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Abstract

In this paper we consider the certain nonlinear boundary value problem for ordinary
differential equations of fourth order which contain some parameter. The values of this
parameter are determined at which nodal solutions to the problem under consideration
exist.

Keywords: nonlinear problem, nodal zero, global bifurcation
Mathematics Subject Classification (2020): 34A30, 34B15, 34C23, , 47J10, 47J15

1. Introduction

Consider the following nonlinear problem
(P (Y ()" = (a(x)y' (X)) =r(x) f(y(x)), 0<x<I, (1)
y'(0) cosa — (py")(0)sina = 0, (2
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y(0) cos B+ Ty(0)sin 3 =0, )
y'(cosy +(py")(I)siny =0, (4)
y(1)coss —Ty(l)sins =0, 5)

where 1is a real parameter, Ty =(py”) —qy’, the functions p(x) and r(x) are
positive on [0,1], q(x) iS a nonnegative on [0,1], p'eAC[0,1], ge AC[O,1],
reC[o,1], ®eR and «,p,7,6 [0, z/2]. Moreover, the real-valued function
f eC(R) and there exist positive constants f, and f, such that

tim ~ Y _ ¢ and tim 1O _¢ | (6)

-0y i+ y *

Nonlinear boundary value problems for ordinary differential equations
play an important role in modern mathematics, since they describe various
processes in physics, mechanics, biology and other areas of natural science
(see, for example, [3-5, 13]). Note that problem (1.1)-(1.5) arises when
studying the bending of an inhomogeneous Euler-Bernoulli beam, in the
cross sections of which a longitudinal force acts, at the boundary points of
which various conditions are imposed.

The study of nodal solutions of nonlinear Sturm-Liouville problems and
nonlinear problems for ordinary differential equations of fourth order has
been the subject of many papers (see, for example, [1-3, 6-12, 14, 15] and
their bibliography). It should be noted that in these works nonlinear
boundary value problems of the fourth order were considered only in
special cases and the existence of positive and negative solutions was
established in them.

In this paper we consider a more general case and prove the existence
of solutions having any number of simple zeros in the interval.

2. Preliminary

By (b.c.) we denote the set of boundary conditions (2)-(5). Consider the

linear problem
(P(X)Y"(X)" = (@(X)y'(x))' =2z (X)y (x), 0<x <], (7)
y € (be).
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Problem (7) was considered in the paper [3], where it was shown that
the eigenvalues of this problem are nonnegative, simple and form an
infinitely increasing sequence {1},,. Moreover, for each keN the
eigenfunction vy, (x) corresponding to the eigenvalue 1, has exactly k-1
simple nodal zeros in the interval (0, ). Note that the eigenfunctions of
problem (7) also have other important properties that are possessed by
functions from the classes S; — E constructed in paper [1], where E is a

Banach space C*[0,1]N(b.c.) with the norm | y|,= ill YOl yl= rT}%Dl(}I y(x)].
i=0 xell,

Alongside the spectral problem we shall consider the following

nonlinear eigenvalue problem

{(p (QY" ()" = @)y () = A ()y(x) +9(x, ¥, ¥, ¥", ¥", 4), 0<x<l, (8)

y €(bc),

where the nonlinear term g is a real-valued continuous function on
[0,11xR®> and satisfies the following condition: for every bounded interval
A,

g%y, s,v,w, ) =o( y[+|s|+|v|+|w] as |y|+]s|+|v][+|w|=>0, )
or

g(x,y,8,v,W, A) =0(|y|+[s|+|v|+|w]) as |y|+]s|+|v|+|w]>+co, (10)
uniformly in (x,4) €[0,1]x A.

Global bifurcation of nontrivial solutions of problem (8) was
considered in [1] in the case when condition (9) is satisfied, in [2] in the
case when condition (10) is satisfied. Note that when condition (9) is
satisfied, then the bifurcation from the line of trivial solutions is studied;
when condition (10) is satisfied, then the bifurcation from the line R x{c}is
studied.

According to [1, Theorem 1.1] and [2, Theorem 3.1], we have the
following global bifurcation results for problem (8) under conditions (9) and
(10), respectively.

Theorem A. Let condition (9) be satisfied. Then for each keN and
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each ve{+,-} there exists a continuum C; of nontrivial solutions of
problem (8) which meets (4, ,0), liesin RxS, and is unbounded in RxE.
Theorem B. Let condition (10) be satisfied. Then for each keN and
each ve{+,-} there exists a continuum D; of nontrivial solutions of
problem (8) which meets (1,,%) and has the following properties: (i) there
exists a neighbourhood Q, of (1,,) in RxE such that D; \Q; cRxS/; (ii)
either D} meets D, through RxS! for some (k',v')=(k,v), or D] meets
(4,0) for some AeR, orthe projection of D; onto Rx{0} is unbounded.
Remark 1. If condition (9) holds, then by theorem A the set C, is
unbounded in RxE,and consequently, either C; meets (1,0) for some

AeR, orthe projection of the set C, onto Rx{0} is unbounded.

3. Existence of nodal solutions to problem (1)-(5)

This section is devoted to finding the interval of the parameter o, in
which there are nodal solutions to problem (1)-(5), or more precisely, there
are solutions contained in the classes S, ,k eN,ve{+,-}.

Lemma 1. The following relations hold:

go(Y)=o(yl|+[s|+|v|+|w] as |y|+]|s|+]v]+|w|>0, (11)
and
g.(Y)=o(yl+[s|+|v]+|w]) as |y[+]s|+|v]+|w|[>+o. (12)

Proof. By (6) for the function f we have the following representations

f(y)=foy+0,(y) and f(y)=f, y+9g,(y) (13)
where
lim 99 _0 and fim 9= _¢ (14)
>0y >+ Y

It follows from (14) that for any sufficiently small ¢ >0 there exist a
sufficiently small o, >0 and a sufficiently large A, >0such that

9o (V)|

™ <¢ forany yeR,0<|y|<o,, (15)
y

and
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19, ()]
yl
Then by (15) we have

190 ()|
lyl+]s]+[v]+|w]

<e¢ forany yeR,|y|>A,. (16)

<¢ forany yeR,|y|+|s|<o,. (17)

In view of (13) we get
9.(y)=foy—f.y+0,(y), yeR (18)
By condition g, (y)eC(R) there exits positive constant «, such that
l9..(y)I<x, forany yeR, |y|<A,. (19)

Let A,, >A, is chosen so that the inequality
A, >—= (20)

holds.
Now let |y|+|s|+|v|+|w|>A,,. Then by (16), (19) and (20) we obtain

9., (V)] <Iqw(y)l
[yl+[s[+|v]+]|w]| [yl

19.(¥)] <% ¢ forany yeR,|y|<A,. (21,)
lyl+Is[+[v]+lw] A,

Thus, relations (11) and (12) follow directly from (17) and (21),
respectively. The proof of this lemma is complete.

<¢ forany yeR,|y|>A,, (214)

Consider the following eigenvalue problem

(P ()Y (x)" = (@(X)Y' (X)) = Aoz (x) foy (x) +7(X) @ go(y (X)), 0<x <], (22)
y e (be).
It is obvious that the eigenvalues Zk, k eN, of the linear problem
(P YY" (X)" = (@(x)y'(x)) = Az (x)@ fy (x), 0<x <1, (23)
y e (be).
as represented as follows:
1= ke (24)
o f,
By (13) we have
9o(y)=fy— foy+0..(¥), (25)
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and consequently, (22) can be rewritten in the following equivalent form
{(p(X)y”(X))”—(Q(X)Y’(X))'=(ﬂ~fo+ f,-f)r(XeyX®)+r(x)e g.(y(x), 0<x<l, (26)
ye(bc).
Note that the eigenvalues 4,, keN, of the linear problem obtaining
from (26) by setting g_ =0 has the form
A = A —£+1, keN. (27)

of, f

By Lemma 1, Remark 1, [14, Theorem 3.3] and representations (24),
(27) it follows from Theorems A and B that the following global bifurcation
results hold for the nonlinear eigenvalue problem (22).

Theorem 1. For each keN and each ve{+,-} there exists a

. ~ L . . A
continuum C; of nontrivial solutions of problem (22) which meets (—;,OJ,
w1y
lies in RxS; and either Ekv meets (1,%) for some AR, or the projection of
6( onto Rx{0} is unbounded.
Theorem 2. For each keN and each ve{+,-} there exists a

continuum [~)kv of nontrivial solutions of problem (22) which meets

A f ., . ~
( ']‘c —f—°°+1,ooj, lies in RxS, and either D] meets (4,0) for some AeR,
(21 0

or the projection of [~)kv onto Rx{0} is unbounded.

The following result is important in what follows.

Theorem 3. The projections of sets EkV and [~)kv onto Rx{0} are
bounded.

Proof. We will prove the statement of the theorem for the set C’,
since for the set f)kv the proof can be carried out similarly.

Suppose the opposite, i.e., let for some keN the set Ekv be
unbounded. Then there exists {(x,,9,)}", =C; such that

lim g, =oo. (28)

n—oo

Hence we have the following relations:
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(5 00 ) (A0 S8 = 00k, 8,00+ 5000 8,6, ) 0<x<l )
9 < (be).
Let
08, 00)
0= 809 | SO0 (30)
0 it 9 (x)=0.

In view of (30) by (29) we get
(P () FH )" = (@(x) $(X)) +7(x) @ 9,0(x) I, () = pr(X) @ £y &, (x) , O<x <1, (31)
3, e (be).

Let ¢ >0be fixed. By (16) it follows from (25) that

[9,(Y)|

] <<|f, —f,|+& forany yeR,|y|>A,. (32)
y

It is obvious that the function 9 () is continuous on {y:o, <|y|<A,},
y

and consequently, there is a positive constant «,, >0such that

9o

™ <k,, forany yeR, o, <|y|<A,. (33)

Let
Ky, =max{| f, - f |+ &k, }
Then it follows from (15), (32) and (33) that

[9,(Y)]
Iyl

Hence in view of (34), by Lemma 4.1 and Remark 4.1, from (31) we

<Ky, forany yeR, y=0. (34)

obtain
| i, — A |< x5, forany neN,
which contradict relation (28). The proof of this theorem is complete.
It follows from Theorems 1-3 and [3, Theorem 3.3] the following
result.
Corollary 1. For each ke N and each v e{+,-} the relation
C/=Dy. (35)
The following theorem is the main result of this paper.
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Theorem 4. Let for some k eN the following condition holds:
ﬁ<a)<l—k orﬂ“—k<a)</1—k. (36)
h, h,  h h,

Then for each ve{+,-} there exist a solution 9’ of problem (1)-(3)
such that 9 has exactly k-1simple nodal zeros in the interval (0, 1), or
more precisely 9 €S, .

Proof. If 2, =0, then the result is trivial. Indeed, in this case k=1 and
®=0, consequently, problem (1)-(5) has two solution 4 and 4 which
have no zeros in the interval (0, 1) (see [3]).

Now let

A, >0 and /;—k<a><?—k for some keN. (37)

0 0
Then it follows from (37) that
Ao, (38)

of

Moreover, in view of (38) by (37) we get
At A f, f, f

Tk = 222 (. 39
oyt Aty f (39)
f 0
By (38) and (39) we have the following relation
Ao g b T (40)
of, aof, f,

It follows from Theorems 1-3 and Corollary 1 that C; =D} cRxS/, the
set 6{ is connected and by [14, Theorem 3.3] this set meets both points
(/:—kOJ and (/:—"—:c—w+1,ooJ. Therefore, by (40) the set (~:kv crosses the

0 0 0
hyperplane {1} xE in the space RxE, and consequently, for each ve{+,-}
there exists 9 €S, which is a solution to problem (22) for 2=1, i.e., this
function is a solution of original problem (1)-(5).

Similarly, it can be shown that the statement of this theorem holds in
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the case where the second condition of (36) is satisfied. The proof of the
theorem is complete.
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