to
significantly simplify the problem of finding the eigenvectors of the 5D discrete
number operator Ng = AT5 As. It is possible to formulate a simpler algorithm for
calculating the eigenvectors of the discrete number operator Ny = ATS As by sepa-
rating from the operators As and AL their symmetric and antisymmetric parts,
which are essentially annihilators. A detailed description of how to achieve this goal
is provided in the next section, where it becomes apparent that the key idea of this
approach is the essential use of the remarkably symmetric matrix structure of the
product @z X:. Therefore, let me close this section with a discussion about a partic-
ular P;-symmetry property of the product @z Xz, which will be essentially used in
what follows.
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Proposition 2.1. The product @z Xz can be represented as either
DX =5, A +i1BO, (15)
where A®) is a symmetric annihilator operator that annuls every P4-symmetric
vector f(s) :=(a,b,c,c,b)", and B is a sparse matrix, or
DsXs =571 (AW + BW@), (16)
where A@ is an antisymmetric annihilator operator that annuls every P;-antisym-

metric vector f@ : = (0,b, ¢, —c, —b)", and B is a sparse matrix.
Proof. The operator @5 X: is represented by a traceless matrix

0 1 cq —Cq -1
o aq® —caq® —¢*
O Xs=—|0 q* cq* —aq —¢3|. (17)
210 ¢® cq -aq* -¢?
lo ¢ a® -aq? —q

From (17) it follows that the first row annihilates an arbitrary P;-symmetric vec-
tor f(s) :=(a,b,c,c,b), that is, (0,1,cy, —c1,—1)f(s) = 0. In addition, with the
aid of simple identities ¢ = q* + is; and g% = ¢ + is,, the second and third rows
in (17) can be rewritten as

(0,q* +isy,¢1(q® +1is2), —1¢°, —q*)

= (0’ q4’ C1q3J _C1q3l _q4) + 1 (OP Sll ClsZP OPO)P

(18)

(0,q° +isp,¢1(q — is1), —¢19,—q>) =

(0,4°% ¢1q, =19, —q°) +1(0,52,—52,0,0),
respectively.
Similarly, the fourth and fifth rows in (17) can be represented as
(Ol q3: Clq; _Cl(q - isl)l _(q3 + iSZ))
= (0,4% c19,—¢14,—q%) +1(0,0,0,52,—s2),

(19)

(0,q% c1q% —c1(q® + is3), —(q* + is1))

= (0, q4, C1q3; —C1q3: —q4) —1(0,0,0,¢157,81),

respectively. Hence the initial matrix can be divided into two parts, @sX5 =
s7 LA +1BG), where
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0 1 o] —Cq -1
0 q¢* ¢ -aq® -q*
AP =10 ¢° g -aqg -7,
0 ¢ caq -aq -¢°
0 ¢* aq® -aq® —q* (20)

0 O 0 0 0
0 —c 0 0
B =0 1 -1 0 0.
0 O 0 1 -1
0 O 0 —c ¢
From the explicit form of the matrix 4 in (20) it is evident that A f&) = 0.

In addition, with only eight non-zero elements, the 5 x 5 matrix B is a sparse
matrix. Consequently, identity (15) is proved with the identification of the explicit

forms of both operators A®) and the matrix B,
Alternatively, the same matrix (17) can be split into two parts: @5X5 =

571 (A® 4+ B@) where

0 -1 —Cq - -1
0 —q¢* -caq® —-aq® —q*
AW =10 —¢* -—ciq -ciq —4¢3|,

0 ¢ g caq ¢

0 q¢* a¢® o g 1)
0 2 24 0 0
0 ¢g -1 0 0

B@D =10 ¢, ¢ 0 0

0 0 0 —c2 —qc

00 0 1 -—q

From the explicit form of matrix 4(® in (21) it is evident that c/l(a)f(a) = 0.The
5 X 5 matrix B(“), with only 10 nonzero elements, is also a sparse matrix. Conse-
guently, identity is also proved, with the identification of the explicit forms of both
operators A and the matrix B@. This completes the proof of the proposition.

3. Eigenvectors and eigenvalues of the discrete number operator Vs

This section begins with the derivation of an explicit form of the eigenvectors

and eigenvalues of discrete number operator V5.
1. Similar to the continuous case (4), the lowest eigenvector f;, of the discrete
number operator NV; is obtained by solving the difference equation
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1
Asfo = E(X5+D5)f0:0- (22)

This vector f; must be P;-symmetric, i.e. it can be written as f; =
(%0, X1, X2, X2, X1)". Therefore the matrix form of (22) is:

0 1 0 0 —171rX0 0
-1 s 1 0 0 |[]x1 1 [$1%1 +x2 = X0
Asfo=—=|0 -1 =, 1 0 [1%2|=—=]|S2x; + x5 —x1|=0.
\/E 0 0 _1 _SZ 1 xz \/z x1 - Szxz - xZ
1 0 0 _1 _31 xl xO - 51X1 - xZ

Thus, only two linearly independent equations
Xo = S1X1+x3, x1 = x(1+s3), (23)

interconnecting components X, x; and x, were obtained. Hence the lowest eigen-
vector

fo = %2 (60,61, 1,1,&), $o = S1—2¢c; & =1+s,, (24)
is determined up to the multiplicative factor x,, the explicit form of which is given
as follows.

It is directly verified that @5 f, = f,; moreover, from this formula and the second
identity in (3) it follows that:

d)ka = ikfk, kEZS (25)

Recall that the functions ¥, (x) from (5) possess a simple transformation property
with respect to the Fourier transform: they are eigenfunctions of the Fourier trans-
form, associated with the eigenvalues in,

(F ) (x) = \/— eV, () dy = 1" P, (x). (26)

Thus, (25) is a discrete analog of the continuous case (26).

It should be emphasized that owing to the simplicity of defining Equation (22)
for the lowest eigenvector f,, there was no need to use Proposition 1 in the first
step.

2. To define next to the f, eigenvector f;, we evaluate

te 1y _
Azfo (Xs — Ds)fo

X: — id XD F =
\/E 5 545 5)f0

=
2
(27)

:i(x — D Xs)f, =i(x +B9)f,
\/E 5 545JJ0 \/7 5 0’

by using the unitary equivalence of operators —iDs and X5 in the first step, the
identity CD;rfo = f,, which follows from (25), in the second step, and the identity
(15) in the third step. Upon rewriting (27) in matrix form, we arrive at the following:
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0 0 0 0 0 1 0
0—cé ¢ 0 0 ||& $1
Atfy = x_; 0 1 -2 0 0 |l1|=v2xs:| &1 |, (28)
0 0 0 2-¢ —1]|1 —C1
0 0 0 -1 26 & —&

where the readily verified identity czflz = ¢; — 25:&, is considered. Hence, the
unit-length P;-antisymmetric eigenvector f; is of the form

h= 25264

To find explicitly the eigenvalue 1, of the discrete number operator Ng = AJ5rA5,
associated with the eigenvector f;, one evaluates first

(O' fllclJ_Cll_fl)T' (29)

Asfr = % (Xs + Ds)fy = % (Xs +iPsXs DY) fy =
= L (X5 + PsX5)f1 = - (X5 + 5, 'B@)f = v, (30)
V2 V2
1
U= ——=2&,51& +C1,¢; — (1752, ¢, — €125, 5161 + ),

2./2s5¢;

by using the unitary equivalence of operators —iDs and X5 in the first step, the
identity CID‘SLf1 = —if;, which follows from (25), in the second step, and the identity
(16) in the third step. It is readily verified that the P;-symmetric vector u is the
eigenvector of the DFT operator @, thatis, ®s5u = u. Therefore one may use iden-
tity (15) to evaluate

t t_ 1 1 : t
AlAsf, = Alu = ﬁ(X5 —Dg)u = ﬁ(X5 — iP5 X5 P u =
1 ) 1 )
:E(X5—|¢5X5)UZE(X5 + B )u:/11f1, (31)
[c1(s; — 1) + 7]
Al = .
2
3. To define the next eigenvector f,, we evaluate
t 1 1 - t
Asfr = ﬁ(xs —Ds)f; = ﬁ(xs — iP5 XsDL)fy = (32)

1 1
= ﬁ(xs — dXs)fy = E(XS -5, 1B@)f;,
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by using the identity <I>2-:f1 = —if; and identity (16). Upon rewriting the right-hand
side of (32) in matrix form, we obtain

0 -2 _2C1 O O
+ 1 O_CZ
Asfi =—————=7|0—c = s1(s1 —¢2)/2f,,  (33)
26,222, |0 0 o &|| e
00 —1cll=¢&

where the unit-length Pd-symmetrlc eigenvector f, is of the form
1
f2 =5 (_chl 1I111F1)1- (34)
2s,

To find explicitly the eigenvalue 4, of the discrete number operator Ng = AEAs,
associated with the eigenvector f,, one evaluates first

1 1 _ .
Asf, = E(Xs + Ds)f, = E(XS + "szs‘bs)fz =

1 1
= E(XS —i®sXs)f, = E(XS + B(s))fz = s1(51 — ¢2)/2f;

using the identity 61>ng = —f,, which follows from (25), and identity (15). Then,
from (33) and (35) it follows that

(35)

A;Asfz = /51051 — Cz)/ZA;ﬁ = [s1(s1 — ¢2)/21f2 = Aaf2 s (36)
51(s1 — ¢3)
Ay = ———,
2 2
To define the next eigenvector f;, we evaluate
ALfy = —= (X5 — Dy)fy = = (Xs — b5 Xs®])f; =
5 \/E \/E 5

(37)

1 1
- ﬁ(xs +iPsX5)f; = E(XS - B9)f,

using the identity q>;ff2 = —f,, which follows from (25) and identity (15). Upon re-
writing the right-hand side of (37) in matrix form, we arrive at the following:

0 0 0 O —201 0
. 0s,+¢c,—c; O 1--5,
Alf, = [0 -1 gl 0 = /2 | (38)
0 0 51 _Cl
0 0 0 —(51 +¢3) -1

Hence the unit-length Pd—ant|symmetr|c eigenvector f3 is of the form
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fa = (0,1 —53,¢1,—¢y,5, — DT (39)

1
24/S,(s5 — 1)
To find explicitly the eigenvalue 45 of the discrete number operator Ng = AJSrAs,
associated with the eigenvector f3, one evaluates first
Asfz =

1 1 | .
—Xs+Ds)fs =—= + '¢5X5¢5)f3 =

7z 7 s
= -z (X5 + @5 X5)f3 = i(Xs — 5, M B@D)fy = s1(s1 + ) /2f2,
V2 V2
using the identity <D15Lf3 = if3, which follows from (25), and identity (16). Then, from
(38) and (40), it follows that

+ + +
@%ﬁ:kﬁ%géﬁﬁ:FE%:qﬁzhkh:ﬁﬁfglmn

Finally, to define the last eigenvector f,, we evaluate

te - 1o 1 e
Asfs \/E(XS Ds)f3 \/E(XS iDsXs L) fs

(40)

(42)

—i(X + s X5) —i(x
_\/E 5 55f3_\/z 5

using the identity Cbgf3 = if3 and identity (16). Upon rewriting the right-hand side
of (42) in matrix form, we obtain

+ 52‘1B(a))f3,

2¢q 0 0 0
, 0 3c1 + 1 -1 0 0 1-s,
A5f3 2C1 0 0 Cl =7, (43)
ZC]_SZﬂZA 2C1 — 3 —C2 _Cl
1 —QBc;+ Dlls, —1

where the Pd—symmetrlc eigenvector v is of the form

J7
v= ?3(2@, —(25, +1),25, + 3 — 201,25, + 3 — 2¢;,—(25, + 1)), (44)
2

It is readily verified now that the P;-symmetric vector v is the eigenvector of the
DFT operator @;, that is, @sv = v. To find explicitly the eigenvalue 4, of the dis-
crete number operator Ny = A§A5, associated with the eigenvector v, one evalu-
ates first

1 1 _ +
Asv = — (X5 + D5)v = ﬁ(X5 +iPsXs Pl )v = (45)

V2
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1
V2
Then, from (43) and (45) it follows at once that

1
V2

1 1
Xe +i0cX)v = —(Xe =B v =—(7 —¢; — ¢18,) fa.
(Xs 5Xs) \/5(5 ) \/i( 1 12)f3

1
AEASU = ﬁ (7 —C1— C152)A§f3 =

(7 —c1 — €1S2)v = A4,
(46)

Ay —c(1+ 52));

= \/f(
Therefore, a Pz-symmetric eigenvector f; of unit length is simply a properly nor-
malized version of vector v, thatis v = \//1_4f4 and

fa =

1
(2,c5 — 254,25, — €3 + 2¢4, 251 — €3 + 2¢4,¢; — 257)7T. (47)
VA2
Remark: It should be noted that by defining all the eigenvalues 1; = [¢;(s; — 1) +
71/2, A, = 51(51 —€3)/2, A3 = 51(51 + ¢3)/2,and Ay, = [7 — ¢, (1 + 5,)]/2, itis
possible to uniformly write all the preceding f, eigenvectors of unit length as

2
fo = N (51— 2¢5,1+55,1,1,1+5,)T,
24
1 T
f= \/ﬁ (0,81 —c2,1,—1,¢; — 51),
2
(48)
f L (2 )
2 = »C2,C2,C2,C3)
VA2 A3
1 T
f3 = \/ﬁ (O,_(51+C2), 1P_1P51+C2) .
3

Note also that the eigenvectors f, k € Zg, from and are orthonormalized, that
is,
i ) = ks k,leZs. (49)
To close this section, it remains only to add that the above-mentioned vectors

fx, k € Zs, are also the eigenvectors of the DFT operator @, associated with the
eigenvalues i¥, that is,

Ds fi = i* fy. (50)
Thus, the degeneracy of the eigenvalues of the discrete Fourier transform oper-
ator @5 manifests in the fact that eigenvalues, associated with the eigenvectors f,
and £, coincide, since i® = i* = 1.
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4. Explicit forms of discrete analogs

1. Thus, the above formulated approach to finding the eigenvectors of the dis-
crete number operator Ny = AL A really leads to the definition of a certain hier-
archy of the ladder type that these eigenvectors form. It only remains to consider
that the compact form of this hierarchy still contains another parameter, which can
be interpreted as follows.

It is well known that if A and B are n X n matrices, then AB and BA have the

same eigenvalues (see [14], p.54). Hence the operator NS(S) =Ag AT5 has the same
5 eigenvalues 1, as the DFT operator Ny = AL A4s, that is,

NS(S) = As Aggn = Angnn € ZLs (51)

Moreover, it is readily verified that the eigenvectors g,, and f,, of the operators
NS(S) = As AL and Vg = AL Ag, respectively, are interrelated as

. SZ
go = sing fo + cos f, =1 (Zl fo+ f4>'

. Sz
g1 =cos fo —sing f, =1 (fo ~ fﬁx),
g2 = f1, 93 = f2, 94 = f3
cosQp =

4
=1, 52
21 —>5c, 1 (52)

st st
_— = -r] —,
J21=75c, 4

s? (5++/5) .
@ = arctan 7 = arctan E— = 42,13°,

where the parameter n = cosg can also be expressed in terms of eigenvalues 4
and A, as

sing =

n= 852/‘[11 2.4,.

2. Having defined the parameter 7, the simple geometric interpretation of which
is obvious from (51) and (52), it is now easy to show that this parameter also enters
the discrete analog of (5) as

n
fn= Hai/z)—l (AD™f,, n=1234. (53)
k=1
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Recall that in the continuous case Ny,, = ata ), = n1i,, hence multiplier n! In (5)
can be expressed as n! =1-2--n =444, - 4, with 4,,, : =m, confirming the
similarity between (5) and (53).

Moreover, it turns out that the parameter 1 essentially contributes into a dis-
crete analogue of the three-term recurrence relation [11]

2+ DY () + V20, (x) = 2x P, (x), n=12,.., (54)

associated with continuous cases. This can be expressed as follows.

From (43), (44) and (47) it follows that AL f; = /A4 f4. Consequently, this can be
rewritten as:

\//1_4]04:14},](3 =(\/§X5—A5)f3=\/ixsf3—\//1—3fz' (55)
where the evident identity As + AL = v/2 X5 has been used first, followed by the
identitity As f3 = \//1_3]”2 from (40) and (41).

Similarly, from (38) and (39) it follows that A} f, = /A5 f5. Therefore,

\//1_3f3:Agf2=(\/§X5—A5)fz=\/§X5f2—\//1_2f1' (56)

because 45 f, = /A, f1 by (35). Thus, both identities (55) and (56) represent cases
of the three-term recurrence relation

vV 2Aps1 frr + \/2_/1nfn—1 = 2Xsfn (57)
forn = 3 and n = 2, respectively. Note the similarity between the recurrence re-
lations (54) and (57).

Finally, from (33) it follows that AL f; = \/l—zfz; hence

V5e
V2 fo = AL fi = (V2 X5 — As) fi = V2 Xsfi — i n (fo + 2 2 £y, (58)
where the readily verifiable identity
_ V5c
As fi = VA1 (cosp fo = sing f) = \Jln (fo + = fu) (59)
has been used. Thus, (58) represents a four-term recurrence relation
V5c
V223 fo + 2200 (fo + =3 f) = 2Xsfy, (60)

where a linear combination of the eigenvectors f;, and f, appears on the left side,
instead of only f; [ cf. (59)]. This difference between (57) and (60) is a consequence
of the fact that operators X5 and Y; = —iD5 do not satisfy the Heisenberg commu-
tation relation [x, p] = i for the standard operators x and p in quantum mechanics
(see [10] for a more detailed discussion of this point).

3. Finally, the above formulas for the explicit form of the eigenvectors f;, 1 <
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k < 4, allow us to represent them in the form f;, = d;; ! Py (Xs)fo, where P, (Xs)
is a polynomial in matrix X5 of degree k. In this way one can obtain an explicit form
of the discrete analog of the second part of formula (5) associated with the contin-
uous case. This can be ascertained as follows.

From (27) — (29) one readily derives that

fi = V)AL fo = 122) 7 (Xs + BOYfy = d Py (Xs)fy,  (61)

where P;(Xs) : = X5 + B® and d; = n/21;.
From (32) and (33) one similarly derives that

1
fo = T AL fi = @0 2) T (Xs — 57" B@) (X5 + BE) f,
2
=d; ' P,(Xs)fo, (62)
where
P,(Xs) = (X5 — 57 "B@O)(X5 + BY), d, =2n/A12;. (63)
Also, from (37) — (39) one similarly gets that
1
o= = A5 fo = d57 (Xs = BO) (X5 — 571 B@) (X5 + BO)fy
3
= d; ' P;(Xs)fo, (64)
where

P3(Xs) = (Xs = B)(Xs — 57" BOY(Xs + BY), d3 =123412545. (65)
Finally, from (42), (44), and (47), it follows that
1
fa = \/TATsf?, =d; ' P(Xs)fo, (66)
4
where
Pu(Xs) = (X5 + s3BW) (X5 — BO) (X5 — s3B@W) (X5 + BY),

(67)
d4 = 4‘7] 111213/’14 .

Thus, the discrete analog of the formula ¥, (x) = ¢; H, (x) Yo (x), ¢, =
V2™ n!, associated with the continuous case, has the form:
fn = dn_l ?n(XS)fOI n= 1: 2: 3; 4: (68)

where d,, = n[[F-1(22,)Y/? and P, (Xs) are the Newtonian basis matrix polyno-
mials in Xz (see, e.g.[15]-[18] and relevant references quoted therein on various
applications of the Newtonian basis), defined as
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PoXs) =1,
(69)
PuXs) = (Xs — Mp_q) - (Xs — M1)(Xs — My), n=1234,
with the matrices My = —M, = —B) and M; = —M; = 55 *B@ as interpolation
nodes at 0,1,2,3. It should be noted that by combining (68) with the orthonormality
condition of eigenvectors f,,, it is easy to verify that the polynomials P, (Xs) are
orthogonal:

(PeXs)fo, Pi(Xs)fo) = dkz ki - (70)
Simultaneously, it is extremely important to emphasize that the matrix polyno-
mials ,,(Xs) do not belong to the class of hypergeometric-type polynomials on a
Newtonian basis, which necessarily satisfy the standard three-term recurrence re-
lations.

5. Conclusions

To summarize, a simple analytic approach to the evaluation of the eigenvalues
A, and eigenvectors f, of the 5D discrete number operator Ny = ALAs is formu-
lated, which is based on the symmetry of the intertwining operators A5 and AL with
respect to the discrete reflection operator. A procedure for sparsealization the in-
tertwining operators As and AL has been developed, which made it possible to es-
tablish a discrete analog of the well-known continuous-case formula ¥, (x) =

\/% (a) "o (x). A discrete analog for the eigenvectors f;, of another continuous-

case formula ¥, (x) = c;1H,(x) Yo (x), ¢, = V2™ nl, is constructed in terms of
the Newtonian basis polynomials P, (X5), n € Zg, times the lowest eigenvector f;,
as well. The methodology developed not only deepens the understanding of the
discrete Fourier transform but also paves the way for advanced numerical methods
in spectral analysis.

I am grateful to Luis Verde-Star and Alexei Zhedanov for their illuminating discus-
sions.
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