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Abstract

In this work, the problem of finding the leading coefficient of the second order
hyperbolic equation with a discontinuous solution is studied. The considered problem is
reduced to the optimal control problem. The existence of the optimal pair is proved, the
convergence of the adapted penalty method is shown, and a necessary condition for
optimality in the form of the variational inequality is derived.
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1.Introduction

Inverse problems for partial differential equations are studied by various
methods, for example, regularization method, quasi-inversion method, quasi-
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solution method, as well [3, 4, 9]. One of these methods is variational method or
optimization method [3, 4, 6]. Applying this method the considered problem is
reduced to the problem of finding the minimum of the constructed functional
with the help of additional information, and the obtained problem is studied with
the help of the methods of optimal control theory [1, 2, 8]. In this paper, the
problem of finding the leading coefficient of a two-order hyperbolic equation with
a discontinuous solution is studied. Thus, the functional is constructed using the
characteristics of the problem under consideration. The existence of the optimal
pair that gives a minimum to this functional is proved [7]. Then, a new functional
adapted to this optimal pair is constructed, the convergence of the adapted
penalty method is proved, and a necessary condition for optimality is derived in
the form of a variational inequality.

2.Problem formulation

Let in the cylinder Q=Q><(O, T) the controlled problem is described by

the following hyperbolic equation

o’u o O ou
> v(X)— |-u®= f(x1), (x, t , 1
— Eéxi[u()axij (%1, (% )eQ 1)
and initial and boundary conditions
u(x, 0) =u,(x), gt—u(x, 0)=u,(x), xeQ, (2)
u|z:O' (3)

Here Q is a bounded domain from R" (N<3) with smooth boundary T;
T >0 is a given positive number; = =Tx(0, T) is a lateral surface of the cylinder

Q; f(x,t)eL,(Q), u,(x) eV\Zl(Q) , U (x) e L,(Q) are given functions.

Let the sought control v(Xx) belongs to the class

0

= {u(x) L o(X) eWX(Q), v, <0(X) < 41,

ou(x)
X.

<paeinQ, i :L_n}, (4)

where v,, u,, t,1=1n are given positive numbers.
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If veV,uel,(Q) then as we get from (1)-(3) the solution u=u(x, t)

from the class
U:{wugLJQ1ﬁMC«n)%%eLJQT;QGD%,
satisfies the condition u(x, 0) = uo(x) and integral identity

[ { u 677 (x) }dxdt fulndxdt =

6’[ ot -1 , (5)

= [ fndxdt + [u, (x)77(x, 0)dx
Q Q

for Vn(X, t)eCl(a), n(x,T)=0. Such pair{u, u} is called to be an admissible
pair.
We suppose that the set of the admissible pairs is not empty, i.e. {v, u}=@.

Consider the problem of minimizing the following functional in the set of
possible pairs

N e
J(U U)——”U u ||L6(Q) ?”U”wzl(g) ’ (6)
where u, € L,(Q) is a given function and N >0 is a given positive number.

3.Existence of the optimal pair in problem (1)-(4), (6)

Let us now show the existence of an optimal pair for the considered optimal
control problem.

Theorem 1. Let the conditions imposed on the data of problem (1)-(4), (6)
be satisfied. Then there exists an optimal pair {5, G} in this problem i.e.

J(v, J)=i{DI}J(U, u), (7)
where {u, u } are admissible pairs.
Proof. Let {v,,u, } be a minimizing sequence
Iklm J(,u)= '{Df;‘](”’ u). (8)
From the definition of functional (6) we obtain
ol + 0l <€ - ©)

Thus, using relations
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ou, a 0 au, 3
il =u"+f, 10
ot? Zi8X ( Y OXJ “ (10)
ou
u, (x, 0) = u,(x), “(x 0)=u,(x), xeQ, Ul = (11)
and results from [5. pp. 209-215] we obtain that
ou
||uk|||—oc(0,T;V\lI)21(Q)) — <cC. (12)
at Lop (0, T;L2(Q)

Here and later we will denote by C various constants independent of
estimated quantities and controls.
Then from the sequence {u u } one may extract a subsequence (for the

u, }) for which

v, >0 weakin W, (Q),

sake of simplicity we’ll denote it also as {

k’k

ut =T *-weakin L (0,T;W!(Q)), (13)
ou ou

—* 5 — =x-weakin L ,(0,T; L,(Q
o ( (2)

are valid as K —o0. From the embedding theorems [5. pp. 84-85] we obtain that
as k >0
v, > U strongin L,(Q), (14)
u —U weakin L,(Q), for p<6 strongin L,(Q)and a.e.inQ. (15)
Let us write the condition
u, (x, 0) =u,(x) (16)
and integral identity (5) for v =v,(x), u=u,(x, t)

j[ LU/ (x) an}dxdt—jufndxdtz
= . Q

o ot at (17)

= [ fndxdt + [u, (x)77(x, 0)dx

Vi(x ) eC'@Q), n(xT)=0.
Considering relations (13), (14) and (15) we can pass to limit in (16) and (17)
as K—oo. Then {5, LT} will be an admissible pair.
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Since the functional J(v, u) is weakly semi-continuous we get
limJ(v,u)>J(0,U). (18)
k—0
The (8) and (18) implies
jnf}J(u, u=J(, u).

Therefore {5, LT} is an optimal pair. Theorem is proved.

4.Convergence of the adopted penalty method
Let us write the adopted functional

J* (v, u)_—||u u ||

+ ol +
@ 9 MW@

o’u o 0
at_za[ (X)—]‘“ B

2

1

— +
2¢

L2(Q)

—IIU . IIU o,

Lz(Q)

W) (19)

for the optimal pair {5, J}. Here the functions v, u satisfy the conditions
veV , uel,(Q),

ou $
ot |_1 aX [ (X) _) el (Q) (20)

u(x, 0)=u,(x), au(x, 0)=u,(x) , xeQ U|z =0.

Now we investigate the problem of minimization of the functional J?(v, u)
subject to conditions (20). One can show the existence of the optimal pair {0, U, }
for this problem similar to Theorem 1.

Theorem 2. Llet the pair {0,0 } be a solution to the problem
J*(0., T )=inf J*(v, u)for each £>0. Then for &£ —>0 we can write

0. —> U strongin W, (Q), (21)
u, —U strongin L,(Q). (22)
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Here {0, U} is a selected optimal pair.

Proof. It is clear that

J*(0,, 0 )=inf I*(v, u)< 3D, 0)=J(0, ). (23)
From this due to the definition of the functional we get
v, . U, o <c, (24)

where C is a constant independent from & . The following relations also hold true

ou n O ou s

—=—>— U (X)—/= [—U =\/E+fl 25
e %xi(”“axij J=eg, (25)

- ou ~
0.(x 0 =u,(x), =-(x0)=u,(x), U], =0, (26)

where the function g, (x, t) satisfies ||g, Lo S€
From (24), (25) and (26) follows
~ ou

& Lm(o,T;vel(Q» -7 L <c. (27)

z Ot I, 07 00y

Considering the embedding theorem W, (Q)  L,(Q) [5] from the sequence

{0., 0_} one can extract a subsequence (which will be denoted as same) as & —0
v, N strongin L,(Q2), (28)
~ = 0
U, —u *-weakin L_(0,T;W,(Q?),
oi, ol

£ »—— *-weakin L (0,T; L,(Q)),
~ L (€2)

u —>E weak in L (Q).

Thus the following relations hold true in the weak sense

525 n 0= 65 =,
e X)—= [—u = f(x,t),
o i-laxi(“"()axiJ - =Ty
36 0)=0,0, 22Dy 00, T ~o.

Therefore, from the inequality
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~ ~ ~ ~ 1~ = 1~ =2
Jj(ué_,ug)zJ(ug,ug)Jr—Hu—u +—Hu—u
2 L@ 2 w3 (Q)
we obtain the inequality
. ~ ~ = = 1~ =P 1~ =2
lim Jj(ué_,ug)zJ(u,u)+—Hu—u +—Hu—u
o0 2 L@ 2 W3 ()

From (23) we get the relation ﬁ\]j(ﬁg,ﬁg)s\](z}', U) which implies

J(g, 0) < J(5, U) . This in its turn gives J(s, 0)=J(5, 0). The last implies the

validity of

2 1
+_

L 2

2

%HJ—E 0.

Ha-a

wi(o)
From this we obtain 0 =0,
So,

=u.

<n

J:([}E, Jg) > J(IZ, LTE) and Ii_mJ(f)'K, UE)ZJ(U, u).
From this we obtain

J(,U0)—>J(@,0). (29)
From this and from the definition of the functional J (v, u) we come to the

validity of (21) and (22). Theorem is proved.

5.Deriving optimality conditions

Theorem 3. Let {5, U} is an optimal pair in problem (1)-(4), (6). Then there
exists a triplet {5, u, l//} that satisfies the following relations
U a0~ 00) ~,
>—lo(X)— |-u’="f(x, 1), (x,t)eQ,
e ax(()axJ (1), (x <Q

a(x, 0)=u,(x), %(X,O)zul(x), ul, =0

5 ’

Oy o 0 (~, 0w -, ~ .
Ly D(X)== |-30%w = (U —u
ot Em(‘)()axJ v=U-u),

105



Hamlet Quliyev, Idrak Askerov / Journal of Mathematics & Computer Sciences v. 1 (1) (2024)

v =Lx =0, 0, v| =0,

el (0 T:W(Q)), a—” eL (0, T;L,(Q)),

wel (0,T:L (), Y el (0, T:W (),

and integral identity

dt}(o —0)dx +

+sza—Ude>O VoeV. (30)
a1 OX,  OX

Proof. In order to the pair {u uﬁ_} to be an optimal pair in problem (19),
(20) is is necessary fulfillment of the following conditions
d

an(Q,, a +/1§)LO =0, V&eC*(Q), (31)

_oq 94(x0) _ _
&(x 0)=0, =2==0, ¢, =0,

dA
From (31) we get

J[ . —ia(u (x)j—ﬁS—ux t)J
=1 OX :

){azg —ii[q(x) agJ 3 ]dxdt .

935G +A-5), J* >0,VveV, b eV. (32)

+J(U —u, ) Edxdt + [(U, —U)&dxdt =0. (33)

To write this relation in simple form we introduce the function

1o o 0 TR
W, =—— (atz _Eﬁx( ;;(X)a—XJ—U,; - f(x t)]-
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Then from (33) in Q for §|2 =0 we obtain the integral identity

_ azé: N i ~ a_§ ThE
| wg( t Eox [ug(x) 6xi) 34, jdxdt+

(34)
+ (0 —u, F&dxdt+ (T —0)&dxdt =0

for VEeC2(Q), &(x, 0)=0, %:0 .

And from (32) we get

NI{U (v- u)+§(gu —6(1)8)(1))}

_Lfou ¢ ) g S A NI (35)
g({( e uax( 2 J f(x,t)j(ga)(l ((U ug)aXIDdxdtJr

+£{(55—5)(u—5£)+ii{(5€—a)i(u—aé_)ﬂdxzo, VueV.

i1 OX, OX,
Considering the definition above (35) can be written in the form
j{Nz};—}i%—Z? dt}(u u)dx+|\uz de+
i | (36)
-~ ~ ~\ o O 0 ~
+ - -v )+ - - dx>0 YoveV.
(j}{(v u)(u Ug) Eﬁxi |:(U U)ﬁxi (U U)ﬂ ve
(34) shows that y_ is a weak solution to the problem
Py, e d(~0w) ar oo o
——>—|v £ |—3u =U —-u,)’+(u —-u) in ,
e zax(aJ yo=@-u) +(@-0) inQ
oy .
U/S(X,T)ZT(X, T)=0in Q, (37)

vl =0.

Basing on the result of [5] one can establish the following estimation for

problem (37)

oy,

||‘//e||Lw(0,T:Lz<ﬂ>) +H ot =

Lo (0,7 W5 ()
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Then if to pass to limit as & —0in problem (25), (26), inequality (36) and
problem (37) considering (21), (22) we obtain the validity of the theorem.
Theorem is proved.

6.Conclusion

The existence of the optimal pair in the problem of optimal control with the
leading coefficient of the considered second order hyperbolic equation with a
discontinuous solution, the convergence of the adapted penalty method is
proved, and a necessary condition for optimality in the form of a variational
inequality is derived.
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