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Abstract

In this paper, we study the properties of partial and mixed moduli of smoothness of
fractional order in the case of functions with two variables that are 2;r —periodic in each
variable. Estimates of the type of the Marchaud estimate for the above characteristics of
functions with two variables are proved.
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1. Introduction

Denote by CTz the space of continuous functions on
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T2 = [ 7z, 7] x [~ 7, #] and 27z - periodic in each of the variables, with the norm

fll.= max |[f(x,y]).
Ifle =  max | (xy)

Let us introduce the following notations (see [ 2 ]):

w;,p(§,n): Sup Arhfhz f(X, yj c’ o e (O, 7[]

|hy|<5.|ha|<n

- mixed modulus of smoothness of the order r >0 with respect to the first
argument, the order p > 0 with respect to the second argument;

o?0(5)= sup|ALOf (x, yﬂ , 6¢(0,7]
ES c

- partial modulus of smoothness of order r >0 with respect to the first argument;

o r)= sup | 1 (cy)|_ n e (0.7]

[h|<77

- partial modulus of smoothness of order p >0 with respect to the second

argument, where r, p arbitrary positive numbers and

AN (x, y):exp(ﬂri)_ZOAj_r_lf(x+ jih,y), (1)
J:

AP £ (x,y)=exp(mi) X AP (xy + jh), (2)
j=0

A'Hf,’hzf(X,y)=exp(ﬂ(r+p)i)§ S AT A L (b y+ ), )
j=0m=0

and we suppose that A(r){lo,hz f(xy)=f(xy).

In formulas (1) - (3), the coefficients Aj_r_i and AJ-_p_1 are determined

from the relations

W~ e ATl ()P = v APy
(1 X)_ZAJ X,(l X)—ZAJ- x7. (4)
j=0 j=0

It is obvious that
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< 1 - 1
> AT =0, (1-x) = ¥ AP =0, (5)
j=0 j=0

where >0, p>0.
The numbers A are called Cesaro numbers of order «. They have an

explicit representation (see [ 3 ]):

Ag:M:(“”j:o(n“)(a¢—1,—2,...). (6)

n! n
If r>0, p>0 are integers, then the differences (1) - (3) become ordinary
differences of integer order, since j>r+1, m>p+1, Aj_r_l =0, Aj_p_l =0.

From (6) it follows that

< | p-r-1 o - r-1 1

ZAJ-__‘<oo, Ty AJ-—‘A,;P“@o. (7)

j=0 j=0m=0
In particular, It follows from here that the series (1) — (3) converge in the

space CT 2

S AT (x+ jh,yﬂ
j=n C

s |acr-1 < |pa-r-1 —r
ST =ler DA sen e oo

n—oo;
o0

Y > ATAY T (x+ jhy,y +mhy

SC-nfrkprch —0,n—> o, k—>o0-
j=nm=k

c

In this paper, we study the properties of partial and mixed moduli of
smoothness of fractional order in the case of functions with two variables that are
27 —periodic in each variable. Estimates of the type of the Marchot estimate for
the above characteristics of functions with two variables are proved

2. Main results
Let's first establish some simple properties of the functions a);’p(é‘,n),

®'9(8) and w?‘p(n).
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Property 1. Forany r>0, p>0

¢ 0y (6.m)< 0 (6,m)+ay? (5.1). (8)
Proof is obvious.
Property 2. Forany r >0, p > 0 the following inequalities hold true:

o7 #(6m)=C g o

Vo< <r,0<p <p, a);'p(é‘,n)SCa);l’pl(é',n), (10)

where and in what follows, C denotes various constants in various inequalities
that do not depend on f .

Proof. For VO<n <r and 0< p; < p, we have
P e I
o y)=ay v”° an A f(x y))-

hl
=elelrep-n-pN)T T A JaR AR AR £ (x4 iy, y + iy ).
j=0 m=

Hence

iy 100 =ClaRA, 1)
it 1] sclan 1)

For r = p; =0, from the last inequality follows the inequality (9), and for
0<n<r, 0<p <p follows the inequality (10). In particular, for r>1, p>1
assuming i =1, p; =1 in (10), we find that a) (5 77)—)0 for 6 »0,7 —>0.

Property 3. Forany r >0, p >0 holds the following inequality
a)]rc‘p(25,77)SCa)¥’p(5,77). (11)

Proof. In [5], a representation for a function of one variable was proved:

Aohp(x)= ZB”A o(x+ jh),
J_

o0 .
where coefficients Bj_r_l determined from the expansion (1+ X)r = Bj_r_lxJ .
i=0
From this, it is clear that there is a representation:
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N, F0y)= 3 BT TIALA F(x+ i, hy), (12)
j=0 |

where coefficients Bj_r_l determined from the expansion
r < 1.1
(L+x)" =¥ B ], (13)

j=0
Using representation (12) and taking into account that the coefficients B/

satisfy estimation (6), we obtain relation (11).
Property 4. Forany r >0 and ke N

a);’p(ké‘,n)s Ca);’p(é‘,n). (14)
This property is proved by using the representation
NP Hxy)= éocj_r_lArﬁfhz f(x+ jhy, y), (15)
where the coefficients Cj_r_l are determined from the expansion
faxr .+ xktf = focj‘“‘lxj . (16)
j=

Remark 1. It is clear from the proofs of Properties 3 and 4 that the following
inequalities are also true:

Vr>0, p>0,01”(8,27)<Caw?(5,1), (17)
r,p r,p
vr>0, p>0, vkeN, w; (5,k77)SCa)f (5.17). (18)
Property 5. Let 0 <6 <, 0<n <n . Then

5 ' PoyP (01,m)<C-6"'n Pl (5,m). (19)

Proof. Let %sks%ﬂ, ﬂs psﬂ +1, where k, p € N . Then we have
n n
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oy ? (B.m) < 07”(ks,pn)<C -0y (8,1)<C k" pPop?(8.1)<

r
SC(51+5) ,(771+77) wi};,p(é‘,n)gc‘zr-rp 51 771 (5 77)
r p p
6 n s
From this we obtain the required.
We prove the main theorems using properties 1-5 according to the scheme
of work ([ 11]).
Theorem 1 (an analogue of Marchaud's inequality [1]). Let f € CTz . Then

forany r>0, 21, p>0,0<0< Z and ne (O,ﬂ] the inequality is hold:
r

o ()

w::l‘p(é"n)sc oh i+l

dt + w?‘p(n) . (20)

Q«;'—.-x‘k]

Proof. Let us first consider the case of r=n. Let by 6[0,2£:|. Then we
r

have

A5 Ty)-2" a0 1) -

exp(m'i)( Y Bj' 1Arhlph f(x+ Jh,y)]—

=0

- Z Bj ' 1A [f(X+jh1 y)- f(x,y)i:
j=0

z B! z A”lpf(x+m1,h2){s

Z BT r_lALlp [Z Alo (x+vh1,y)J
=0

j=0

SC-r-Zr_l r+lp(h1,h2).

From the last relation, it follows that
7 I’ 1, 1

Hence, for any natural p we obtain

A2h h, f(x V)D :
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1
fhph f(x, y)( <C [% ”1p(h1,h2)+%2—a);+1p(2h1,h2)+

1 rlp
+2? At by f(x, yﬂ
p_lwl’-i-l p( Vh]_ahZ)
<c| L f L lare f(xy)|<
2,20 2 2Pr | 2Phy,hy

rP la);Jrlp(thl,hz)

1 refop
<C 2p—1rwf (2 hl'h2)+§‘/§0 o

Further, taking into account that for any integers j>0, by € [021} and h,
r

such that 2£ <2Ph<” , the following inequality holds:
r r

J+lh a)r+1p(t 77) r+1p 2j -h
1,77
h’j—ldtch ( )
2ip, 2.r.2)0
we have
p-1 2y [P (t,hy)
‘Afhvph f(x,y)(sc. 11 w?'p(z,h2j+2r2hr |t <
12 A r j=0 2jhl t't
z r+1, ( )
- P
I’Cl)f t,h2 O,
<C- 2rh1rhj s dt+hf 027 (hy) |
1

Thus, forall 5 e [0,21} we have the following estimate
r
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T

T o™ (tn)

o} P (5,m)<C 8" | i dt+ @9 (n)|.
o

The validity of estimation (20) with 21 <5<Zis easily proved using (14).
r r

Thus, (20) is proved for r =r;. Inequality (20) is obvious for r >, and for r <1 it
is proved by successive application of the above procedure. The theorem is
proved.

Remark 2. Similarly to the proof of Theorem 1, we can prove the following
theorems:

Theorem 2. Let f ECTz .Thenforany p>0, p; =1, 0<77SZ and r >0,
P

o€ (0, 72'], the following inequality holds:

i
P a)]rc’pﬂ(&,t)

of P (8,m)<C Pt | dt+a)?‘o(5) . (21)

tP1 +1

Theorem 3. Let feCTz. Then for any r>0, =1, 0<5<£, the

r
inequality
ﬂa)Hl’O(t)
0?0(5)<C-sn (Iyirlet |l (22)
holds.

Theorem 4. Let f ECTz .Thenforany p>0, p; 21, 0<77<£ and r >0,
Yol

o€ (O, 72'], the inequality
a)(f)‘p+1(t)

0,0 T
o7 ()<C - | to1tl

dt+| | (23)

10
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holds.

(1]

(2]

(3]

(4]

(5]
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