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Abstract

This paper considers an eigenvalue problem for ordinary differential equations of fourth
order with a spectral parameter in one of the boundary conditions. Sufficient conditions
are established for the uniform convergence of Fourier series expansions in the system of

eigenfunctions of this problem.
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1. Introduction

We consider the following eigenvalue problem
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Y@ (x) - @(x)y'(x) = y(x), x € (0, ), (1)
y'(0)=y@®)=y'®)==0, (2)
Ty(0) = aty(0), (3)

m

where 1eC is an eigenvalue parameter, Ty=y"—qy’,  is a positive absolutely

continuous function on [0, 1] and a is a nonzero constant.

In the case a <0 problem (1)-(3) arises when separating variables in a boundary
value problem describing small bending vibrations of a homogeneous rod, in the
cross sections of which a longitudinal force acts, the right end of which is rigidly
fixed, and at the left end there is a particle of mass a (see [4, 5, 10]).

Eigenvalue problems for ordinary differential equations of fourth order with a
spectral parameter in the boundary conditions have been considered in many
papers (see, for example, [1-3, 6-8] and references therein) in various
formulations. In these papers, the general arrangement of eigenvalues on the real
axis, the structure of root subspaces, the oscillatory properties of eigenfunctions
were studied, and asymptotic formulas for eigenvalues and eigenfunctions were
obtained. Moreover, using these properties, the basis properties of root functions
in the space Ly, 1< p<oo,was investigated. In [1] and [3] sufficient conditions are

established for the uniform convergence of Fourier series of continuous functions
with respect to the system of root functions of the problems under consideration.

In this paper, we find sufficient conditions for the uniform convergence of
Fourier series expansions of a continuous function in the system of eigenfunctions
of problem (1)-(3).

2. Preliminary

By changing the variables t=1-X, we transform problem (1)-(3) into the
following spectral problem

W () - (G(t) 9 1)) = A9(t),t € (0, 1),
$(0)=9'(0)=0,9"() =0 (4)
TI9(1) =—ard(l),
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where  9(t) = y(x(®) = y@-1), (1) =a(x®) =ad-1), TIE) =TIHX(E)=9"(t) -
—(q(t) (t), t €[0,1]. Note that problem (4) in the case a>0 in a general form is
considered in [7, 8], and in the case a<0 is considered in [2] (see also [6]).
Theorem 1 ([8, Theorem 2.2] and [6, Theorem 1]). The eigenvalues of problem
(1)-(3) are real and simple, and form an unboundedly increasing sequence {1, };_,
such that
O<A <A <...<A <... if a>0,
A<0<4,<...<A<... if ax<O.
Moreover, in the case a>0 for each keN the eigenfunction Yy, (X)
corresponding to the eigenvalue A, has exactly k-1 simple zeros in the interval
(0,2); in the case a<0 for each keN, k>2, the eigenfunction y,(x) has
exactly K—2 simple zeros in the interval (0,1), and the number of zeros of
eigenfunction y,(X) can be arbitrary (these zeros are simple).

It follows from [7, Theorem 5.1] and [2, Theorem 3.1] that the eigenvalues and
eigenfunctions of problem (1)-(3) have the following asymptotic formulas.
Theorem 2. One has the following relations

42 =(k—3/4)zx +0(V/k), (5)
Y (X) =sin(k —3/4) zx+ () e *¥74 L O(1/k), (6)
where relation (6) holds uniformly with respect to x [0, 1].

As in [1, 3], to study the uniform convergence of spectral expansions of
problem (1)-(3), we establish a correspondence between the eigenfunctions of
problem (1)-(3) and the following eigenvalue problem

{y(“)(x) =2y(x),x€(0,2),
y@)=y"(0)=y@=y'@=0,

the uniform convergence of expansions in terms of the system of eigenfunctions

()

of which has been well studied (see, for example, [1, 3] and references therein).
By [4, Theorem 5.4 and 5.5] the eigenvalues of problem (7) are positive and

simple, and form an infinitely increasing sequence {y, },_,. Moreover, it follows

from [2, Theorem 3.1] that the eigenvalues and eigenfunctions of problem (7)
have the following asymptiotic formulas:
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Y =k +18) 7 +O(1/k), (8)
2

8 (x) =sin(k +1/4) zx + (-1)** 7e’(k”/4)”‘1’x’ +0(¥/k), (9)

where formula (9) holds uniformly with respect to x [0, 1].

To establish a correspondence between the eigenfunctions of problem (1)-(3)
and problem (7), we need more precise asymptotic formulas for the eigenvalues
and eigenfunctions of these problems.

3. Asymptotic formulas for eigenvalues and eigenfunctions of problems (1)-(3)
and (7)

Theorem 3. One has the asymptotic following formulas for the eigenvalues and
eigenfunctions of problem (7):

u, =k+Y4)z+0E™), (10)
J2

9. (X) =sin(k +1/4) zx + (1) 7e(k+’/“)”(x‘1) +0(e™), (11)

where formula (11) holds uniformly with respect to x <]0, 1].

The proof of this theorem is similar to that of [1, Lemma 3.1].
By (11) we have

1
1
19,09 1= 14, () |2dx=1+0(e7,,j- (12)
0
We introduce the following notation:
D, (x) =M, x€][0,1].
19 I,
Then by (12) we get
| D (x) ll,=1.

Moreover, by direct calculation from (11) we obtain that the asymptotic formula
H k+1 \/5 (k+1/4) 7 (x-1) —kz
@, (x)=sin(k+1/4) zx+ (=) - +0(e™) (13)

holds uniformly with respect to x€]0, 1].
Theorem 4. One has the asymptotic following formulas for the eigenvalues and
eigenfunctions of problem (1)-(3):
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(k3 ) Getda 51
\/Z—(k 4j7r+ o +O(k2} (14)
Y, (X)= sm(k—ﬁjm( y 2 = J”(Xl)—;i—isin(k—%jzzx+
(G + 420X~ 6y (X) + 2/acos(k _ §)ﬂx+ 2a (i),
4k 4 4k
+{- 1)”_(%*4/ a)x+4/a - 6,(x) U”‘“ZO(%' (15)
4p, k

where formula (15) holds uniformly with respect to x €0, 1].

Proof. Suppose that ﬂ=p4 in (1). It follows from [9, Ch. Il, § 4.5, Theorem 1
and & 4.6 formula (27)-(29)], in each subdomain T of the complex p—plane
equation (1) has four linearly independent solutions ¢ (X, p), k=1, 2,3, 4,

regularin p (for sufficiently large p) and satisfying the following relations

4 (x, p) = (pay)* eW[u %) | [—ZD,Szo,L 2,3, k=123 4, (16)
4pa¢ P

where o, k=1,2,3 4, are distinct fourth roots of unity, more precisely,
o, =-1, w,=—1, wy=1 and o, =1.Then for every k e{l, 2, 3, 4} we have the
following relations

#(0, p) =(pwk)2[1+ O(%D, (17)
T4 (0, p) —ap’¢ (0, p) =40, p) —q(0)e, (0, p) —ap*4, (0, p) =

3 3 4 1 4 !

= (P’ —a(0)pe, —ap )(“0 —ZD=—3/’ 1- +O[_2D’ (18)
P G 1 Wy P

¢ (L p)=e"|1+——+0| = (19)

4pm, Yo
& (X, p) = pw,e”™ (1+ +O( ZD (20)
4pa, P

Hence by the boundary conditions (2), (3) and relations (17)-(20) for the
characteristic determinant A(1) we have the following relation
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A(A)=|-ap’$(0,p) —ap’$,(0,p) —-ap's(0,p) —ap's,(0,p)|=

¢ (1 p) ¢, p) 1 ¢, p) 1 ¢, (1, 'D)l
40A) | LR AR )
1+— 1+— 1-— 1__
aip aip ap
:_ap7[1] (1_ qO j 1e,ip (1 qf Ip (1_'_ q’ol e” (?+ j =
ap 1 L_ 1
a/o ip 0
=—alp ep(ll+ ,5; ] |e [élp pl (é jL [1+ ]
a 1+_1_ ﬁ 4ip 4|p
aip,
1 o 0 —ie™ _OJ ie"” | 1+ L _
=-ap'e (1‘*‘ 5)[1] 0 (1+|)e ip (E %?jl(l IEelpF j -

Q+ —Le"" (1 4q0 Sogl 1 e (1+ 4q0 i 1
a ip) ai ip) ai
—ap'e’ (1+ % j[l] P p P P P |-

Wlol ey gl—c.'—"J (1-i)eip[1+_c°_j
1+aii(1+i 4ip 1—#(1—') Hp
=—ap'e’| 1+ % [1] P -

_a(p ef[ll g jma{f@— fo ] .@1}11&6& { QO%_E_]_

a D 1)

foll f hat thelei f h fth
fOI:;c)\Aj)m(;\/(\e/Zu;(i:EnZl)t Eit éqny)a%ﬁ{% 7 j}}f) are the roots of the
T o)

By asymptotic formula (5) we ha ){ 0 +4 a} ( j
‘K—} ) (23)
where 7, =0(1) as kK —o0. Then we ge£q 2ig

e?r —e ( ) L+ 2ir, +0(z?)) =i @+ 2iz, +0(z})). (24)
Hence by (24) we obtain
Tk=%+—4/{:1+o iz :qo+—4/a+0(i2J (25)
4p, oy 4k k

Therefore, by (25) from (23) we obtain the asymptotic formula (13).
In view of (13) we get the following asymptotic formulas
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ipe _ k+l‘4 q0+4/a 1
e {”m O(FD’ (26)
—ipe _ k+1 qO + 4/3. 1
S L - )(1 o +O(FD' (27)

Using [9, Ch. 2, formula (73)] and formulas (16), (26), (27) for the eigenfunction

Y (X) corresponding to the eigenvalue 4, = p; of problem (1)-(3) we havey the
following relation

Y (X) = _aCkPk6 [1]

epkx(l_qo(x)J .pkx(l qo(x)] em(“qo(x)J em(“qo(x)}
4p; 4ip, dip, 4p,
1 -1 -1 1
8 141 14—t T I
apy alp, alp, apy
epil—q—oJ e‘p(l——qo J e‘p[1+—q° J e”[l q—o]
4p, 4ip, 4ip, 4p

=-aC, ple” (1+ J[l]

- (1_ qo(x)j orins [1_ qo(x)J - (“ qo(x)j oA 5D [1_ ql(x)]
4p, 4ip, 4ip, 4p
1 -1 -1 0
* 14 142 -t o |-
apg alpy alp,
0 er|1-—o_ e |14 —Jo_ 1
4ip, 4ip,
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=-aC, pe” (1+ j[l]x
4p,

1 1 0
epk*(l—q';()oj 14—t T 0f-
4p, alpy alpy
eir|1- o 1+ b | g
4ip, 4ip,
1 10
—ei”k*(l—qo_—(x)jui -1 o+
4ip, apy alp,
0 en [1+ % ] 1
4ip,
1 10
+e X 14 qO(X) 1+i 1+ 1 0|_
dip, apy alpy
0 e (1— % J 1
4ip,
1 1 1
— et 1__q1(x) 1+i 1+ _1 1- _1 =
4p, ap alpy alpy
0 g1 | gnf1y o
dip, 4ip,

=-4iaC, ple (1 4(13 Hsmpkxﬂ 1)“/_ Al Z)a sin p, X —
k k
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_%()+2a cos,okx+%e”)kx +
4p, 4p,
k\/_4/a ql(x) Pk(X—l) O[ 1} . (28)
4p, o
We choose the constant C, such that —4|aCkpke"k[ 4q° J 1. Then, by
P

(13), it follows from (28) that

yk(x)zsin(k —%}rx+ (-1) %e(k—ijﬁ(x—l) —ﬁsin(k _%)”XJF

4k
(G +4/a)x -G, +2/a Cos(k 3) g 2a i
4k 4 4k71'
2 4k k

The proof of this theorem is complete.

4. Uniform convergence of Fourier series expansions of the system of
eigenfunctions of problem (1)-(3)

By the asymptotic formulas (13) and (29) for k>2we have the following
relation

Y (X) =D, (x) —ﬁsm(k—%jmw

— - k—E X
LG raax-g+2a [ 3) . 2a (i
4k Ak
2 @A) dja=g 0 [t (1)
2 Ak k
Moreover, from these relations we obtain

1 1 1 1
?.(0)= 0( jyk(O)—T+0(kj 7 0)= O(WJ (31)

+(-1) (30)
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Let r be an arbitrary fixed natural number. Then by Theorems 1 and 2 it
follows from [7, Theorem 8.1] and [2, Theorem 6.2] that the system {y, (X)} .

of eigenfunctions of problem (1)-(3) forms a basis in the space L (0,1),1< p <o,
which is an unconditional basis in the space L,(0,1). In this case the system

{U, (X} .. adjoint to the system {y, (X)}_, ., is defined by the formula

_ 0)
u (x)=34" X _%© X) b, 32
«(X) =6 {yk( ) . 0) Y ( )} (32)
where
S =Y. Iz +ay? (0)=0, keN. (33)
By following the arguments in pp. 282-284 [8] we can show that
1
I, 001E-1+0[ - ) (34)
By (31), (33) and (34) from (32) we get
ay, (0) ( 1 j
= - ol = | 36
U (X) =y, (X) 2y, (0) Y (X) + 2 (36)
By the above arguments the Fourier series
F)= 2 (f.u), v, (37)

k=1,k=r

1
where (f,u,)_ =jf(x)yk(x)dx, of continuous function f(X) in the system
0

Y )}y, of eigenfunctions of problem (1)-(3) convergesin L (0,1), 1< p <oo.

The main result of this paper is the following theorem.

Theorem 5. Let I' be an arbitrarily fixed positive integer, f(x) is a continuous
function on [0, 1] and has a uniformly convergent Fourier series expansion in the
system {®, (x)}, on [0,1]. If (f,y,), #0, then the series (37) is uniformly
convergent on any interval [y,1], 0< y <1, if (f, y,)L2 =0, then the series (37) is
uniformly convergent on the interval [0, 1].

The proof of this theorem is similar to that of [1, Theorem 5.1] with the use of
(30)-(36).
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