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Abstract

We consider global bifurcation of nonlinear eigenvalue problems for ordinary differential
equations fourth order with a spectral parameter in two of boundary conditions. The
existence of two pairs of two families of global continua of solutions, emanating from
intervals of the line of trivial solutions and the line R x{o0}, which are contained in classes

of functions that have oscillatory properties of eigenfunctions of a linear problem in the
neighborhoods of these intervals, is established.
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1. Introduction

In this paper, we continue to study the bifurcation of nontrivial solutions of the
following nonlinear eigenvalue problem
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(y)=y? —(q(¥)y) =y +h(x,y,y.y"y".2), x€(0,9), (1)
y"(0)=y"@®) =0, (2)

Ty (0) —aty(0) =0, (3)

Ty (@) -cy(0)=0, (4)

where AR is an eigenvalue parameter, Ty=y” —qy’, q(X) is a positive and
absolutely continuous function on [0, 1], a,c are real constants such that a>0and

c<0. We suppose that the nonlinear term has the form h=f + g, where f and g

are real-valued continuous functions on [0, 1] x R® satisfying the following conditions:
there exists positive constant M such that
| f(x,y,s,0,W,1)|
|y
for every bounded interval A C R,
g(x,y,s,owA)=o(ly[+[s|+[v|+|w]) as [y[+]|s[+|v]+|w[>0, (6)

<M, x€[0,1],(y,s,o,w) eR*,y#0, 1eR; (5)

or
g(xy.s,o,w, A)=o(ly[+|s|+|v|+|w]) as |y[+]|s]+|v][+|wW][>+o0, (7)
uniformly for (x,4) €[0,1] x R.

We recall that the global bifurcation from zero and infinity of nontrivial solutions
of nonlinear eigenvalue problems for ordinary differential equations of the second
and fourth orders was studied in detail in [1-4, 6-8, 11, 12, 17-20]. Note thatin [1, 3,
4, 6, 7, 12] one of the boundary conditions of considered problems contains an
eigenvalue parameter. Therefore, in these articles, using angular functions, classes
of functions with oscillatory properties of eigenfunctions of the corresponding linear
problems are constructed.

In this paper, the construction of oscillatory classes is refined, the results of
paper [16] are strengthened, and, in addition, a global bifurcation from infinity is
studied, as well as a global bifurcation from zero and infinity simultaneously.

It should be noted that the bifurcation of eigenvalue problems for ordinary
differential equations describes the form of instability of various processes in physics
and mechanics. In connection with the physical meaning of the problem under
consideration, (1)-(4), one can find, for example, in [13].
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2. Preliminary results and operator interpretation of problem (1)-(4)

We consider the following linear spectral problem
((y)=4y x€(0,1),
y"(0)=y"@) =0,
Ty(0)-a4y(0) =0,
Ty (@) —cAy(0) =0.

Problem (8) was studied in detail in [9], where, in particular, it was shown that

(8)

the eigenvalues of this problem are real and simple, and form an infinitely increasing
sequence {4, },_, such that
0=, <A, <...<A <....
Moreover, for each k € N the eigenfunction y, (x) corresponding to the eigenvalue
A, has k —1simple zeros in the interval (0, 1).
The linear eigenvalue problem (8) is reduced to the eigenvalue problem in
the Hilbert space H =L, (0,1) ® C* with the scalar product

(9.0)s ={y.mn}{v,s.8}), =jy(x)mdx+a—lm§_c—lm-,

for the operator L defined by
Ly = L{y,m,n}={¢(y),Ty(0), Ty()}
on the domain
D(L)={y={y.m,n}eH:y, ay’y" Ty e AC[0.1], {(y) € L,(0,D),
y’'(0) =y"(1) =0,m=ay(0),n=ay(1)}
which is dense in H [9]. It is obvious that the operator L is defined correctly and
problem (8) is equivalent to the linear eigenvalue problem
Ly =4y, yeD(L), (9)
i.e. the eigenvalues 4,k € N, of problems (8) and (9) coincide, and there is a one-to-
one correspondence between their eigenfunctions and eigenvectors:
Y € yk :{yk'mk’nk}! m, =ay, 0), N, =Cy, .
For each yeC®[0,1] and each {m,n}e R’ let
Y=Yl +1Y o +1Y"lo +1Y" o,
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IYl=yl;+Im[+|n], (10)
where | y|,=max|y(x)|.

Let E=C’[0,]]N(b.c.) be the Banach space with the norm |y|,, where
(b.c.) is a set of functions which satisfy boundary conditions (2).

Since by (2) the statements of Lemma 1.2 of [10] hold for problem (8), to study
the bifurcation of problem (1)-(4), as in [12], we introduce a subset S of the space
E asfollows:

S={ueE:u®(x)=0, Tu(x) 0, xe[0,1],i=0,1, 2} HueE: i, e{0,1,2},
X, € (0,1) such that U™ (x,) =0 vTu(x,) =0, and if u’(x,)Tu(x,) =0, then
u(x)u”(x) <0in a neighbourhood of x,, andif u(x,)u”(x,)=0, then
u’(x)Tu(x) < 0in a neighbourhood of x,}U{y<E:|y(D|+|Y'(J)|+
+Y"(DI+1y"())[>0,j=01}.
Suppose that E is a Banach space E @ R? with norm given by formula (10)
and
S={yeE:yeS}.
The elements of the set S are vectors §={y,m,n}e E such that the functions
y(x), which are the first coordinates of these vectors, have a finite number of zeros in
the interval [0,1], so that the zeros located in the interval (0,1) are simple, and the
multiplicity of zeros at the ends of the interval cannot be more than four. If
y={y,m,n}e D(L), then by qy'e AC[0,1] and Ty e ACI[0,1] it follows from the
relation y”=Ty+qy’ that y”eC[0,1] or yeC®*[0,1]. As a result, we obtain the
relation § ={y,m,n}< E, which shows that D(L) c E.
Now we define nonlinear operators F:RxE—C[0,]]®R?> and
G:RxE —C[0,1]® R? as follows:
F(A,9)=F@{y,mn}) ={f(xy,y"y" y" 4),0,0},
G(4,9)=G(A{y.m.n}) ={g(x,y.y"y" y". 1).0,0},
where C[0,1]@® R?is a Banach space with the norm ||y |[l,=| Y|, +|m|+|n]|. Then we

can write the nonlinear eigenvalue problem (1)-(4) as the following equivalent
4
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operator equation:
LYy=A9+F(4,9)+G(4,9). (12)
Note that between the solutions of nonlinear eigenvalue problems (1)-(4) and
(11) there is a following one-to-one correspondence:
(4,y) & (4,9) =(4.{y,m,n}), m=ay(0), n=cy(). (12)

3. Priifer transformation for the linear eigenvalue problem (1)-(4) with h=0

As in [2- 4], we will use the following Priifer-type transformation to study the
bifurcation of solutions to problem (1)-(4):
y(x) = p(x)siny (x) cos (x),
y'(x) = p(x) cosy (x)sin ¢(x),
y"(x) = p(x) cosy (x) cos ¢(X),
Ty(x) = p(x)siny (x)sin 6(x).
Direct calculations show that for the Jacobian J(y) of transformation (13) the

(13)

following expression hold:
J(Y)(X) =’ (Msiny(x)cosy(x), x <[0,1]. (14)
According to relations (1.6) in [10], the angular functions @ and ¢ satisfy the
following system of equations:

@' =—wsingsin @+ Acos® 6, (15)
go’:coszgo—qsinz(p—i sin@sin g, (16)
W

where w=coty.

If the function y(x,4), X€[0,1], L €R, is a solution to equation in (8), then
by the uniqueness property of the solution to the Cauchy problem, we obtain that

p(x,A)=0,xe[0,1], 1eR. (%))
of the transformation (13) does not vanish in (0, 1).
Remark 1. If the function y(x, 1), x€[0,1], 4 € R, is a solution of equation in (6)

satisfying the boundary conditions (2) for A >0, then by [10, Lemma 1.2], the
following inequality holds:
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cosy(x, A)sinw(x,4) #0, x(0, 1). (18)
This, together with (17), shows that for A >0, the relation
J(Y)(x,4) =0, xe (0, ). (19)

holds. Moreover, by (18) for the function w(x, 1) =coty(x,1), x(0, 1), we have
one of the following relations is true:
w(x,4) € (0,+) or w(x,1) e (—o,0).
Therefore, without loss of generality, we can assume that one of the relations
w(x,4)€(0,7/2) or y(x,A)e(7n/2,7) (20)
holds.
Lemma 1. Assume that the function y(X,A) is a solution of equation in (8)

satisfying the boundary conditions (2) and (3) for A >0. Then, for each A >0, the
initial conditions are satisfied:

0(0,4) =tan"ai € (0,7/2), (21)
T
»(0,4) =5 (22)

Moreover, for w(0, 1) we have the following relation:
y(0,4) 1
y©0.2) 1+a’2?
Remark 2. If @=krx,k € Z, then by (15) we have &' =4, and consequently, if
A>0, then the graph of the function 6(x,4), xe(0,1), intersects the lines

w(0,1) = (23)

0=k, keZ, in the positive slope, that is, this function takes increasing values of
k7, k € Z. Moreover, if >0, then by (15) and [10, Theorem 5.2] the graph of
0(x, 1), xe(0,1), intersects the lines 6 =—x/2+kzx,k € Z, in the positive slope.

Remark 3. If p=kz,keZ, then by (16) we have ¢'=1, and consequently, if
A>0, then the graph of the function @(x,A1), xe(0,1), intersects the lines
o=k ,keZ, inthe positive slope [10, theorem 6.1].

Using Remarks 2 and 3 by Lemma 1 we have the following result.
Lemma 2. Let the function Y (X,A) be a solution of equation in (8) satisfying the

boundary conditions (2) and (4) for A>0. Then, for each A >0, the following relation
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holds:
0@, 2)=tan"* cA e (- /2 + 7k, zk), (24)
o(0,0)=-x/2+ 7k, k=1,2,.... (25)
Theorem 1. Let Yy (X, 1) be a solution of equation in (8) satisfying the boundary
conditions (2) and (3) for A>0, and 6(X,A) is the @ -angle defined by the
transformation (13). Then the function 8(1, A) is a strictly increasing continuous

function of the parameter 2> 0.

The proof of this theorem is similar to that of [10, theorem 4.2].

Remark 4. By [9, Theorem 4.5] A =0 is the first eigenvalue of problem (8), and
the corresponding eigenfunction is y(x,4) = y(X,0) =const. Then, by transformation

(13), sind(x,0)=0,and consequently, for some meZ we have 6&(x,0)=zm. By
(21) 6(0,0) =arctan0=0<[0,7/2] which implies that (x,0)=0. In this case, we
can assume that 6(y,,0) =0.
Remark 5. Since c<O0by Lemmas 1 and 2, Theorem 1 and Remark 4 for each
k=12, ..., the equation
d(L, 1) =arctancA + zk, 1 >0,
has unique solution 4 =4,,,. Therefore, using Remark 4 for the eigenvalues of

problem (8) we have the following relation:
01, 4,)=arctancA, + 7k, k e N. (26)

4. The classes §kv and S:kv, keN,ve{+,-}

To study the bifurcation of solutions of the nonlinear eigenvalue problem (1)-(4),
as in [2], we construct the sets §|f and §lf, k e N,v e{+,-}, using angular functions

presented in Section 2.
If ye§,then it follows from (13) that

J(Y)(X) =0, xe(0,1).
For each 1R and each yeS we define continuous on [0,1] functions as

follows:
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P2 (j'! Y, X) = y2 (X’ j') + y’2 (X, l) + y”2 (X, 2’) + (Ty(X, j'))2!

A(4,y,x)=arctan M 6(4,y,0) =arctanaA,
y(x,2)

o2,y =arctan L5205 y.0) =72,
y'(x,4)
_ oot YA Y02 1
WA= gy SR MY O= o o) et

For each keN, each ve{+—}and each AeR, let S, denote the set of

functions y €S that satisfy the following conditions:

(i) 6(4,y,0)=B(A);
(i) p(4,y,0) = g, o(4,y,0) =§+ 7(k-1),
(iii) 8(1,y,0) =y (1) + 7(k -1);

(iv) for each fixed A and each fixed y, as the variable X increases from 0 to 1,
the function 6(4,Y,X) increases takes the values mz/2, meZ; as the variable X
decreases from 1 to 0, the function 6(A4,y,X) decreases takes the values
mz/2, meZ;

(v) for each fixed A and each fixed y, as the variable X increases from 0 to 1,
the function @(A,Y,X) increases takes the values Sz, SeZ; as the variable X
decreases from 1 to 0, the function ¢(4,Y,X) decreases takes the values sz, S Z;

(vi) the function vy(X) is positive in the right punctured neighborhood of the
point x=0.

It follows from Section 2 that for each k e N, each ve{+, -} and each 1>0
the sets S;',, S, ,and S, , =S;, US, , are nonempty. By definition, for each k e N,
each ve{+, -} and each AeR these sets are open subsets in E, and for each
(k",v") # (k,v) the relations hold:

S,,NS,, =D and S,,NS,,=D.

Moreover, it follows from [1, Lemma 2.2] that if AR is fixed and y €3S}, (S, ),
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then there exists £ €[0,1] such that y(&)=Yy'(&)=Yy"(§) = =y" (&) =0.

Now for each k e N and each v e{+, =} we define subsets S, and S, of the

set S E as follows:
Sy =UJSc, and S, ={JSi.-

AeR AeR
Then for each for each k e N and each v e{+, —} these sets are open subsets in E,

and for each (k’,v") # (k,v) the relations hold:
S/ NS, = and S.NS, =2.
Moreover, if ye€0S, (3S,), then there exists & €[0,1] such that y(&)=y'(&) =
y'(6)=y"(£)=0.
Finally, for each k eN and each v e{+, -}, we introduce subsets S/ and S,

of the set S — E as follows:

Sy ={y={y.mn}eE:yeS’} and S ={y={y.mn}eE:yeS}.
By the above considerations, for each keN the eigenvector Y, ={vy,, m.,r

corresponding to the eigenvalue A, of the operator L, belongs to the class §k; the
sets §lf(§k) are disjoint and are open subsets of the Banach space E. Moreover, if
y={y,m,n}e GSAkV (6§k), then there exists  £€[0,1] such that
y(&) =y'(&)=y"(&)=y"() =0.

Lemma 3. Let (4,Y) e RxE be a solution to the nonlinear eigenvalue problem
(1)-(4) satisfying the condition y € S, (S, ). Then y =0.
Corollary 1. Let (1,9)eRxE be a solution to the nonlinear eigenvalue

problem (11) satisfying the condition y € 8§|f (8§k). Then §= 0, where 6={0,0,0}.
4. Global bifurcation from zero and infinity of solutions to problem (1)-(4)

Let >0 be an arbitrary fixed sufficiently small number. Since 4, =0 is

eigenvalue of operator L consider the following approximate problem
LYy +03,9=29+F(1,9)+G(4,Y), y € D(L), (27)
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where the operator J,: E®R?* > E®R? is defined as follows:
3,9=3,{y.mn}={0,0,/c[* n}.
Since c <0 we have
(359, 9)u =lc[* n* 20,

and consequently, the operator L; =L +JdJ, is positive. Therefore, all eigenvalues of
this operator are positive. Moreover, by the arguments in the proof of [9, Theorem
4.5] we can show that the eigenvalues of the operator L are simple and form
infinitely increasing sequence {4, (6)}_,.

If we multiply both sides of the equation

L;y=49, yeD(L),
by § scalarlyinthe space H, then we get
PR CS ) PSS ) RN A %) M (') PR V'@
A A A A A A A A 1 .
( ly)H (y1 y)H (y’ y)H (y! y)H JyZ(X)dX+ay2(0)_Cy2(1)
0

Hence by maximal-minimal property of eigenvalues [1, formula (22)] it follows from
last relation that

A <A (8) <A +5|cl?,
which implies that
A©0)—> A4 as 5 —>0+. (28)
Since the operator L; has a compact resolvent, the operator
L;l :C[0,]]®R? — D(L)
exists and is a compact (completely continuous) operator. Then problem (27) is

reduced to the following nonlinear eigenvalue problem
y=+F;(4,9)+G,(4,9) (29)

with completely continuous operators I:S, Ifg and éa which are defined as follows:
[, =" F,=L'F:RxE—>E and G,=L;G:RxE—>E.
Lemma 4. Let condition (6) be satisfied. Then for any bounded interval A CR,

G, (4 9)=0(l9Ik) as [I9l,—0, (30)

uniformly for 21eR.
10
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Lemma 5. Let condition (7) be satisfied. Then for any bounded interval A R,

Gy (4, Y)=0(l¥ll) asl¥ll— +e, (31)

uniformly for A eR.
The proof of Lemma 4 is obvious, and the proof of Lemma 5 is based on Lemma

5.5 of [8].
Letin (1) f =0.Then (29) takes the following form:

§=2L,9+G,(4,9). (32)
If condition (6) is satisfied, then using Corollary 1, Lemma 4, [18, Lemma 1.24]
and [14, Theorem 2] for problem (32) we have the following global bifurcation

results.
Theorem 2. Let condition (6) be satisfied. Then for each keN and each

v e{+, —} there exists a continuum ék”’ s Of solutions of problem (32) which meets
(A (5),6), is contained in (R x SAkV) U{(4, (), 6)} and is unbounded in Rx E.

By Q < Rwe denote of a bounded open neighbourhood of the point (4,,0)
such that (4;,0)¢Q for j=k.It is obvious that for any sufficiently small § the
eigenvalues 4, (9) of the operator L liesin Q and by Theorem 2 there exists
(A& 51 Yis) €C{ s NQ. Since problem (32) is equivalent to the problem

(y)=2y+g(xy.y,y"y"4), 0<x<1,
y"(0)=y"(@) =Ty(0) -aly(0) =0, (33)
Ty@) - (cA+5)y®) =0,

s iy |50

it follows that the set {y, ;} is bounded in C*[0,1]. Let W ; =— |
' ’ Yis I3

as o —0 then from the relations
00N, 5) = A Wy + GO0 Y g Vit Vs Vs A1 Vi b0 0< X <1,
w5 (0) = w5 (1) =0, Tw , (0) —a ;W 5 (0) =0, (34)
TW s (D) = (C4 s + )W (1) =0,

we obtain that {w ;} is bounded in C*[0,1]. Then by the Arzela-Ascoli theorem we

can assume that {(4;;,W ;)} converges to some (4,w) in RxEas § —0. Hence
11
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passing to limit in (34) as § — 0 we obtain
{E(W)Z/"LW, 0<x<1,
w"(0) =w"(1) =0,Tw(0) —aiw(0) =0, Tw(1) —cA)w(l) =0,
which by W ; €S implies that 1 =4,. Therefore, {(4;,Y, ;)} converges to some
(4,0) in RxE as 8§ —0. Since {(4 5, ¥ s)}<=0Q, it follows that (4,0)edQ,
which contradicts the fact that Qis a bounded open neighbourhood of (4,,0). Thus
(A 5 Yis) = (4,9), #0,in RxEas 6 >0, where (4,9) €0Q and by (33) (4,9)

is solution of problem (1)-(4) with f =0, and consequently, by (32) (/1,9) is a
nontrivial solution of problem

LYy =9+ G4, 9). (35)
Since this argument is true for every such Q, it follows from an elementary
argument from point set topology (see, for example, the proof of [17, Corollary 1.34]
and [19, Theorem 2.4]) that problem (35) has a continuum C; as in Theorem 2.

Thus we obtain the following result (In fact, we complete the proof of [16,
Theorem 3]).
Theorem 3. Let condition (6) be satisfied. Then for each k e N and each

v e{+, -} there exists a continuum é{ of solutions of problem (35) which meets
(/1,(,6), is contained in (RXSAkV)U{(ﬂk,(A))} and is unbounded in RxE (in this case
either ékV meets (1,0) for some A <R, or the natural projection of CAIkV onto
{(2,0): 1 € R} is unbounded).

Since there is a one-to-one correspondence (12) between the solutions of
problem (1)-(4) for f =0 and problem (35), the following result follows from

Theorem 3.
Theorem 4. Let f =0 and condition (6) be satisfied. Then for each k e N and

each v e{+, —} there exists a continuum C, of solutions of problem (1)-(4) which
meets (4,,0), is contained in (RxS,)U{(4,,0)} and is unbounded in R x E (in this

case either C, meets (4,) for some A € R,or the natural projection of C, onto
{(4,0): 1 € R} is unbounded).

12
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Let condition (7) holds. If (1,¥) € Rx E is a nontrivial solution of problem (11)

A

then dividing both sides (11) by 9; and denoting W = Ayz we get
Ylis
Liv= v+ 8D | GAT) (36)
Nylls 1yl
We have the following relations:
. 1 . 1 N A2 s W
|Wlls=r—— [|Vllz=+—7 and y=|y|,W= :
Tl T Nl g

Then (36) can be rewritten as follows:

W W
LW = AW + || W||3 F[}L,A—]+||VA\/||§ G[/I,A—]. (37)
il il

A~

Let

K(A,W) = || W] F [ﬂ,iz] and H(LW) | W2 G {zﬂ} W # 0.
Il [l
By condition (5) forany X €[0,1] and A €R we have

|0 y(x),y' (%), Y (), y" (), D) [SM Yy |SM [y [,<M |y ;<M [[ V]l; (38)
Then it follows from (38) that forany A € R the following relation holds:

IF(A9) lo=1 £y, y' (), y" (%), y"(X), 2) [e< M [ Y [l5, (39)
which implies that

N R W R N
I KA 1= W5 |F | Z—5 (I = IWIEIF (4 9) <
Wi
3 /llo

<MW1 lls=M || W]l (40)
It is obvious that
1Y ll;—> +o0 < [[W]l;— 0. (41)
By (30) for any bounded interval A c R,
G,y .
%—)O as || Y|l +oo, (42)
Yils

13
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uniformly for 4 € A. Then by (41) it follows from (42) that

H (AW A A G(4,9
[LICRDYSPY S | )
1wl | T

O 50 as||W|;—>0 (43)

uniformly for A€ A. We can be extend H to Ww=0 by setting H(i,(A)):(A).

Therefore, the operator H ‘RxE — E is continuous. Using the proof of [19,
Theorem 2.4], we can show that the operator H is compact, and hence this operator
is completely continuous.

Thus by (42) and (43) the bifurcation from infinity problem (11) under
transformation

(4, 9) > (AW) =| 4, (44)
915
is reduced to the bifurcation from zero problem
LW =AW + K (4, W) + H (4, W). (45)

Let C and D be the closures of the sets of non-trivial solutions of problems

(11) and (45), respectively. Note that transformation (44) maps C into D and,

heuristically, interchanges points at § = 0 (respectively, § = ) with points at § = o
(respectively, § = 0).

Remark 6. If only condition (7) is satisfied, then we cannot claim that the

statements of Lemma 3 and Corollary 1 are true.
It is obvious that if f =0, then the transformation (44) transforms the

bifurcation from infinity problem (35) into the following the bifurcation from zero
problem
LW =AW + H (4, W). (46)
Then, by Remark 6, [14, Theorem 2], from Theorem 3 we obtain the following global
bifurcation results for problem (46) and (1)-(3) for f =0, respectively.
Theorem 5. Let condition (7) be satisfied. Then for each k e N and each

v e{+, —} there exists a continuum cﬁ[ of solutions of problem (46) emanating

14
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from (xlk,fJ) and a neighbourhood Qk of (ﬂ,k,()) such that (i) (D) \{(xlk,ﬁ)})ﬂ
ﬂQk c Rxékv; (i) either (ﬁkv meets (}Lk,,@) for some (k',v') # (k,v) with the set
R x S,Z', or d3kv meets (ﬂ,()) for some A € R,or the natural projection of d3kv onto
{(2,0): A € R} is unbounded.

Theorem 6. Let condition (7) be satisfied. Then for each k e N and each
ve{+, -} there exists a continuum @, of solutions of problem (1)-(3) for f =0
emanating from (4,,0) and a neighbourhood Q, of (4,,0) such that (i)
@, \{(A4.0HN NQ, =cRxS); (i) either @, meets (A.,0) for some
(k',v") # (k,v) with the set R><Skvf, or @, meets (1,0) for some 1R, or the

natural projection of @, onto {(4,0): A1 € R} is unbounded.

Using the proof [20, Theorem 3.3] from Theorems 3 and 5 we obtain the
following results.
Theorem 7. Let both conditions (6) and (7) be satisfied. Then for each kK e N

and each {+,-} the relation (Z%{ cRx §,f holds (in this case the first alternative of
the statement (ii) of Theorem 5 cannot hold). Moreover, if cf),f meets (l,f)) for some
AeR,then A =1,,and if ékv meets (A,) forsome A € R,then A =4,.

Theorem 8. Let both conditions (6) and (7) be satisfied. Then for each kK e N
and each {+,-} the relation @, — Rx S, holds (in this case the first alternative of
the statement (ii) of Theorem 6 cannot hold). Moreover, if @, meets (l,f)) for some
A eR,then 1 =2, andif C, meets (1,) forsome A eR,then A= 1,.

Now we consider problem (1)-(4) in the general case, i.e., in the case when f
is not identically equal to zero.

Let

Je =4 —M, 4, +M], keN.

Lemma 6. Let condition (6) be satisfied. Then for each k e N and each

{+,-} the set of bifurcation points of problem (11) with respect to the set R x SA{ is

nonempty. Moreover, if (A, f)) is a bifurcation point of this problem with respect to
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the set Rx S} then A e J,.
For each k eN and each {+,-} by Iﬁkvll denote the component of C which
bifurcating from the bifurcation point (/1,6) of problem (11) with respect to the set
RxS/.Let

Dy = U Dy, and D} =Dy U@, x{0}).

Aedy

It is obvious that the set 5{ is connected in Rx E, but [A),f may not be connect
R x E.

Theorem 9. Let condition (6) be satisfied. Then for each keN and each
ve{+,-} the set D} is nonempty, contained in (Rx§;)U(ka{6}) and is
unbounded in R x E (in this case either [A)[(” meets (A,%) for some 1 €R,or the
natural projection of Iﬁkv onto {(/1,6): A € R} is unbounded).

Let

C={(1,y)eRxE:(1,9Y) eé} and Dy ={(4,y) e RxE:(4,9) e Iﬁkv}.

Then in view of (12) by Theorem 9 we have the following result.
Theorem 10. Let condition (6) be satisfied. Then for each k€N and each

ve{+, -} the set D, is nonempty, contained in (RxS;,)U(J, x{0}) and is
unbounded in Rx E (in this case either D, meets (1,) for some A< R,or the

natural projection of D, onto {(4,0): 1 € R} is unbounded).

Taking into account Remarks 6 and Theorem 5, by applying the
transformation (44) from Lemma 6 and Theorem 9, we obtain the following results.

Lemma 7. Let condition (7) be satisfied. Then for each k e N and each
{+,-} the set of asymptotic bifurcation points of problem (11) with respect to the

set Rx SA,L’ is nonempty. Moreover, if (A,9) is a bifurcation point of this problem

with respect to the set R x SA[:, then 1€ J,.
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For each k eN and each {+,-} by ‘i’{ﬁ denote the component of C which
bifurcating from the asymptotic bifurcation point (1,%0) of problem (11) with respect

to the set RxS/.Let

Py = U WY, and WY =W U@, <{0D).

Aedy

It is obvious that the set \Pffkv is connected in Rxé, but \i’kv may not be connect
R x E.

Theorem 11. Let condition (7) be satisfied. Then for each k e N and each
ve{+, -} the set ‘i’kv is nonempty and either (i) ‘i’{ meets (A,,©) for some
(k",v") # (k,v) with the set RxSA,f,',or (ii) ‘i’kv meets (ﬂ,,()) for some A R, or (iii)
the natural projection of ‘i’kv onto {(4, f)): A € R} is unbounded.

Let W) ={(1,y) e RxE:(4,9) e ¥/ }. Then by (12) from Theorem 1 1 we

get the following result.
Theorem 12. Let condition (7) be satisfied. Then for each k e N and each

ve{+, -} the set ‘i’kv is nonempty and either (i) ¥, meets (4, ,) for some
(k',v") # (k,v) with the set RxS,‘{f,or (i) Py meets (1,0) for some A R, or (iij)
the natural projection of W, onto {(4,0): A € R} is unbounded.

Using the proof [20, Theorem 3.3] from Theorems 9 and 11 we obtain the
following results.
Theorem 7. Let both conditions (6) and (7) be satisfied. Then for each kK e N

and each {+,-} the relation ‘i’kv cRx §,f holds (in this case the alternative (i) of
Theorem 11 cannot hold). Moreover, if ‘i’kv meets (/1,6) for some A R, then

A€l and if D} meets (A,0) for some A eR,then A€ J,.
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