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Abstract
In the domain Qf ={x: |x| > R}x (0;+c0) we consider the following problem:

a

C, - ,
" =AUy, +X—'2ui +|x| '|ui+l|q' ,(x1) e Qk

ui|t:0 = uOi (X), Xe B"Q,

2
where n> 2, C; <(n;22] , 0;€R, g >Lug(x)20,i=123.A sufficient condition on

the absence of global solutions is obtained. The proof is based on the method of test
functions.

Keywords: system of semilinear parabolic equation, absence of global solutions, critical exponent,
singular potential
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1. Introduction
Let R>0, By ={x:|x <R}, By={x:[x|>R}, 0B ={x:|x/=R},
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BR1'R2 :{X: R1 < |X| < RZ}’ gé =R"\ BR’ QR = BR X(OH-OO),
Q, = Bl x (0+0), Qf = By x[0+90), X = (X;,..., X,) € R",

r=x=yx +.+x}.

In the domain Q; we consider the following system of equations:

8Ul 1 G

T Ag o+

ot U1+|X|z 1

M, _ Au, +C—22u2 * (0.1)
X

Ny =AU, + — S, 2 uy+ X7 Juy

ot X’

2
where n>2, C <(”—;2j o eR, q>1i=123.

We will write the system briefly as follows:
au;

C, A
at AU +X—U +|X| |ui_,,;|_|qI ’

We will investigate the issue of the absence of global solutions of
the system (0.1), satisfying the initial condition

Ui,y = Ui (X), x€Bg, (0.2)
Ugi (X) 20, Uy € Lo, € (B).
A solution of problem (0.1), (0.2) is understood in the weak sense,
namely the system of functions u;(x,t)eL, . (Qg) is called a weak
solution of problem (0.1),(0.2), if

”|x|“ U, ndxdt——”u N vt ”u {An+|c| n]dxdt—
Iuol (x)n( xO)dx+j _[ U, —ndsdt

0 0By

o,loc
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for any n(x,t) e C**(Qy), 77|aBR =0, Z—Z <0, and there exist R >R,
By

T, >0 such that 77(x,t) =0 when |X| >R, and t>T,, where v is the unit

vector of the outer normal to 0B;.

The problems of the absence of global solutions for various classes of
differential equations and inequalities play an important role in theory and
applications. Therefore, they are under constant attention from
mathematicians, and many works have been dedicated to them. An
overview of such results can be found in the monograph [1] and in the
survey paper [2].

In 1966, Fujita, in his famous work [3], studied the following Cauchy
problem for the heat equation with an internal source:
%U:Au+uq, (x,t) € R" x (0,+00),

U o =Us(X)20, xeR",

where g >1, u,(x) is a continuous and bounded function, and he proved

2
that when 1<g<(, =1+—, the stated problem has no non-negative
n

- : 2
nontrivial global solution, whereas when q> (., =1+— it has both a non-
n

negative nontrivial global solution (for small initial data) and a nonnegative
local solution (for large initial data). Later, Hayakawa [4] and Kobayashi [5]

. 2 . .
showed that in the case q=1+—, global solutions also do not exist. Thus,
n

there exists a value of the non-linearity such that, depending on this value,
a global solution may or may not exist. This value is called the critical
exponent of the non-linearity in the mathematical literature, and the
corresponding results are known as Fujita-type theorems. At present, many
results have been achieved in the study of Fujita-type theorems. Numerous
analogous theorems have been established for various types of nonlinear
equations and systems of equations, different types of domains, and
various types of boundary conditions. In addition, the influence of many
factors—such as spatial dimension, domain shape, diffusion term,

3



Shirmail Bagirov, Konul Qasimova / Journal of Mathematics and Computer Sciences v. 2(5) (2025), 1-15

convection term, source term, and boundary term—on the Fujita critical
exponent has been characterized [6—11]. In the case of a single equation,
the Fujita critical exponent is usually a constant, whereas in the case of
coupled systems of equations, the Fujita critical exponent is typically a
curve. In [12], M. Escobedo and M. A. Herrero were the first to consider the
following initial value problem for the system:

a_uzAu +|X01vq1

o (x,t) € R" x (0,40), (0.3)
ov -

— =Av+|}u®

ot
ul_, =Ue(X)V]_, =Vvo (),  xeR", 0.4)

where g, >0,q, >0, Uu,(x),v,(x) continuous, bounded, and non-
negative functions. It was proved that for ¢; =, =0 the critical curve of

this problem has the form (pq),, :1+gmax {p+1,q+1}. In the case
n

o, #0,0, #0, Mochizuki and Huang [13] investigated the existence and

nonexistence of global solutions, as well as the asymptotic behaviour of the
global solution of problem (0.3), (0.4) on R" x(0,+x). Levine [14] studied

non-negative solutions of the initial-boundary value problem for system
(0.3) with g, =0, =0 in a domain Dx(0,+x),, where D is either a cone
or the exterior of a bounded domain. Other results related to a system of
type (0.3) can be found, for example, in [15]-[18], and the references
therein.

In the present paper, we consider a system of three equations with
singular potentials. Note that a Fujita-type result consisting of three
equations was obtained in [19]. However, unlike that work, in the present
study the equations also contain terms with singular potentials. The
guestions of existence and nonexistence of positive solutions for equations
and systems of equations with singular potentials, both in the linear and
nonlinear cases, have been investigated by various authors. For example,
the celebrated result [20] by Baras and Goldstein established that the heat
equation
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a—U:Au+£2u, in Qx(0,T), u|3Q =0
a X

with singular inverse square potential in a smooth bounded domain
2
QcR",n>3, such that 0Q, in the supercritical range C >(n—;2j

does not have a solution for any nontrivial L, initial data u,(x) 0.

The existence of global or local solutions of the semilinear equation

ou C . . .
——Au+—-uU =u?, has also been studied by many authors in various

a X
domains. For example, in the work of Laptev and Hamidi [21], the existence
of a global solution of this equation in the domain R"x(0,o0) was

2
investigated for C > —[nT_Zj . Subsequently, in [22]-[26], the question of

nonexistence of solutions for equations or inequalities of this type was
investigated. In [27], a Fujita-type result was obtained in the domain
Qr, =B x(0;+) for a system of equations consisting of two such
equations. In the present work, using the test function method, we obtain
a sufficient condition for the nonexistence of nonnegative global solutions
for systems of three equations.

2. The main result and its proof
Let's consider the following functions:

" 1 s<1
?0(5) € Cy'(R), ¢, (s) ={0 s>9

@(x) = %{%} T(t) =T(L2j = %{%j,
p p p

i A oas n-2 n-2) .
EO)=X" =x", A4 =—— %D, b =| —= | -C; i=123.

and

It is easy to see that the functions &;(X) are radial solutions of the
equations
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C.
Av+—-v=0 in B/ (1.1)
X
and & (X)hx‘:1 =0
Let us introduce the following notations:
=0, +2+0;(0,,+2)+0,q,,,(0, +2),

S
0,99 —

rae O, =0,,0,=0,,0, =03
Before proceeding to the main result, let us agree that from now on
we will denote all constants by C, despite the fact that in each specific case

the constant may be different.
Our main result is the following theorem:

2
Teopema. Let n>3 q >1 C <[n—;2j , 0, €R, Uy (x)>0,

(BL) i=1,2,3.1f max(6,,6,,6,) >0, then problem (0.1),(0.2) has

no nonnegative solutions in Q.

Proof. For simplicity of notation, we will take R =1. In the definition
of the solution, we take as the test function 77(X,t) =& (X)@(X)T (t). Then
from the i-th equation of system (0.1) we obtain the foIIowing

H 7 oaf* & 00T (Ot = j u, 2 gebvct—

Uy € L

0,l0C

- J.J‘uiT[A(égi @)+ |f(:_||2 g q’]dth - Ium (X)égi (X)CD(X)dX +

juT (§¢)dsdt_ Hu —ffpdxdt—

0[x=1 ov

-[J uiTq0[A§i +|C—|i2.§i }dxdt [[uTl2(v&, V) +&Apldxdt -
Qi X Q
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—.[uo, )E (X)X )dx + J. I u, —'Tdsdt<—”u —§¢dxdt—

0 |x|=1

~[[uT[2(v&, Vo) + ;‘iAgo]dxdt. (1.2)
o
Here we took into account that & (x) is the solution of equations

9,
(1.1), uI (X)plx)dx >0 n u—'Tdsdt_ urT 'dsdt>0
j ’ 5 ¢( )d !le 0 .([xj.l
since %2 0 when |[x/=1 and u, > 0.

Using Holder's inequality, from (1.2) we get that

II P " 6 00000T 0t j 0, O g gaxdt+

qi—l
+”uT [2(VE V) +EApldxdt < j [N uf™ & pTdxdt |

pBl«fp

aT i é:_q{-l E
ot i

oi1(Gi1-1) C|I 1—1§q| 11

j dxdt| +
T (a; 1_1)|

2p? Qi1

O—I 1 ) ql 1 3 1¢dedt %

Opfp

dxdt| (1.3)

I I|2(W;.,v(p>+cfA<o|‘“T

oi1(9i1-1) q, 1_1§q| -1
i-1

p«fp

where ¢, =0,,0y =03,0,=03,& =&,
We denote the integral on the left-hand side of inequality (1.3) by
A, , the second integral of the first term on the right-hand side by |, ;, and

7
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the second integral of the second term on the right-hand side by J, ;
Then (1.3) can be written in the following form

{7

i-1 1

q
X |u| " &L pTdxdt | 192 +

P*B 3,
2p° O, 1
[ X uf™ & pTaxdt | 3% (1.4)
0B, s,
Increasing the boundaries of integration, we have that
11 11 1 1 1
A < Aqlll Ilqlll + Aql lJ ql -1 Aql 1(IIQ|11 + qu|11J- (1.5)

Now let's estimate the integrals I, ,,J, ;. To do this, we introduce the
following substitutions:
t=p%s, 1= 85 &(1)=&(08) =& (5), o(r) = 0(p8) = 95 (5°) = (),
TM)=T(p*s)=9; (5) =T (5). (16)
Since &, ¢ are radial functions, then
96 _0s X Op _0p X
ox, or r’ ox. or r’

J ]
v 0% 0p( X X | _ 0 0¢ 5(P n-10¢
V& Vp)=) = —| —,— [=—=—,A .
(Vé.ve) ,Z_i‘ar ar(r r) aror Tt r ar

First, let's estimate J, ;. Using substitution (1.6), we obtain that

=I J 2(v&, Vo) +Eag T

dxdt <

O-I 1(Q| -1 l) q,,l—l q,,l—l

@ i1

505 8¢+§ 0’ J¢p n- 15(0 rn—l
J’i fj” or or o> r or drdt <
> ro-i(qi—l_l)wqi—l_l iQ_i’il—l -
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8§ 8¢ 0 ¢ n-1 1 5(0 _
(2 ~2)ai4|p n-1,n
i S
<c pr 0s 0s g[@s s 0s ds <
= p o _ + i (i1~ i-17 -
) 0 (0 l)+ﬂ¢ 1(q| 1_1) g 1)(0q 1
S sz'*'(jw _z)qlfl_o_l—l(qlfl_l)_/llﬂ(qlfl_l)*—n‘]i_l S
< Cp O DEra 2e A=A e J. L (1.7)
where
ﬁzag op § 6(;) n— 18(0 Sn—l
- 0S 0S 0s® S 0S
i1~ ‘]‘j So'ifl(QH_l)éqi,—l_l ds ’

It is easy to show that for large values K the integral ji_l is bounded
(see [1]). Then, from (1. 7) it follows that

! L ora 42+ -20 )~(3; +n)(@ps-1)] - %

‘Jql—l <Cp Qi1 =Cp QH' (1.8)

where
A =0, 2+ A4, -4 (4 +n) (0, D), A =45, 0=
Now let us estimate |, ;

aT Q;fl )
2p2 at éin71
Ii—l = _([ BJ. T(q' 1_1)|X|o'| ) ql 1_1§q| 1 dxdt=

aT qirfl

207 iy

- j Ta(:i'rl) dt I O’H(q{ftlg)i qj1-1gq,-1 dx. (1.9)
P’ B, 13, X| ¢ i-1
Using substitution (1.6), we estimate these integrals as follows:
! ql -1

aT Qi —2q,,l aT

26 81 )

.[ T @D dt_Cj T pdrs

p
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~ 101
ar
2
, ot Ly~
—-2(q)_, -1 ACEE
SCp @ )J.'FTdTSCp @ )Ii—l'
1
~ |0
aT|"
. ¢ 07 . ~
where the integral j = dt is denoted by |,_,.
1
é‘:_Qi'A
J. Gi—l(qi'—lfl)l Qi1-1 £qi -1 dx <
Bz X| Q i1
v2p /Ifq-'_l(l 2\/5)“"*l n-1
rm"=u-r r
<C dr <

1 ot (qi,—l_1)¢qi’—1_1rﬂ~i+—1(qi’—1_1) (1_ r2\/ Diy )1{4

p—ﬁifl(%ﬁr]-) ’ for ﬂi—l< 0
<CqiIn2p, for g_,=0
1, for g, >0,
1
h =0+ A A - +n)—=
wnere ﬁl—l O-l—l i-1 i ( i ) (qi,71 _1)
=0, * ﬂ».tl - /1|+ - (ﬂ: + n)(qi—l _1) =0, — 2.

As a result, from the last two estimates it follows that

p—(a.,1)(q,’,1—l) , for ﬁifl <0
Iy < C|~i—1 p_Z(qgfl_l) In2p, for B ,<0
p*Z(Qi'_rl) 1 for ﬁi—l <0

It is also easy to show that for large y, the integral I.di_1 is bounded (see
[1]). Therefore,

10
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_%ia

p for g, <0

2 1

1% <Cip *(n2p)%, for B, =0

p for g_, >0,

_G%ia

(1.10)

Let us denote B, = p **,B, = B, and consider the case when all . <0.

Then we can write (1.8) and (1.10) in the following form:
1 1

1% <CB_,, J% <CB ,.

Taking these estimates into account in (1.4) and (1.5), we get:
1

Qi1

0'1 q"l & oTdxdt +

A <C T

1
Gia

i i & pTdxdt B,

Zp2
+ j J'|x|a“ u

0 prﬁp

1

A <CA%B,,.

(1.11)

(1.12)

From now on, we agree that, when necessary, the index i —2 will

be understood as i+1, i+2 asi—1, and i+3 as I.
Using the recurrence formula (1.12), we obtain the following:

1 1 iy 1 1
ASCA‘ﬂllBi_lﬁc:[ ‘imej B, <CA%"BYyB,,

i+1

1 Voaan L 1 11
< C(Aj% BI] Bq| 1B, - < qupl%qu Biqpﬂm Bii‘f Bi—l’

1

(1.13)

If we divide both sides of (1.13) by A%%% and raise them to the power

11
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0, ,0,9.,, then in the end we obtain that
A‘h%% -1 < CB.Qi B_Qigm B'Qiilqiqiﬂ < CB_Qi B_qifiﬁ thfz% .
From this, taking into account the value of B, , we get the following:
A%Qzﬂs—l < Cp—aip—anﬂip—aiq%%u < Cp_[ai+ai+lqi +ai—1Qiqi+1]. (114)
Let us compute the exponent of p in (1.14).
o+, 0 + & 400, = 03 +2+ A4 = A4, — (AL +n)(g D) +
+0(01y + 2+ 4 — A, — (A, +n)(g,, — D) +
+0iia (0, +2+ A4, -4 = (4 +n)(0;;, -1) =

=0, + 2+ A, + A, A, (@ -D+q (0, + )+ AL, — oA —
=004 + G4 — (0, — D) + 00, (0; +2) + 4,00, —
A0, + A9, — A 0,00,, —NGd.,(0, 1=
=0, +2+0; (0, +2)+ Q0. (0, +2) -
- n(qi _l) - nqi (qi+l _1) - nquM (qi—l _1) -
-4 (9490, D) =0,+2+0q(0, +2)+00;,, (0, +2) —
—n(9,9,0; —1) — 4 (0,9,9; - 1).
Taking this into account, from (1.14) we have that
B
Aﬁ <Cp [%---%‘1 J — Cp_gi , (1.15)
where
1 =0, +2+0; (01,4 +2) + Q0. (07, +2), 6, = L"ﬁ —n.
0,9,0; -1

Let now max{é,,b,,0,}> 0. First, consider the case when
max{é,, 6,,6,}> 0. For clarity, let’s take & >0. Then, taking i =1in (1.15),
we obtain that

A<Cp™. (1.16)
Letting o tend to+, we get that
A <0.
This means
”|x|“l|u2|ql £dxdt<0.
Q

12
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Hence u, =0. Then from the second equation it follows that u, =0, and
from the next equation u, =0.

Now let max{6,6,6,}=0. For clarity, let’s take
6, =n,— (4 +n)(9,0,0, -1) =0. Then from (1.16) we have that A <C.

Since A <C, it follows from the property of the integral that when
£ —>+0

2

2p
j x| |u,| ™ & (X)p(X)T (t)dxdt — 0, (1.17)
PZBl‘ﬁp
2p?
j x| |u,| ™ & (X)p(X)T (t)dxdt — 0 . (1.18)
1B, 1%

Using (1.13) from (1.11), we obtain that

1 i sz 70,0203
Qi1+ R Yi- gj ]
A <CA% BB <C|| [ [|X7|u. " &oTdxdt|  +
P°B s,
1
2p? 019203 1 1
(o Qi Qi10i G-
+ I I|X| |ui+l| fi(pTdth Bi ' lBi+llBi71'
0B, 1,

Raising each side of this inequality to the power ,0,0;, as in (1.15), we
have that

2p? 2p*
A% < C f '[x|"‘|ui+l|q‘ EpTdxdt + f I|x|°'i .| &gTdxdt | x

P Bl‘ﬁp 0 Bp,ﬁp

xp—77|+(/1i++”)(Q1QZQ3—1) . (119)
If we take 1 =1 in (1.19) and take into account that
-, + (4 +n)(q,9,0; —1) =0, then we obtain the following

o1 o1

" £ pTdxdt |.

u,

2,02 2p2
AR < C I J' x|” |u,| ™ £ Tdxdt + J' J' X
pz B1,J5p 0 Bp‘ﬁp
Hence, passing to the limit as p — +o0 and using the properties of integrals
13
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(1.17), (1.18), we have that
[ usl* & (9dxat <0.
Q

Therefore, U, =0. Then, as in the previous case, we obtain that all
u, =0, 1=123.

Finally, it should be noted that we considered the case S, <0; however,
since the power of p is negative in the case f_; >0, it can be similarly
and easily shown that the u, =0, i =1,2,3 values are identically zero. This
completes the proof of the theorem.
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