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Abstract

This paper investigates the solvability of an inverse boundary value problem with an

unknown time-dependent right-hand side for a second-order parabolic equation. First, an
original problem is reduced to the equivalent problem, the theorem of existence and
uniqueness of solution is proved for the latter. Then, using these facts the author proves
existence and uniqueness of classical solution of the original problem.
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1. Introduction

It is known that the practical requirements often lead to the problem of
determining the coefficients or the right hand side of the partial differential
equations for some known data about its solutions. Such problems are called
inverse boundary value problems in mathematical physics. If the unknowns in an
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inverse problem are the solution and the right-hand side, then such an inverse
problem is called linear; if the unknowns are the solution and at least one of the
coefficients, then the inverse problem is nonlinear.

Inverse problems are a beneficially developing section of modern
mathematics. Recently, inverse problems have been widely used in various fields
of science. Inverse problems for various types of partial differential equations
have been studied in many works. We note the works of A.N. Tikhonov [1], M.M.
Lavrentyev [2,3], A.M. Denisov [4], M.I. Ilvanchov [5], S.I. Kabanikhin [6].

The solvability of inverse problems in various formulations with various
overdetermination conditions for parabolic equations was the subject of study in
[7]-[14].

Unlike known works, in this paper, a linear inverse boundary value problem
for a second-order parabolic equation

2. Problem statement and its reduction to an equivalent problem
Consider the equation
c(t)u, (x,t)—u, (x,t) =F(x,t) (1)

in the domain D; :{(X,t):0<x<1,0<tST}and set up a boundary value

problem for it with the initial condition

u(x,0)=gp(x), (0=x<1, (2)

Neyman boundary condition
u (0,t)=0 (0<t<T), (3)

Dirichlet boundary condition
ulL, t)=0 (0<t<T), (4)

where 0<c(t) eC[0,T] ¢(x)eC[0,1], F(x,t)eC(D;) - are the given
functions, and U(X,t) is the desired function.

Let's accept the following

Definition 1. The function U(x,t) e C**(D; ) is said to be a classical solution

of the problem (1)-(4), if this function satisfy Equation (1) in D- , the condition (2)
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on [0,1] , and the statements (3)-(4) on the interval [0,T] .
Theorem 1. Assume that 0 <c(t) e C[0,T] (0<t<T) . Then if problem (1)

- (4) has a solution, then it is unique .
Proof. Assume that there are two solutions to the considered problem as

U, (X,t) and u,(X,t) . Let us denote the difference of these solutions by
(X, t)=u, (X,t)—u,(X,t) . It is clear that the function J(X,t) satisfies the

following homogeneous equation
c(t)v,(x,t)—v,(x,t)=0 (0<x<10<t<T), (5)

and the conditions

v(x,0)=0, (0<x<1), (6)
v, (0,t)=0 (0<t<T), (7)
v, t)=0 (0<t<T). (8)

Let us prove that the function v(X,t)is identically equal to zero. Obviously
V(X,t) =0 is a solution to this problem. Let us prove that there are no other

solutions.
Multiplying both sides of equation (5) by the function 2v(X,t) and integrate

the resulting equality over x from O to 1:
1 1
2 j c(t)v, (X, V(X t)dx — 2 j v, (X, V(X t)dx =0 9)
0 0
Using the boundary conditions (7), (8), and (5) we have:

1 d 1 , .
2¢(t) ! v (X OV, e =) ! VA(x,t)dx (0 <t <T);
ZTVXX(x,t))v(x,t)dx =2v, (L t)v(Lt)—-2v,(0,t)v(0,t) —j‘vf(x,t)dx =

1
= —Ivf(x,t)dx;
0

Then, from (9), we get

33



Shakir Yusubov, Khanim Ismayilova / Journal of Mathematics and Computer Sciences v. 1(4) (2024), 31-40

1 1
c(t)%fvz(x,t)dx :—2jv§(x,t)dx (0<t<T) (10)
0 0
We introduce the following notation
1
z(t):jvz(x,t)dxzo .
0

It is obvious from (6) that z(0) =0, and in turn from (10) it is easy to see that
Z'(t)<0(0<t<T).From here we get:

c(t).lfvz(x,t)dx =0(0<t<T).

Then from the last relation it is easy to see that v(x,t) =0 (x,t) € D;.

Thus, it is shown that if there exist two solutions and of problem (1)-(4), then.

Thus, it is shown that if there are two solutions U, (X,t) and u,(X,t) problem
(1)-(4), then u (X,t)=u,(X,t). It follows that if a solution to problem (1)-(4)

exists in U(X,t) e C**(D;) , then it is unique. The theorem is proved.

Based on the direct problem (1)-(4) we consider the following inverse
problem. Let
F(x,t)=a(t)g(x,t)+ f(x,t) (11)
where the functions g(X,t) and f f(X,t)are given functions and the function
a(t) is unknown.
It is required to determine a(t), if the following additional information
about the solution of problem (1)-(4) is given:
u(0,t)=h(t) (0<t<T) (12)
the functions h(t) are unknown function.

Definition 2. A pair {u(x,t),a(t)}—is called a classical solution to problem
(1)-(4), (12) if the functions u(x,t) € C**(D; ) and a(t) e C[0,T] satisfy Equation
(1) in D; , the condition (2) in [0,1] , the conditions (3), (4) and (12) on the
interval [0, T].

The following theorem is true.
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Theorem 2. Assume that f(x t),0dx ,t;) o(x ¥C [
h(t) eC'[0,T] ,0<c(t)eC[0,T],9(0,t) 20 (0<t<T), and the compatibility
conditions

¢(0)=h(0)
holds. Then the problem of finding a classical solution of (1)-(4), (12) is
equivalent to the problem of determining the functions u(x,t) e C*'(D; ) and
a(t) e C[0,T], satisfying the conditions (1)-(4) and the relation
c(t)h’(t)—u, (0,t) =a(t)g(0,t)+ f(O,t) (O<t<T). (13)
Proof. Let {u(X,t),a(t)}—be a classical solution of (1)-(4), (12).
Substituting X =0 into (1) we find:

c(t)%u(O,t)—uXX(O,t) =a(t)g(0,t)+ f (0,t) (0<t<T). (14)

Further, assuming h(t) eC'[0,T] and differentiating (12) twice, we have
u (0,t)=h'(t) (0<t<T) (15)
From (14), taking into account (15), it follows the fulfillment of (13).
Now, suppose that {{u(x,t),a(t)}is a solution to problem (1)-(4), (13). Then
from (13) and (14) we find

c(t)%(u(o,t)—h(t)):o 0<t<T). (16)

By virtue of (2) and the conditions of agreement (0(0) =h (0), we have:
U(%, 0) ~h(0) =(X,) ~h(0) =0 (17)

From (16) and (17) we conclude that condition (12) is satisfied. The theorem
has been proven.

3. On the solvability of the inverse boundary value problem

We seek the first component u(x,t) of solution {u(x,t),a(t)} of the

problem (1)- (4), (13) in the form
u(x,t) = iuk(t) COS A4, X (/Ik = %(ZK —1)j , (18)
k=1
where
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u, (t) = Zju(x,t) cos A xdx (k=12,..).

Then applying the formal scheme of the Fourier method, from (1) and (2) we
have

c(t)u, )+ Au () =F (t;a) (k=12,..;,0<t<T), (19)
U, (0) =g (k=12,..), (20)
where

F (t;a) =a(t)g, () + f, (),

f ()= Zj f (x,t)cos A xdx, g, (t) = 2} g(x,t)cos 4, xdx,

1
?, :2I¢(x)cos/1kxdx (k=12..).
0

Solving problem (19), (20), we find
Akds
5 c(s) F (z;a) I

u (t) =g J.—e

s ¢(7)
Substituting the expressions Uk(t), k=12,...) described by (21) into

2ds

“Odrk=12,.). (21)

(18), to determine the first component of the solution (1)-(4), (13). we obtain

f ik(gf F (z;a) *f@
u(x,t) = g o 2 e = d 7 pCcos A X (22)
Z P I e A

Now, from (13), taking into account (18), we have:
a(t) = [g(O,t) ] 1{ h'(t)— f(0,t)+ Zﬂfuk (9] } . (23)
k=1

Substituting expression (26) into (29) we obtain:
at)=[g(0.t) ]

b A3ds

, e | B R ey Tae (24)
x h(t)—f(o,t)+k§/1k P8 +£—ec(r) dr | .
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Thus, the solution to problem (1)-(4), (13) is reduced to the solution of
system (22), (24) with respect to unknown functions u(x,t) and a(t).

It is easy to see that a(t)is a solution to equation (30), then a pair
{u(x,t),a(t)}of functions u(x,t) and a(t) will be a solution to problem (1)-(4),
(13). Therefore, the problem posed is reduced to determining a(t) from equation
(24).

The following theorem is true:

Theorem 3. Let us assume that the data of problems (1)-(4), (13) satisfy the
following conditions:

1. (x) €C?[0,1],9"(x) e L ,(0,1),0'(0)=0, p(0)=0, ,p"(1) =0 .

2. f(x,b), £ (x.1), f (x,t)eC(Dy),, f (x,t)eL, (D),

f(0t)=0, fLt)=0, f (Lt)=0 (0<t<T).

3 9061), 9, (X 1), 9 (X,1) € C(Dy ), G (X, 1) € L (Dy ), 9, (0,1) =0,
g@Lt)=0,g,@Lt)=0 (0<t<T).

4.0<c(t)eC[0,T],h(t)eC'[0,T] , g(0O,t)=0(0<t<T).

Then problem (1)—(4), (13) has a unique solution.
Proof. Equation (24) can be written as

a(t) =q(t)+ Jt-G(t, r)a(r)dz, (25)
where
e e S e 16
a®) =[9(@.0] * (O FON+ 24| ¢ pe fc@) ,
1
G(t,7)=[g(0.t)] Zﬂ“e() 0.(2) .

Taking into account the conditions of Theorem 3 it can be shown that

37



Shakir Yusubov, Khanim Ismayilova / Journal of Mathematics and Computer Sciences v. 1(4) (2024), 31-40

[a®or, =|[900]]

N =FO Do +

(3247 100l g+ 1 |

k=1

- xt)

Lz(Dr)J}' (26)

G(t,7)| < H[g(O,t)] (27)

X t .
ngX LZ(O l) croT]

(24

From (26) and (27) it follows that the linear integral equation of Volterra type
(25 has a unique solution from.C [O,T] .

Let us show that if a(t)eC[O,T] , then u(x,t) eC*(D;). Indeed, it is
clear from (21) that u, (t) e C[O,T](k =1,2,..) and

|3 lal) J :

k=1

(S0 O | <

Hle®1, 0, VT ( [> e, (r)|)2drjz ¥

k=1

1

T IIa(t)llcm,nH[Cﬂ)l1HC[O,T][I i(ﬂflgkmwdr}z

k=1

or

[i(ﬂf o (t>||cm>2j2 <[l 00l +
+\/_H[C(t)] HC[OT] XXX )
T JCOT ], Ol 820 (D)o,

From the last relation it is clear that the function u(X,t) is continuous and

+
L,(Dr)

gxxx (X
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has continuous derivatives U, (X,t)and u_(x,t) in D;.

From equation (25), in view of (21), it is easy to see that

(i(ﬂ« | (i(zf Ju, (t)||C[O,T])2]2 "
k=1 C[0,T]

k=1

i 2 % 1
uk(t)”C[O,T]) ] S\/EH@

+H” fo(x,t)+ a(t)gx(x,t)|| L2(0,1)H C[O,T]} .
It follows that U (X,t) is continuous in D; .

It is easy to verify that equation (1) and conditions (2)—(4), (13) are satisfied
in the usual sense. Thus, the solution to problem (1)—(4), (13) is a pair of
{u(x,t),a(t)} functions. By Theorem 1, it is unique. The theorem is proved.

Using Theorem 2, the last theorem immediately implies the unique solvability
of the original problem (1)—(4), (12).

Theorem 4. Let all the conditions of Theorem 3 be satisfied and the
consistency conditions be satisfied:

»(0) = h(O).

Then problem (1)—(4), (12) has a unique classical solution.

CONCLUSION

The unique solvability of a linear inverse boundary value problem for a
second-order parabolic equation is investigated. The problem under consideration
is, in a certain sense, reduced to an auxiliary problem, and the existence and
uniqueness of a solution to the auxiliary problem are proven. Based on the
equivalence of these problems, an existence and uniqueness theorem for a
solution to the original problem is proved.
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