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Abstract 

We study the classical solution of the nonlinear inverse boundary value problem for for 
pseudo hyperbolic equation of the fourth order The essence of the problem is that it is 
required together with the solution to determine the unknown coefficient. The problem is 
considered in a rectangular area. To solve the considered problem, the transition from the 
original inverse problem to some auxiliary inverse problem is carried out. The existence 
and uniqueness of a solution to the auxiliary problem are proved with the help of 
contracted mappings. Then the transition to the original inverse problem is made, as a 
result, a conclusion is made about the solvability of the original inverse problem. 
 

Keywords:  inverse boundary problem, pseudo hyperbolic equation, method Fourier, classic 
solution. 
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1. Introduction 

There are many cases where the needs of the practice bring about the problems 
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of determining coefficients or the right hand side of differential equations from 

some knowledge of its solutions. Such problems are called inverse boundary value  

problems of mathematical physics. Inverse boundary value problems arise in 

various areas of human activity such as seismology, mineral exploration, biology, 

medicine, quality control in industry etc., which makes them an active field of 

contemporary mathematics. Inverse problems for various types of PDEs have 

been studied in many papers. Among them we should mention the papers of A.N. 

Tikhonov [1], M.M. Lavrentyev [2, 3], V.K. Ivanov [4] and their followers. For a 

comprehensive overview, the reader should see the monograph by A.M. Denisov 

[5]. In this paper, following [6,7], we prove existence and uniqueness of the 

solution to an inverse boundary value problem for pseudo hyperbolic equation of 

the fourth order . 

Formulation of the problem and its equivalent form  

 Let }0,10:),{( TtxtxDT  . and ),( txf ,   )(x , )(x ,  

)2,1()( ithi  are given functions defined for ],0[],1,0[ Ttx  . Consider the 

following inverse problem: to find a triple )}(),(,),({ tbtatxu  of the functions 

),( txu , )(ta  ,
 

)(tb  satisfying the equation 

  ),(),(),( txutxutxu xxxxttxxtt  

 ),(),()(),()( txftxutbtxuta t                                   (1) 

with initial  

        
),10()()0,(),()0,(  xxxuxxu t                   (2) 

and boundary conditions 

                )0(0),1(),0(),1(),0( Tttutututu xxxxxx                          (3) 

and with additional conditions 

),0;;2,1,10()(),( 21 Ttxxixthtxu iii                         (4) 

Introduce the designation  

 )(,(),,(),(),(:),()(
~ 22,4

TttxxxxxxTT DCtxutxuDCtxutxuDC   

Definition. A triple )}(),(),,({ tbtatxu  of the functions )(),( 2,4

TDCtxu   ,
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],0[)( TCta 
 
and ],0[)( TCtb   satisfying equation (1) in ,TD  condition (2) in 

]1,0[  and conditions (3)-(4) in ],0[ T  we call a classical solution to boundary value 

(1)-(4). 

We prove the following  

Теорема 1.  Let  ),(),( TDCtxf  ),(x  ],1,0[)( Cx   

)2,1(],0[)( 2  iTCthi )0(0)()()()()( 1221 Ttththththth   and  the  

matching  conditions  

)2,1.()0()(,)0()(  ihxhx iiii   

are satisfied. Then  the problem of finding a classical solution to problem (1)-(4) is 

equivalent to the problem of determining the functions ),(),( 2,4

TDCtxu 

],0[)( TCta   and ],0[)( TCtb   from (1)-(3) and  

 ),(),()( txutxuth ixxxxittxxi  

.)0;2,1(),()()()()( Ttitxfthtbthta iii 
         

     (5) 

Proof. Let )}(),(),,({ tbtatxu  be a classical solution to problem (1)-(4). Since 

)2,1(],0[)( 2  iTCthi , differentiating (4) two times over t  we get 

                 ).0;2,1()(),(,)(),( Ttithtxuthtxu iittiit                        (6) 

Taking ixx   in equation (1) we find 

 ),(),(),( txutxutxu ixxxxittxxitt  

        )0;2,1(),(),()(),()( Ttitxftxutbtxuta iiti              (7) 

From this considering (4) and (6) we arrive at (5). 

Now let’s suppose that )}(),(),,({ tbtatxu  is a solution of problem (1)-(3), 

(5). Then from (5) and (7) we get 

))(),(()())(),()(())(),((
2

2

thtxu
dt

d
tbthtxutathtxu

dt

d
iiiiii 

 

             
)0;2,1( Tti   .                         (8) 

Considering (2) and  )2,1.()0()(,)0()(  ihxhx iiii  we have 
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                   ,0)0()()0()0,(  iiii hxhxu 
 

.                                       )2,1(0)0()()0()0,(  ihxhxu iiiit   .               (9) 

From (8), taking into account (9), it is clear that condition (4) is also 

satisfied. The theorem is proved. 

 Solvability of the inverse boundary value problem 

The first component ),( txu  of the solution )}(),(),,({ tbtatxu  to problem 

(1)-(3), (5) we seek in the form 
















1

)12(
2

sin)(),(
k

kkk kxtutxu


 ,                        (10) 

where 

,...)2,1(sin),(2)(

1

0

  kxdxtxutu kk  . 

Then applying the formal Fourier scheme, from (1) and (2) we obtain 

            
,...)2,1;0(),,;()()()1( 42  kTtbautFtutu kkkkk                    (11) 

,...)2,1()0(,)0(  kuu kkkk  ,                    (12) 

where 

,)()()()()(),,;( tftutbtutabautF kkkk  ,sin),(2)(

1

0

 dxxtxftf kk   

,...)2,1(sin)(2,sin)(2

1

0

1

0

  kxdxxxdxx kkkk  . 

Solving problem (11)-(12) we find 

 tttu kk

k

kkk 


 sin
1

cos)(  

         ,...)2,1()(sin),,;(
)1(

1

0

2



  kdtbauF k

t

k

kk




,             (13) 

where 
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2

4
2

1 k

k
k







  ,...)2,1( k . 

 

After substitution of the expression ,...)2,1()( ktuk  into (10) for the 

determination of ),( txu  we get 












1

sin
1

cos),(
k

kk

k

kk tttxu 


  

.sin)(sin),,;(
)1(

1

0

2
xdtbauF kk

t

k

kk


 







          (14) 

Now from (5) taking into account (10) we have 






  )()),()(()()),()(()]([)( 122211

1 thtxfththtxfththta

 










)sin)(sin)(())()(( 2112

1

42 xthxthtutu kk

k

kkkk  ,     (15) 






  )()),()(()()),()(()]([)( 211122

1 thtxfththtxfththtb

 

     

.)sin)(sin)(())()(( 1221

1

42










xthxthtutu kk

k

kkkk      (16) 

Consideration of (13) in (11) gives 

 ),,;()()()( 42 bautFtututu kkkkkk   
















 ),,;(

1

1
1)(

1 22

4

bautFtu k

k

k

k

k




 










 ),,;(
1

)(),,;(
1

)(
1 2

2
2

2

2

2

4

bautFtubautFtu k

k

k
kkk

k

k
k

k

k













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



 tt kk

k

kkk 


 sin
1

cos2  

),,,;(
1

)(sin),,;(
)1(

1
2

2

0

2
bautFdtbauF k

k

k
k

t

k

kk 




 








   

                      .0,...,2,1 Ttk   

To obtain an equation for the second component ),(ta  )(tb of the 

solution )}(),(),,({ tbtatxu  we put the last relation into (15) 






  )()),()(()()),()(()]([)( 122211

1 thtxfththtxfththta

 











tt kk

kk

kkk 


 sin
1

cos
1

2

 




t

kk

kk

dtbauF
0

2
)(sin),,;(

)1(

1



 



















 )sin)(sin)((),,;(
1

21122
xthxthbautF kkk

k




,                (17) 






  )()),()(()()),()(()]([)( 211122

1 thtxfththtxfththtb











tt kk

kk

kkk 


 sin
1

cos
1

2

 


t

kk

kk

dtbauF
0

2
)(sin),,;(

)1(

1



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

















 )sin)(sin)((),,;(
1

12212
xthxthbautF kkk

k




,                (18) 

This, solution of problem (1)-(3),(5) is reduced to the solution of system 

(14), (17),(18)  with respect to the unknown functions ),,( txu ).(ta  and ).(tb  

To study the problem of the uniqueness of the solution of problem (1)-(3), 

(5), the following lemma plays an important role. 

Lemma. If )}(),(),,({ tbtatxu  is arbitrary classical solution of problem (1)-(3), (5), 

then the function  

,...)2,1(sin),(2)(

1

0

  kxdxtxutu kk   

satisfies system (13) in ].,0[ T  

Proof. Let  )}(),(),,({ tbtatxu  be any solution to problem (1)-(3), (5). Then 

multiplying both sides of equation (1) by the function  xksin2  ,...)2,1( k , 

integrating the obtained equality over x  from 0 to 1 and using the relations 

)(sin),(2sin),(2

1

0

1

0

2

2

tuxdxtxu
dt

d
xdxtxu kkktt















    ,...)2,1( k , 

,...),2,1()(sin),(2sin),(2 2

1

0

1

0

2 













  ktuxdxtxuxdxtxu kkkttkkttxx 

,...)2,1()(sin),(2sin),(2 4

1

0

1

0

4 













  ktuxdxtxuxdxtxu kkkkkxxxx  , 

we obtain that equation (11) is satisfied.  

 Similarly, the fulfilment of (12) is obtained from (2). Thus 

,...)2,1()( ktuk  is a solution to problem (11), (12).  

As immediately follows from this the function )(tuk
,...)2,1( k  satisfies 

to system (13) on ],0[ T . Lemma is proved.  

This lemma implies the validity of the following 
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Consequence. Let system (14), (17),(18) have a unique solution. Then problem (1)-

(3), (5) cannot have more than one solution, i.e. if problem (1)-(3), (5) has a 

solution, then it is unique. 

Now, in order to study problem (1)-(3), (5) consider the following spaces.  

1. Denote by 
3,5

,2 TB  [8] the set of all functions  txu ,  of the form 

,)12(
2

sin)(),(
1
















k

kkk kxtutxu


  

Defined on ,TD  where each of the functions ),2,1](,0[)( 1  kTCtuk   and 

.))(())(()(
2

1

1

2

],0[

3
2

1

1

2

],0[

5 
















 







 k
TCkk

k
TCkkT tutuuJ   

The norm in this space is defined as  

).(),( 3,5
,2

uJtxu
TB
  

2. By 3,5

TE  we denote the space of the vector functions )}(),(),,({ tbtatxu  

such that   3,5

,2, TBtxu  ,   ],0[ TCta  ,   ],0[ TCtb   and equip this space by 

the norm 

   TCTCBE
tbtatxuz

TT ,0,0
)()(),( 3,5

,2
3,5  . 

Clearly,  
3,5

,2 TB  and  3,5

TE are Banach spaces. 

Now we consider in 3,5

TE  the operator  

)},,,(),,,(),,,({),,( 321 baubaubaubau   

where 

,sin)(~),(~),,(
1

1 





k

kk xtutxubau      ),(
~

),,(),(~),,( 32 tbbautabau   

,,...)2,1()(~ ktuk  )(~ ta and )(
~

tb  are the right hand sides of (13) and (17),(18) 

correspondingly. 

Obviously  
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kkk

kkk



211

,
2

1
 . 

Then we have 








































2

1

1

23
2

1

1

25
2

1

1

2

],0[

5 )(10)(5))(~(
k

kk

k

kk

k
TCkk tu   















 




],0[

2

1

0

2

1

2 )(10))((10
TC

T

k

k

k taTdfT   

        ,))(()(10))((
2

1

1

2

],0[

3

],0[

2

1

1

2

],0[

5
























 k
TCkkTC

k
TCkk tutbTtu 

     

(19) (19) 



























 













2

1

1

23
2

1

1

25
2

1

1

2

],0[

3 )(5)(5))(~(
k

kk

k

kk

k
TCkk tu   















 




],0[

2

1

0

2

1

2 )(5))((5
TC

T

k

k

k taTdfT   

             ,))(()(5))((
2

1

1

2

],0[

3

],0[

2

1

1

2

],0[

5
























 k
TCkkTC

k
TCkk tutbTtu     (20)     (20) 


],0[

)(~
TC

ta  

  







],0[

122211
],0[

1
)()),()(()()),()(()(

TC
TC

thtxfththtxfthth  



































 















1

23
2

1

1

25
2

1

1

2

],0[12 )(2)()()(2
k

kk

k

kk

k

kTC
thth   
























 









2

1

1

2

],0[

5

],0[

2

1

0

2

1

2 ))(()(2))((2
k

TCkkTC

T

k

k

k tutaTdfT 
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where 
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Assume that the data of problem (1)-(3), (5) satisfy the following 

conditions: 

1. '0)0()1()0()1()0(),1,0()(],1,0[)( )4(

2

)5(4   LxCx  

2. 0)0()1()0(),1,0()(],1,0[)( 2

)3(2   LxCx . 

3. ),(),(),(),(),,( 2 TxxTx DLtxfDCtxftxf   )0(0),1(),0( Tttftf x  . 

4.
 

)2,1(],0[)( 2  iTCthi , )0(0)()()()()( 1221 Ttththththth   .  
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From inequalities (23)-(25) we conclude 
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where  

)()()()( 321 TATATATA  ,   )()()()( 321 TBTBTBTB  . 

So, we can prove the following theorem: 

Theorem 2. Let conditions 1-4 be satisfied and 

1)()2)(( 2  TBTA .                              (27) 

The problem (1)-(3),(5) has a unique solution in the ball 

)2)(||(|| 4,5  TARzKK
TER  of the space  3,5

TE . 

Remark. Inequality (27) is satisfied for sufficiently small values of  
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],0[

1
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thT


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Proof. In the space 3,5

TE  consider the equation  

zz  ,                                                       (28) 
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where  bauz ,, , the components ),,( baui )3,2,1( i  of the operator 

),,( bau  are defined by the right hand sides of equations (14),(17) and (18) .  

Consider the operator ),,( bau  in the ball 
RKK   from 4,5

TE . Similarly 

to (22) we obtain that the estimations  
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for the arbitrary 
RKzzz 21,,  . Then, from estimates (29), (30), taking into 

account (27), it follows that the operator   acts in the ball and is contractive. 

Therefore in the ball 
RKK   the operator   has a single fixed point },,{ bau  

which is a unique solution to equation (28) in the ball 
RKK  , i.e. },,{ bau  is a 

unique solution to system  (14),(17) and (18) in the ball 
RKK  . 

The function ),( txu  as an element of the space  
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,2 TB  has continuous 

derivatives ),(),,(),,(),,(),,( txutxutxutxutxu xxxxxxxxxx  ,
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As one can easily see from  
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It implies that ),( txutt , ),( txuttx , ),( txuttxx  are continuous in 
TD .  

It is easy to check that equation (1) and conditions (2), (3) and (5) are 

satisfied in the usual sense. Therefore, )}(),(),,({ tbtatxu is a solution to problem 

(1)-(3), (5), and, by virtue of the corollary of Lemma 1, it is unique in the ball 
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RKK  .  

The theorem is proved. 

Using Theorem 1, we prove the following 

Theorem 3. Let all conditions of Theorem 2 be satisfied and 

)2,1.()0()(,)0()(  ihxhx iiii 
.
           

The problem (1)-(4) has unique classical solution in the ball 

)2)(||(|| 3,5  TARzKK
TER  from 3,5

TE . 
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