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Abstract

In the present paper, we introduced the concept of the modulus of continuity of
the functions from the weak Lebesgue spaces, studied its properties and found a criterion
for convergence to zero of the modulus of continuity of the function from the weak
Lebesgue spaces.
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1. Introduction

Let Lp(T), 1< p <o, the space of all measurable 27 -periodic functions

Yp
with finite L, (T)-norm ||f||p =(lj|f(x)pde , and L, (T)=C(T) the space
TT
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of all continuous 27z -periodic functions with uniform norm ||f||OO :max|f(xl,
xeTl

where T =[- 7, z]; let E,(f )p be the best approximation of a function f in the

metric Lp(T) by trigonometric polynomials of order at most n, neZ_ ; and let
o(f,8), = sup |[f(+h)- ()], 6=0.
0<h<s P

It was proved by D. Jackson that (see [1]) if f e Lp(T), 1< p<oo,then

En(f)p SC.w[f,ﬁjp, neZ,,

where ¢ is an absolute constant.
This central theorem gave impetus to the intensive development of
approximation theory in the spaces Lp. Further, for the development of the

theory of approximation in other function spaces, an analogue of Jackson’s

theorem in these spaces was obtained (see [2—9] and many references therein).
Weak Lebesgue spaces are function spaces which are closely related to

Lp spaces. The weak Lebesgue spaces meets in many areas of mathematics. For

example, the conjugate functions of Lebesgue integrable functions belong to the
weak Lebesgue space (see [10]). The difficulty of working with the weak Lebesgue
spaces is that the weak Lebesgue spaces is not a normed space. Moreover,
infinitely differentiable (even continuous) functions are not dense in this spaces.
Due to this, the theory of approximation was not produced in this space. In the
present paper, we introduced the concept of the modulus of continuity of the
functions from the weak Lebesgue spaces, studied its properties and found a
criterion for convergence to zero of the modulus of continuity of the function
from the weak Lebesgue spaces.

2. Weak Lebesgue spaces

Let (X,u) be a measure space and f be a measurable function on

(X, u). The distribution function of f is the function D defined on [0,) as

follows:
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D¢ (2)=ulfxe X : [F(x)= 4}).
It follows from definition that D¢ is a decreasing function of A (not
necessarily strictly).
Let (X, ) be a measure space, f and g be a measurable functions on

(X , ,u), then the following properties holds:
1) if |g|£|f| i -a.e., then Dg <Ds;

2) D¢ (4)=Dg U%J forany ce R\{0} and 2>0;

3)  Dyuq(ly +42)<Ds (4)+Dg(Ay) forany 4,2, 20;
4) Dyg(h-42)<Dys(4)+Dg(4y) forany 44,4, 20,
For more details on distribution function see ([11]).
Let (X,y) be a measurable space and O<p<oo. Let us denote by

L(p,m)(X) the set of functions f , satisfying the condition

IC>0 VA>0 y({xEx:|f(x)|z,1})s(%jp.

Proposition 1 [12]. Let f € L(p'w)(x) with 0< p<o.Then

inf {c >0:Dg¢ (/I)S[%jp}=(supﬂpr (l)jl/p =sup;L(Df (,1))’/P.

>0
Definition 1. For 0< p <o the set of functions L(p,w)(X) with bounded
quasi-norm

v
"f"WLp(X) =inf{c >0:D; (;L)S[%]p}:(sumpof (,1)} P =suM(Df (;t))]/p

A>0 A>0

(1)
is called a weak L, -space and is denoted by WLp(X).

Note that for any WLp(X) the inequality
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p+1
P e
"f + g"WLp " f ” p+1 + ”g"V[\)/tl X) < 2]”)(” f "WLP(X) + "g”WLp(X)j (2)

shows that (1) is indeed a quasi-norm.
It follows from Chebyshev inequality that forany 0 < p <o

Lp(X)=WL,(X)
andforany f e Lp(X)

|f ”Lp(X) <|f ||W|_p(x)‘

Modulus of continuity of functions from a weak Lebesgue spaces and its
properties

Let X =[a,b]cR and x=m is Lebesgue measure on [a,b]. For any

f eWLp([a,b]), 0< p <o we put

wmeak(f;é)pzoil;86||f(+h ) f( )"WL ([ab-h]) ~

= sup [supi-m{XG[a,b—h]:|f(x+h)— f(x}zi}l/p} 0<5<b-a,
0<h<o\4>0

Oeak(f:6), = Oiﬁggll Fe+0)= Ol (an) =

= sup [supl-m{xa[a,b]:|f(x+h)— f(x]zi}ﬂp}, 5>0,
0<h<5\ >0

where in the second case the function f is assumed to be extended by
periodicity with period b —a. The quantities @,gax (f;é‘)p and a)\f\eak(fﬁ)p are
called modulus of continuity of the function f eWLp([a, b]) (@eax (f;5)p is the

periodic modulus of continuity).
We note some properties of the modulus of continuity @yeak (f ; 5)p .

Property 1. For every feWLp([a,b]), the modulus of continuity
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Oeak (T é‘)p is a nondecreasing function.

Property 2. For every f eWLp([a, b]) and 0<s<b-a
. 1
Oveak (f’5)p <2 +]/p”f”vv|_p([a,b])'

Property 3. For every f,g eWLp([a, b]) and 0<s<b-a

p+1

P P lp

Oyeai(f + 9;5)p = wweak(f;5)g+1 +a’weak(9;5)g+l

IA

Szj/p(a)weak(f;é‘)p + Oveak (g;é‘)p),
Property 4. If f eWLp([a, b]), then for every 61,6, >0, 61 +0, <b-a

p+1
P P\ p
weak (101 +52)p < wweak(f;51)§+1 +a)weak(f;52)8+l <
Szl/p(wmeak(f;51)p +wweak(f;52)p)_
Property 5. If f eWLp([a,b]),then forevery ke N and 0<5< b;a

Oyeak (f;ké)p Skl+]/pa’weak(f;a)p-

Property 1 is obviously, properties 2, 3, and 4 follow from inequality (2), and
property 5 follows from property 4. Indeed, if k =1, then property 5 is obviously.
If property 5 holds for some k € N, then it follows from property 4 that

P+l
p P p

owea(f1(k +1)5)p < wweak(f;ké)é’ﬂ +a)weak(f;5)g+1 <

< (k+ 2P ey (£:6) .

and this means that the property 5 holds for k+1. Then it follows from
mathematical induction that the property 5 holds for every ke N .
But the equation
67
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lim o (f;6),=0 (3)
weak \ !
60—0 P

overall not satisfied. For example, the function f(x)= x VP belongs to the class
of functions WLp([O,l]) , but for any §>0 we have @yeq (f ;5)p =1, and,
therefore, equation (3) does not holds for this function.

Theorem 1. The modulus of continuity of the function f eWLp([a, b))
satisfies equation (3) if and only if

lim /I-m{XG[a,b]:|f(x)|2/1}]/p=0. (4)
A—+0

Proof. Necessity. Let the equation (3) holds. Let us prove that the equation

(4) holds. Assume that the equation (4) does not hold. Then
lim sup 2 - mix e, b]:|f(x)21}1/p =a>0.

A—>+0

It follows from here that there is a sequence of positive numbers {1, };o:l'

such that lim A, =+co and forevery neN

N—o0
o p
m{Xe[a,b]:|f(x)2/1n}>(—j : (5)
2,

a . b-a

Denote ¢g = >0. It follows from (3) that there exists 0 <y <

g.2up
such that for every 0<h<6y and 1>0
A-mixefab—h]|f(x+h)- f(x)= AP <. (6)
Denote

D, ={(x,h):0<h§60, xela,b-h] |f(x+h)- f(x)|z/%”}_
It follows from (6) that for every 0 <h <6

A

m{XE[a,b—h]:|f(x+h)— f(XXZ%

This implies the estimate
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p p
280 1 (24
m@,)<| == 1| -Sg==:|—1| 0, (7)
@< 2] o1 (] a0
where m(®,) denotes the Lebesgue measure of the set @ ,.

It follows from inclusions

{Xe[a,b—h]:“(xlz/in A |f(x+h}<%‘}c{xa[a,b—h]:|f(x+h)— f(x)>

{xg[a,b—h]:|f(x+h)|2/‘tn A |f(x)|</17”}c{xa[a,b—h]:|f(x+h)—f(x)|z

that

2m(®,,)>m {(x h):0<h<dy, xela,b—h] |[f(x)=2, A |f x+h)|<—}

+m(x,h):0<h<8y, xelab—h] |f(x+h)=4, /\|fx)|<—}

m{ ):0<h<dy, xela,b—h] [f(x)=4, /\|fx+h)|<—}

+m{xh 0<h<dy, xela+hb] [f(x)=2, A [f(x— h)|<—}=
{(x h): xela,bl 0<h<min{sg,b-x}, |f(x)=2, A |f x+h)|<—}

+m{(x h):xela,bl 0<h<min{sy,x—a}, |[f(x)>2, A |f(x- h]<—}

Considering that for every x [a, b]

m{h: 0<h<min{5y,b—x}, |f(x+h)<;t7“}+
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+m{h: 0<h<min{sy, x - a}, |f(x_h)|</%n}:

=min{50,b—x}—m{h: 0<h<min{5y,b-x}, |f(x+hl2/%”}+

min{50,x—a}—m{h: 0<h<min{5y,x—a}, |f(x_h}2’%”}2

. 2 . 2
20002y |+ 00581 g |

p
20 -2 2tk o)) -

due to inequality (5) we get that

1 P 2 P
m(q)n)zg(ﬁJ ’£502'(Z||f”vv|_p([a,b])] J ®

Then it follows from inequalities (7) and (8) that

p
5
op - ( ”f"WLp (a, bDJ =op

But this is impossible due to the condition lim A, =+oo. The resulting
N—o0

contradiction proves the validity of equation (4).
Sufficiency. Let the equation (4) be satisfied. Let us prove that equation (3)
holds. Let us assume that (3) is not satisfied. Then there exist a number &y >0

and sequences of positive numbers {h, };Ozl, {n };ozl such that lim h, =+o0 and
n—co

for every ne N
Zn -mixefa,b—hy i f(x+hy) - f(x)> 2, WP s . (9)
It follows from inclusion
fxela,b—hy J:|f (x+hy)= F(x) = 2, }c
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c{Xe[a,b—hn]:|f(x]z%}U{Xe[a,b—hn]:|f(x+hn)_/%”}
that
mixela,b—h, J:|f(x+hy) = F(x)> 2, }< Zm{XG [, b]: | (x) 2%‘} :

It follows from here and from (9) that

m{XE[a,b]:|f(x)2%}>%-(j—:jp. (10)

Inequalities (4) and (10) show that the sequence {ﬂn}le is bounded.

Therefore the sequence {/1n };021 has a convergent subsequence {an }°k°:1. Let
//LO = lim /’ln .
n—o0
It follows from (9) that
€0
Ag=2———=—>0.
(b — a)l/ p

Therefore there exists kg € N that for every k > kg
4o
7 < //Lnk < 210 .

Then from inequality (9) we obtain that for any k > kg

m{Xe[a,b—hnk]:‘f(x+hnk )— f(x)(z%o}z

P p
2m{XG[a,b—hnk]:‘f(x+hnk)—f(xXzink }>[;Ti} >(28700j . (11)

It follows from (4) that there exist My >0 such that

P
: 1{ &0
m{Xe[&,b].|f(X)2M0}<Z(%] : (12)
Denote

fi(x)=f(x), for |f(x)<Mg; fi(x)=0, for |f(x)>My,
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fo(x)=0, for |f(x]<Mg; fa(x)=f(x), for |f(x)>My.
Then for every x [a,b] we have f(x)= f;(x)+ f5(x). It follows from the

inclusion

{Xe[a,b—hnk ¢+ hg, )- f(x)(z%o}c
Ao

c{Xe[a,b—hnk]:fl(x+hnk )— f(sz?}U{XG[a,b—hnk]:f(x+hnk )— f(xX24}

and from (12) that
m{xe[a,b—hnk {6+ oy )- f(x)(z%o}s

p
. Aol 1 [ g0
< m{x € [a,b =y, H fl(x+ hn, )— f(xj ZT}JrE [%J . (13)
Then it follows from (11) and (13) that for every k > kg
p
A 1
m{x < [a, b—hp, H fl(x + Py )— f(x)( > TO} 3 (28700] : (14)

Since the function f1(x) is bounded, then it is Lebesgue integrable on [a,b].

Then it follows from Lebesgue’s theorem that

b-h
lim  [|fy(x+h)— fy(x)dx=0.
h—0+ 3

Therefore,
b-hp,
im [ [fax+ by, )~ fixjax=0. (15)
k—00 a
On the other hand, it follows from (14) that for every k >Kg
bhn,

J

f (¢ + By, )= Fa (e >

z%m{XG[a,b—hnk]:‘fl(x+hnk )— f(x]zj}z?,(%}p.
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But this is impossible due to (15). The resulting contradiction proves the

validity of equality (3). This completed the proof of the theorem.

Denote by WAp([a,b]) the class of functions feWLp([a,b]) satisfying

condition (4). Theorem 1 shows that in the class of functions WAp([a, b)) the

modulus of continuity @yeq (f; S)p satisfies condition (3).

Note that properties 1-5 and theorem 1 also holds for the periodic modulus

of continuity @peax (f; 5)p .
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