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Abstract 

We consider nonlinear eigenvalue problems for ordinary differential equations of 
fourth order with a spectral parameter in the boundary conditions. The global bifurcation 
from zero of nontrivial solutions to these problems is studied. The existence of two 
families of unbounded continua of solutions branching from points of a line of trivial 
solutions and contained in classes of functions  with  fixed oscillation count is established. 
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1. Introduction 

In this paper we consider the following nonlinear eigenvalue problem  

),1,0(),,,,,,())(()( )4(  xyyyyxhyyxqyy                (1) 

,0)1()0(  yy                                                         (2) 

,0)0()0(  yaTy  ,0)0()1(  ycTy                                  (3) 

 

 
*
 E-mail: f-namazov@mail.ru 



Faiq M. Namazov / Journal of Mathematics & Computer Sciences v. 1 (1) (2024) 

90 

 

where R  is an eigen value parameter, ,yqyTy   )(xq   is  a positive and 

absolutely continuous function on ],1,0[  ca,  are real constants such that 0a

and .0c   We suppose that the nonlinear term has the form ,gfh   where f

and g  are real-valued continuous functions on ,]1,0[ 5R satisfying the following 

conditions:  there exists positive constant  M and small positive constant   such 

that 
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          (4) 

for  every bounded interval ,R  

|),|||||||(),,,,,( wsuowsuxg       as ,0||||||||  wsu      (5) 

uniformly for .]1,0[),( Rx   

In modern mathematics, the theory of bifurcation of nonlinear eigenvalue 

problems for ordinary differential equations plays an important role, since such 

problems arise in the study of various processes in mechanics and physics. Note 

that recently significant results have been obtained in this direction, which were 

used in problems of the theory of vibrations, thermal convection, hydrodynamics, 

the theory of critical operating modes of nuclear and chemical reactors, critical 

loads, etc. (see, for example,  [2, 10, 12-14] and references therein). Note that  

the nonlinear problem (1)-(3) he bifurcation problem (1)–(2) arises when studying 

the loss of stability of an inhomogeneous rod in the sections of which a 

longitudinal force acts, and at the ends there are tracking forces  (see [10, 14]). 

The global bifurcation of solutions to nonlinear eigenvalue problems for 

second-order ordinary differential equations is studied in detail in [8, 18-20]. This 

was served by Rabinowitz's alternative and Rabinowitz's construction of classes of 

functions that have the usual Sturm nodal properties. Recently, similar classes of 

functions were constructed by Aliyev [2], with the help of which the global 

bifurcation of solutions to nonlinear eigenvalue problems for ordinary differential 

equations of fourth order was studied in detail (see also [15, 17]). Note that the 

corresponding results in the case when the spectral parameter is contained in one 

boundary condition were obtained in [1, 3, 5, 9]. But in the case when the spectral 
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parameter is contained in two boundary conditions, the global bifurcation of 

solutions to nonlinear eigenvalue problems for ordinary differential equations of 

the second and fourth orders can be said to have not been studied. 

The main purpose of this paper is to study the global bifurcation of solutions 

from zero to the nonlinear problem (1)-(3). 

This paper is organized as follows. Section 2 gives some some necessary facts 

and statements. In addition, using Prüfer-type angular functions, we construct 

classes of functions ,2,,  kkS
k

  of ]1,0[3C ] that have oscillatory properties 

of eigenfunctions of the linear problem obtained from (1)-(3) by setting 0g  and 

their derivatives. In Section 3, using the approximation technique and the results 

of papers [11], [18] and [19], the existence of two families of unbounded continua 

of the set of solutions to problem (1)–(3) contained in these classes is proved. 

 

2. Preliminary results 

We consider the following linear spectral problem  

.0)0()1(,0)0()0(,0)1()0(

),1,0())(()( )4(





ycTyyaTyyy

xyyxqyy




                (6) 

Spectral problem (6) was studied in detail in [6], where, in particular, it was shown 

that  the eigenvalues of this problem are real and simple, and form an infinitely 

increasing sequence 

1
}{

kk
  such that                                                

.......0
21


k

  
Moreover, for each k the eigenfunction )(xy

k
corresponding to the 

eigenvalue 
k

  has 1k simple zeros in the interval ).1,0(  

 Let 03 ],0[ BClCE  be the Banach  space equipped with the usual 

norm   ,||||||||
3

0
0

)(

3 



i

suu where |)(|max||||
]1,0[

0
xuu

x
  and 0BC is a set of functions 

that satisfy boundary conditions (2). 
Following [2] let S  be the subset of E  given by 

,
21

SSS   

where 
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},2,1,0],1,0[,0)(,0)(:{ )(

1
 ixxTuxuEuS i  

)1,0(},2,1,0{:{
002
 xiEuS  such that ,0)(0)(

00

)( 0  xTuxu
i

 

 and if  ,0)()(
00
 xTuxu  then 0)()(  xuxu in  a neighbourhood of ,

0
x  and  if  

,0)()(
00
 xuxu  then 0)()(  xTuxu in  a neighbourhood of }.

0
x  

 As in [7], we consider the following Prüfer-type transformation 





















).(sin)(sin)()(

),(cos)(cos)()(
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xxxxTu

xxxxu
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                                  (7) 

Direct calculations show that If ,Su  then the Jacobian  

)(cos)(sin)()( 3 xxxuJ   

of the transformation (7) does not vanish in ).1,0(  

For any Su  we define the continuous functions ),,( xu ),,( xu ),( xu

and ),,( xuw ],,0[ lx as follows [2]: 

,))(()()()(),( 2222 xTuxuxuxuxu   

),()(arctan),( xuxTuxu   

),()(arctan),( xuxuxu  ,2)0,(  u  

,
),(sin)(

),(cos)(
),(cot),(

xuxu

xuxu
xuxuw







  

where we take  

)2,0(),(  xu  for  )1,0(x  when ,0)0()0( uu  

),2(),(  xu  for  )1,0(x  when .0)0()0( uu  

Let   a)(  and .)(  c  Since  0a  and ,0c  the function )( is 

strictly increasing, and the function )(  is strictly decreasing on .R  

We define continuous functions )(  and ,),( R  by 

)(arctan)(    and ),(arctan)(    

respectively. By the above argument  the function )( is is strictly increasing, 

and )(  is strictly decreasing on .R  Moreover, the following relations hold: 

,2)(lim 





    .2)(lim 





 



Faiq M. Namazov / Journal of Mathematics & Computer Sciences v. 1 (1) (2024) 

93 

 

For each ,2,  kk  each },{   and each R  by 

,k
S  we denote 

the set of functions Su  that satisfy the following conditions: 
 (i)  );()0,(  u    (ii) ;)()1,(  ku      (iii) ;2)0,(  u   

 (iv) 2)1,(   ku  or 2)1,(   ku  if ),2,0[)0,(  u  and 

2)1,(   ku  or 23)1,(   ku   if ).,2[),(  u  

(v)  for fixed ,u  as x  increases from 0  to ,1  the function ),( xu (respectively, 

)),( xu  strictly increasing takes values of mm ,2  (respectively, ;), ss

as x  decreases, the function ),( xu  (respectively, )),( xu   strictly decreasing 

takes values of mm ,2  (respectively, .), ss   

(vi)  the function )(xu is positive in a deleted neighbourhood of  .0x  

Now for each ,k ,2k  and each },{   we denote the set 

k
S as 

follows: 

.
,

R
kk

SS









  

It is obvious that the sets ,2,,  kkS
k

 are pairwise disjoint open subsets of  

.E  Moreover, it follows from [1, Lemma 2.2] that if ,2,,  kkSu
k

  then the 

function u  has at least one zero in the interval )1,0( of multiplicity four. 

Let  

},,:},,{{ˆ 2 RnRmEunmuREE   

be the Banach space  with the norm  .||||||||||ˆ||
3

nmuu   We denote by Ŝ   

the subset of Ê  defined as follows: 

}.:ˆ},,{{ˆ SuEnmuS   

For each ,k ,2k  and each },,{   let 

kŜ  be a subset of Ŝ  given  by 

}.:ˆ},,{{ˆ 

kk SuSnmuS   

3. Global bifurcation of solutions to problem (1)-(3) 

Let 2]1,0[ˆ)(: RCELDL   be the linear operator defined by 

)},1(),0(),({},,{ˆ TuTuunmuLuL   

where  
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)}1(),0(],1,0[:ˆ},,{ˆ{)( 4 cunaumCuEnmuuLD   

and 2]1,0[ RC  has norm given by   

.||||||||||ˆ||
00

nmuu   

Moreover, we define nonlinear operator 2]1,0[ˆ: RCERG   as follows: 

},0,0),),(),(),(),(,({}),),({,()ˆ,(  xuxuxuxuxgnmxuGuG   

where ),0(aum   )}.1(cun  Then the nonlinear eigenvalue problem (1)-(3) 

reduces to the following problem 

),(),ˆ,(ˆˆˆ LDuuGuuL                                           (8) 

i.e., there is a one-to-one correspondence between the solutions of problems (1)-

(3) and (8) 

).1(),0(}),,,{,()ˆ,(),( cunaumnmuuu                   (9) 

Let 0 be an arbitrary fixed sufficiently small number. Since 0
1
  we 

consider the following approximate problem 

),(),ˆ,(ˆˆˆˆ LDuuGuuIuL                                       (10) 

where 22 ]1,0[]1,0[: RCRCI   is the identity operator. 

 Note that the eigenvalues of the linear eigenvalue problem  

).(,ˆˆˆ LDuuuIuL                                          (11) 

are  

,,
,

 k
kk

   

and corresponding eigenfunctions are  

.),()(
,,

 kxuxu
kk   

Remark 1. It follows from [4, 6, 7] that for each ,2,  kk  

.ˆˆˆˆ  kkkk SSSu   

 Let .RLL    Since 0
,1
  then it follows that there exists   

).(]1,0[: 21

 LDRCL   

By following the argument in Lemma 3.3 of [9] we can show that that 1

L   is a 

continuous and compact map. 
We introduce the following notations: 

,ˆ 1  LL .ˆ 1GLG    
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Then the operator Ĝ  is completely continuous. 

Note that problem (10) can be reduced to the following equivalent form 

).ˆ,(ˆˆˆˆ uGuLu                                                     (12) 

By condition (4) it follows from [16, Lemma 1] that  

||)ˆ(||)ˆ,(ˆ uouG    as  ,0||ˆ|| u                            (13) 

 uniformly  in  for any bounded interval .R  

In view of (13) by [14, Ch. 4, § 2, Theorem 2.1] the linearization of problem 

(12)  at  0̂ˆ u  is the spectral  problem 

.ˆˆˆ uLu                                                   (14) 

Note that problem (14) is equivalent to the spectral problem (11). Hence all 

characteristic values of the operator L̂  are nonnegative and simple. 

Remark 2. It follows from  [3, Lemma 1] that if ERu ˆ)ˆ,(   is a solution of 

problem (1)-(3) such that },,{,2,,ˆ   kkSu
k

 then ,0̂ˆ u where 

.}0,0,0{0̂   

 Let Ĉ  the closure ER ˆ of the set of non-trivial solutions of (12). 

 We have the following unilateral global bifurcation result for nonlinear 

problem (12). 

Theorem 1.  For each ,2,  kk  there  exist  continua 

,k
C  and 

,k
C  of the 

set Ĉ  which contain ),0̂,(
, 

k are contained in )}0̂,{()ˆ(
, 

kk
SR   and 

)},0̂,{()ˆ(
, 

kk
SR   respectively, and are unbounded in .ÊR   

Proof.  The proof of this theorem is similar to the proof of Theorem 2.3 from 

[19] using the above reasoning, Remarks 1 and 2, and condition (13). 

 Let Ĉ  the closure ER ˆ  of the set of non-trivial solutions of (8). 

 The following theorem is main result of this paper. 

Theorem 2.  For each ,2,  kk  there  exist  continua 

kĈ  and 

kĈ  of the 

set Ĉ  which contain ),0̂,( k are contained in )}0̂,{()ˆ( kkSR   and 

)},0̂,{()ˆ( kkSR   respectively, and are unbounded in .ÊR   



Faiq M. Namazov / Journal of Mathematics & Computer Sciences v. 1 (1) (2024) 

96 

 

Proof. Let 2k be arbitrary fixed natural number and let  ERQk
ˆˆ    be a 

bounded open set such that .ˆ)0̂,( kk Q  Then for   small, e.g.  ,0
0

   we 

have .ˆ)0̂,(
, kk

Q Hence it follows from  Theorem 1 that there exists a solution 

)ˆ,(  u  of problem (10) such that  

).ˆ(ˆ),( 

 kk SRQu    

From equation  

),1,0(),,,,,,()(  xyyyyxgyuu   

it is easy to see that the set of solutions }0:),{(
0

  u  is precompact in 

,ER  and consequently, }0:)ˆ,{(
0

  u is precompact in .ÊR    

Let ,0:,}{
01
 

 rrr
 be a sequence converging to .0  Then there exists a 

subsequence 

1
}{

lrrl
  of a sequence 

1
}{

rr
  such that  

1
:})ˆ,{(

l
lrlr

u   converges 

in ER ˆ  to a solution )ˆ,( u of  problem (8). It is obvious that  

)).ˆˆ((ˆˆˆ 

kkkkk
SSRQSRQ 





    

If ,ˆˆ 

kSu   then it follows from Remark 2 that  0̂ˆ u  which is impossible since 
kQ̂

is a neighbourhood of ).0̂,( k  Consequently, we have 

).ˆ(ˆˆ),(  kk SRQCu    

Now, due to the last relation, by [11, Theorem 2] we can easily obtain the 

statements of this theorem. The proof of Theorem 2 is complete. 

Let C  the closure in ER  of the set of non-trivial solutions of (1)-(3). 

According to (9), from Theorem 2 we obtain the following result. 

Theorem 3.  For each ,2,  kk  there  exist  continua 

k
C  and 

k
C  of the 

set Ĉ  which contain ),0,(
k

 are contained in )}0,{()(
kk

SR   and 

)},0,{()(
kk

SR   respectively, and are unbounded in .ER  
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