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Abstract

In this paper, we study the concept of neutrosophic set on the family SS(X , E) of all

soft sets over X with the set of parameters E and examine its basic properties. We
define the concept of neutrosophic topology (cotopology) T on SS(X, E), obtain that each
neutrosophic topology is a descending family of soft topologies. Later in the paper, we
introduce the concepts of base and subbase in neutrosophic topological space of soft sets.
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1. Introduction

The concept of a neutrosophic set was introduced by Smarandache [13]. This
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theory is a generalization of classical sets, fuzzy set theory [14], intuitionistic fuzzy
set theory [1], etc. Some works have been done on neutrosophic sets by some
researchers in many area of mathematics [4, 11]. Many practical problems in
economics, engineering, environment, social science, medical science, etc. cannot
be dealt with by classical methods, because classical methods have inherent
difficulties. Shabir and Naz [12] first introduced the notion of soft topological
spaces, which are defined over an initial universe with a fixed set of parameters,
and showed that a soft topological space gives a parameterized family of
topological spaces. Theoretical studies of soft topological spaces were also done
by some authors in [2, 3, 6, 8]. T.K. Mondal and S. K. Samanta initiated concept of
intuitionistic gradation of openness on fuzzy subsets of a nonempty set X in [16].
C. Liang and C. Yan defined base and subbase on intuitionistic |-fuzzy topological
spaces in [11]. They also gave the base and subbase on the product of
intuitionistic I-fuzzy topological spaces. There are other theories such as rough
sets (see [18]), vague sets (see [5]) etc., which have their inherent difficulties. The
concept of intuitionistic gradation of openness of fuzzy sets in Sostak’s sense [5]
was defined by some researchers [6—8]. Moreover, C.G. Aras et al. [23] gave the
definition of gradation of openness t which is a mapping from SS(X, E) to [0,1]
which satisfies some conditions and showed that a fuzzy topological space gives a
parameterized family of soft topologies on X. Also, S. Bayramov et al. [24] gave
the concepts of continuous mapping, open mapping and closed mapping by using
soft points in intuitionistic fuzzy topological spaces.

In this paper, we give the definition of neutrosophic topology (cotopology),
which is a mapping satisfying some definite conditions from SS(X;E) to [0; 1]. We
show that a neutrosophic topological space gives a parameterized family of soft
tritopologies on X. Then we introduce the concepts of base and subbase of
neutrosophic topological spaces on soft sets.

2. Preleminaries

In this section, we will give some preliminary information for the present
study.
Definition 2.1. [19] A neutrosophic set A on the universe of discourse X
is defined as:
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A={(x, To (x), 14 (x), Fa (x)): x e X},
where T,1,F : X —>]’O,1+[and —0< T, (X)+ 14 (x)+ F(x)<*3.

Definition 2.2 [17] Let X be an initial universe, E be a set of all parameters
and P(X) denotes the power set of X . By A we will denote a subset of E , i.e
Ac E. A pair (F, A) is called a soft set over X , where F is a mapping given by
F:A— P(X).

In other words, soft set is a parameterized family of subsets of the set X . For
ec A, F(e) may be considered as the set of € —elements of the soft set (F,A),
i.e.,

(F,A)={(e,F(e)):ec AcE,F:A— P(X)}.

Definition 2.3. For two soft sets (F,A) and (G,B) over X, (F,A) is called a
soft subset of (G, B) if

(1) AcB and

(2) Yee A, F(e) and G(e) are identical approximations.

This relationship is denoted by (F,A)Z (G,B). Similarly (F,A) is called a
soft superset of (G,B) if (G,B)is a soft subset of (F,A). This relationship is
denoted by (F,A)5(G,B). Two soft sets (F,A) and (G,B) over X are called
soft equal if (F,A) is a soft subset of (G,B) and (G, B) is a soft subset of (F,A).

Definition 2.4. The intersection of soft sets (F,A) and (G,B) over X is the
soft set (H,C), where C=AnB and VeeC, H(e)= F(e)nG(e). The soft set is
denoted by (F,A)~(G,B)=(H,C).

Definition 2.5. The union of soft sets (F,A) and (G,B) over X is the soft
set, where C=AuUB and VeeC,

H(e)=

n

(e), ifee A—B,
(e) ifeeB—A,
F(e)uG(e) ifeeAnB.
The soft set is denoted by (F,A)J(G,B)=(H,C).
Definition 2.6. A soft set (F,E) over X is said to be a null soft set, denoted

Q)
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by @, if F(e)=2 for all @€ E. A soft set (F,E) over X is said to be an
absolute soft set, denoted by X , if F(e): X foralleeE.

Definition 2.7. The difference of soft sets (F,E) and (G,E) over X ,
denoted by (H,C)=(F,E)\(G,E), if VecE, H(e)=F(e)\G(e).

The complement of a soft set (F,E), denoted by (F,E)C is defined
(F,E)C :(FC,E) where F©:E - P(X ) is a mapping given by Fc(e): X \F(e)
forall ecE and F€ is called the soft complement function of F .

3. Introduction to Neutrosophic Topology on Soft Sets

Definition 3.1. A mapping T=(TT,T|,T,:)ZSS(X,E)—)[O,].] is called a

neutrosophic topology on X if the following conditions hold:
(1) For ¥(F,E) e SS(X,E), 1 (F,E)+7,(F,E)+7:(F,E)<3;
TT(CD):TT (X):L 7 (CD)=2'| ()Z)zl, z'F(d)):r,:()Z):O
(2) For ¥(F,E),(G,E)e SS(X,E),
71 (F,E)A(G,E))> 71 (F,E) A 7; (G,E),
7,(F,E)A(G,E))>7,(F,E)a 7, (G,E)
7 ((F,E)A(G,E))< 7 (F,E)v z¢ (G,E)
(3) For V(F;,E)eSS(X,E)ieA

7 ('UA(Fi , E)j > A Tr (F,,E),

le le

7, (_U(Fi,E)jZ_/\ 7,(F;,E),

ieA ieA

TF (igA(Fi ) E)) SV TE (Fi,E),

The triple (X,E,r) is called a neutrosophic topological space of soft sets.
Neutrosophic topological space (X , E,r) is denoted by NTS.

Definition 3.2. A mapping v =(vr,0;,0F ): SS(X,E)—)[O,l] is called a
neutrosophic co-topology on X (briefly NCT ) if the following conditions hold:
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a) V(F,E)eSS(X,E)vr(F,E)+v,(F,E)+ve(F,E)<3;
b) UT( )= UT(X) 1, 0, (@) =0, ()Z)—l UF(Q)):UF()z):O

(@
or (F E)O(G,E)> ur (F.E)nor (G.E),
0 ((F.E)S (G.E))> 0y (F.E) noy G.E),
ve(F,E)O(G,E))< v (F,E)v 15(G,E), V(F,E),(G,E)eSS(X,E)
@) or( (F.E)2 A or(FLE), oy A(FLE))2 A 0 (R L),

UF( ~(F, E))s v g (Fi,E); V(F,E)eSS(X,E)icA.
leA leA

The triple (X , E,u) is called a neutrosophic co-topological space of soft sets.
Neutrosophic co-topological space (X , E,u) is denoted by NCTS .

Theorem 3.1. a) If r=(rT,r, ,r,:) is a neutrosophic topology on X , then
v=(vr,v;,0g) is a NCT on X such that UT(F,E)er((F,E)C) ,
v, (F,E)=1, ((F,E)C), v (F,E)=17¢ ((F,E)C).

b) If v=(vr,v;,0g ) isa NCT on X, then 7 =(z,7,,7¢ ) is a neutrosophic
topology on X such that g (F,E)zuT((F,E)C) , 71(F.E)=0, ((F,E)c) ,

TF(F,E)zuF((F,E)C).

Proof: a) Since

vor (F,E)+ v, (F.E)+ v (F.E)=71 ((F,E)°)+ 7 ((F,E)C)+ rF((F,E)C)SS,
vr (F,E)+ v, (F,E)+ ve (F,E)<3 is obtained, V(F,E)e SS(X,E). Clearly

UT((I))er ((DC): TT()Z)ZJ., UT()Z)er ()'ZC): T (d))zl,
)
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v, (F,E)J(G,E))=1, (((F, E)J(G,E)f ): 7 ((F, E) A(G,E) )z
>1,(F.E)° )ari (G.E)° =01 (F.E)Av (G.E)

or ((F.E)0(G,E)=7¢ ((F.E)O(G.E)F )¢ ((F.E)F AlG.EN )<
<7p ((F, E) )v TF(G, E)C): ve (F,E)vue (G,E), V(F,E), (G,E)e SS(X,E).

Now,
or( )= or{ (B Jer (B )2 e, < )

o) (o8] J-a (LR )z g R - )

ieA ieA
S R e B L L)
b) The proof is similar to a). The proof is completed
Theorem 3.2. Let (X , E,T) be a NTS. Foreach I € (0,1],
71 {(F,E) e SS(X,E) 7 (F,E)zr},
7 {(F,E)eSS(X,E):7,(F,E)=r},
e {(F,E) e SS(X,E):z¢ (F,E)21-r},
are three descending families of soft topologies of soft sets on X such
T T, CTF -
Proof: Since
(@) =7 (X) =121 [7(®) =7 (X) =1>T],
then
@, X €77, [®@, X ety 1.If (F,E),(G,E) ez ((F,E),(G,E) T, )
7. ((F,E)"(G,E))2 7, (F,E) A7, (G,E) =T
[z:((F,E) A (G,E))>7;(F,E) A7;(G,E) >1].

Hence
(F.E)A(G,E)err , |(F.E)AG,E)er, |
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If

(Fi,E)ETT , TT(U(Fi,E))Z AN TT(Fi,E)Zr,
r icA icA

[(Fi E)er,, TI(_L)A(Fi,E)j > _/\ATI(Fi,E) >r|forieA
then
U(F,E)er; |:U(Fi,E)€T1 }
icA " LieA r

So, 77, [f,r ] is a soft topology for Vr e (O,l]. The proof of TE is similar.
Suppose (F,E) e 7T -
Since

rr(F.E)+ 7y (F.E)+7e(F.E)<3 op(F E) <1-17 (F,E) <1-,

It follows that (F,E)ezg, . So 77,7y <7 is obtained. It is clear {rTr }re(O'l]'

{rlr }re(O;l] , {TFr }re(O;l] are descending families.
Remark 3.1. Let (X,E,z) be a NFTS. Then neutrosophic topological space
gives a parameterized family of soft bitopologies on X forall I € (0,1].
Theorem 3.3. Let {(O'Tr 10, ,OF, )}re(o,l] be a descending family of soft

bitopologies on X and O =0; COf . Then 7y (F.E)=vir:(F.E)eor |
7,(F.E)=vir:(F.E)eo, | rp(F.E)=nrll-r:(F,E)eog | area NFT's.
Proof: Since ®,X €07, ,0) ,0F, , T (®)=17r (X)zl, 7, (®)=1, ()Z)zl and
e (@)=7(X)=0 are hold. Next let (F,E)(GE)eSS(XE) |,
1 (F,E)=1,7:(G,E)=r, and r=min{r,r,}. If r=0, then 71 ((F,E)~(G,E))>
>0=177(F,E)A77(G,E) . Suppose that r>0 . Choose &>0 such that
O<r—g<r. Then we choose t;,t, €(01) such that [ —& <%}, I, —¢ <1,
and (F,E)EO’tl,(G,E)EO'tz . Let t=min{t;,t,}. Then (F,E),(G,E)e o, (since
{O'r }re(Ol] be a descending family). Hence (F,E)A(G,E)e o, (since Oy is a soft

topology). So, 71((F,E)n(G,E))>t>r—¢ . Since &>0 is arbitrary,
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1 (F,E)n(G,E))>r =171 (F,E) A 77 (G,E).

Let {(Fi , E)}ieA be a family of soft sets, p; =77 (Fi , E), ieAand p=aAp;.If
ieA

ieA

p=0, then TT(_U(Fi,E))ZOZ A TT(Fi,E). If p>0, choose & >0 such that
ieA

p-&>0. For ieA, 7;(F,E)>p>p-& So there exists O, such that

(Fi,E)ec, and r>p-¢. Since 0, is a soft topology, U(F;,E)eo,. So
ieA

TT (.Q(Fi,E))Z r>p-—gs . Since £€>0 is arbitrary, 77 (_U(Fi,E)jZ p=
leA leA
= F,E)
ié\ATT( [ )
The proof for 7 is similarto 7 .

Now, let (F,E)(G,E)eSS(X,E) , 7¢(F,E)=r, ¢(G,E)=r, and
r=max{r,r}. f r =1, then r¢((F,E)A(G,E))<1=r(F,E)v ¢ (G,E)-
dir. Suppose I <1. Choose & >0 such that _ . Then 3t},t, € (0,1)
such that t, <I+¢,t,<I,+& and (F,E)eo,:Hl,(G,E)GO'FHZ. Let
t= max{tl,tz}. Then (F,E),(G, E)EO'FH (since O_is a descending family). So

(F.E)A(G,E)ecy,, (since Of, s a soft topology). Hence

7= ((F,E)A(G,E))<t<r+e. Since >0 is arbitrary,
7= ((F,E)A(G,E))<r=7¢(F,E)vze(G,E).
Let {(F;,E)}_, be afamily of soft sets, p; =7 (F;,E),icA and p=v piIf
le

p=1then r,:(uA(Fi,E)jﬁlz V TE (Fi,E). So consider the case when p<1.

ie ieA
Choose & > 0such that p+&<1. For VieA, TF(U(Fi,E))S p<p+e.So we
ieA
find og such that (F, E)EO',:r and 1-r< p+¢. Therefore

(Fi,E)EO',:r COF_,, VieA.
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Since o, ) is a soft topology, Q(Fi,E)e OF .,
—pe ieA ~P=e

Then TF(Q(Fi,E))S p+¢.Since >0 is arbitrary,
eA

we( 5(FE))=p= v (F.E)

Now we prove that TT (F, E)+ 7 (F, E)+ TF (F, E)S 3  for
V(F,E)e SS(X,E).

Let 77 (F,E)=p. If p=0, 7;(F,E)+7,(F,E)+z(F,E)<3. If p=1, the
soft set (F,E) belongs to o7, =0 cog . Then 7(F,E)=0 and
71 (F,E)+7,(F,E)+7(F,E)<3. Next consider the case when 0 < p <1. Choose
>0 such that 0< p—e<p<p+e<l. Then (F.E)eoy =0, cop and
te(F,E)<1-p+e=1;(F,E)+7,(F,E)+7c(F,E)<1+s. Since &£>0 s
arbitrary, TT(F,E)+T| (F,E)+ 7 (F,E)SB . (zy.7,,7¢) is a neutrosophic

topology on X .
Definition 3.3. Let (X,E,7) bea NTS.

a) (Br.pB1.Pe):SS(X,E)—> [0;1]is a called a base of (z7,7,,7¢ ) if the
following conditions hold: V(F,E)e SS(X,E).

F,E)= G, E),
o1 (F,E) _uA(Gi,I;/):(F,E)ié\A'BT(I )

F,E)= G E),
71 (F,E) -UA(Gi,Eg:(F’E)ié\AﬂI(I )
e (F,E)= v Be(Gj,E).

VAN
U (G,E)=(F E)ic
Theorem 3.4. Define a map (:BT ,,BI,ﬂF) : SS(X , E) - [O;l] as follows:

a) fr (@)= Sr (X) =1, B(®) = B (X) =1, S (D) = B (X) =0;
by A1 (F.E)A(G.B)= 4y (F.E) 7 fr (G.E),

Bi((F.E) A (G,E))= B;(F.E) A B(G,E),
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Be((F,E)O(G,E))< B (F,E) v Be (G,E),
V(F,E),(G,E) e SS(X,E).

Then
F,E)= G.,E
7 (F.B)= (6 )= (FE)J/\JﬂT(J )
F!E - 1 I
75 (F.E)= 1 (6E)= (FE)]AJﬂI(J ®)
r,. (F.E)= v Be(Gj,E),

u(G E)(FE)JJ
is a neutrosophic topology and (,BT ,ﬂl ,,BF ) is a base of (Tﬂr T8 T B )
Proof: From the condition a) 77 (@) =77 (X) =1, 7;(®) = 7;(X) =1,

7 (@) = 7 (X) = 0 are hold. For V(F, E),(G, E) e SS(X, E)
TTﬂ(F’E)/\TTﬁ(GvE) { (F, E) (FE) e AﬂT(Fa’E)J { o Gy, E) (G.E) o BﬂT(Gﬂ’E)]

T e ) O (GE)H 2P e ))A(ﬁQBﬂT(Gﬂ’E)BS

U(F ,E )=(F.E) s

Sa ((F E)ﬁ(Gﬁ ))=(F E)(G,E) %EQ'BT(F E)m(G,B'E) <

ﬁeB

- 5 (H, EHF B)AG, ey, 0T E) =7 (F.E)A@G.B))

The proof for Tlﬂ is similar to TTﬁ
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F,E G,E Fo.E Gy,E)|=
7e, (F.E)v g, (G E)= [ o Dy arnPF (Fe )J {U(GﬂE)(GE)“ﬂF(ﬂ )]

- (R E) (FE) v Gy, E) (G, E)(( pe(F, )jv(ﬁ\e/BﬂF (Gﬂ’E)DZ

> gA((F“‘E) ~(Gy. ))=(F E)A(G.E) %EAﬂF( (F, )m(Gﬂ,E) >
peB

) 3 (H, ELFEAGE) - v Pr (H,.E)=74 ((F.E) " (G,E)) is obtained.
yeC

Now, let {(FZ,E):AE K} be a family of soft sets. We consider a family
ﬂz—{{(Gﬁ; E) 9, €K, } (Ga; E) (FAYE)}. Then (F E) (FZ!E) UK(SAKEJK;(G%’E).

For arbitrary Vp e Hﬂ/l , since (Ga ,E) (,:/“ E)

K Ak (65, 2
m, (F.B) T U (G E(F ) 5K Fr Gy ’E)>pe}§Kﬁl 154 (63, Bepn 7 Co B =
5 (G, /)\5,16K1}5,12K,1ﬂ-r (G5, ):AQKTﬂr(FA’E)’
WD b ni OB ) e, Ben B
ok (G, E/)\é'ﬂeKﬂ}&/lé\Ki Gy, B) = A (F’I’E)
¢, (F.E) =6;JK(G(;,I/E\) (F E) 6c KﬂF ©p.E) <pe 1/‘[\ 5, 2K (Ggﬁ,lggep(ﬂ)ﬁ': (©5,.B)=
=V N v ﬁF(GcSA E)= V TF (FﬂuE)

2K {(G5, E)SeK, [5,eK

are obtained. Thus the triplet (Tﬂr ’Tﬁl ’TﬂF ) is a neutrosophic topology. It

is clear that (,BT,ﬂI,,BF) is a base of (Tﬂr ,Tﬁl ’T/)’F )

Theorem 3.5. Let (X,E,z) be a NTS and Y — X . Define two mappings
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(er, .71, .75, ):SS(Y.E) > [0.] by:

71y (F,E)=vir (G,E):(F,E)=(G,E)AY,(G,E)e SS(X,E)}

71y (F.E)=vlr, (G.E):(F.E)=(G,E)AY,(G,E)e (X, E)}

rr, (F.E)=alre (G.E):(F,E)=(G,E)AY,(G,E)e SS(X, E)}

Then the triplet (TTY Tl ) is a neutrosophic topology on Y and

o, ((G,E)mY)ZTT(G,E), 7, (G.E)AY)217,(G,E),
7, (G.E)Y )<z (G,E).

Proof. For each (G,E)eSS(X,E) with (F,E)=(G,E)AY , we have

71 (G,E)+7,(G,E)+7¢(G,E)<3,i.e, 71 (G,E)=7,(G,E)<1-7£(G,E).

Hence

vier (G.E):(G,E)AY =(F,E)}=vir, (G,E AY =(F,E)j<
<vii-7£(G.E):(G.E)AY =(F,E)}= V{TT G,E):(G,E)AY =(F,E)}=
v (G,E):(G.E)AY = }31 Alee (G,E): (G, E) Y =(F.E)}
= 1 (F, E)+T|(F E)+‘[F( E)<3
as required.

tr, (®)= Alre (G,E): 71 (G,E)AY = @,(G,E)e SS(X, E)}< 7 (@) =0.

Therefore, 7f, =0.

tr, (V)= Alre (G,E): 71 (G,E)AY =Y ,(G,E) e 8S(X, E)|< 7 (X )=0,

so TFY(\?):O. Similarly, z'T( ) ( ) ( ) 7y, (Y) 1 are obtained.
Now
o1 ((FLE)A(F,E))=virr (G,E): (G,E)AY = (R, E)A(F,. )=
> vier (G1,E)A (G5, E)): (G1,E)AY =(F1,E)(G,y,E)AY =(F,,E)}=
ZTTY(Fl’E)aTTY(FZ’E)
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o1, (FLE)A(F, E)=vir, (G,E):(G,E)AY = (F,E)A(F,, E)}=
>vir, (61, E)A(G,,E)): (G, E)AY =(F,E)(G,,E)AY =(F,,E)}=
=T (F1’ E)afly (inE)
tr, (FLE)A(F2, E)) = Alre (G,E): (G,E)AY = (R, E)A (R, E)f<
< Alre (61 E)A (G, E)): (61 E)AY = (FLE) (G, E)AY =(F, E)|=
= ¢, (R, E)A 7, (Fy E)
hold.

o (iu(Fi , E)jzv{fT (G,E):(G.E)AY = U(F,, E)}z

eA

The proof for z‘,Y is similar to Z'TY .
TR, (iZ’A(F‘ , E)) = A{TF (G,E):(G,E)AY = i:)A(Fi , E)} <
< A{TF (i:)A(Gi , E)j (G, E)AY =(F,, E)} < A{ievArF (G,,E):(G,,E)AY =(F,, E)} =

= v(x {TF(Gi,E):(Gi,E)Fw\?=(|:i,E)})=iEvArFY (F,,E)

ieA

Hence the triplet (TT LTIy TR ) is a neutrosophic topology on Y . It is clear

that z; (G,E)AY )2 27 (G.E), 7, (G.E)AY)>1,(G.E), 7r, (G.E)NY)<7¢ (G,E).
Now we define the concept of quotient space of NFTSs. Let

ixl’Eﬂ’TTﬂr'i’TF&)}geA be a family of neutrosophic topological spaces,

different X; "X =G and E; NnE; =, VA#A. Let X be union of all soft

points which belong to this space and E = lu E,. Then ()Z, E) is a family of soft
eA

122



Kemale Veliyev, Sebuhi Abdullayevb, Sadi Bayramovl Journal of Mathematics & Computer Sciences v. 1 (1) (2024)

sets on X = U X, with parameters E . For soft point X, e()Z,E) if xe Xy,

AeA

then ecE; . If ecE; , then XEX}L. For arbitrary (F,E)e()z,E),

(F.E), = {Fle)n X, }eeE :

Theorem 3.6. Let {(Xi,Eﬂ,rl)}ﬂeA be a family of NTSs, different X s be

disjoint. Then (z7,7,,7¢ ) which is defined by:

TT(F’E):/E\ATTA ((FIE)/‘L)’ T (F,E):/E\Ar,l((F,E)l), Tk (F’E):l\efAfFﬂ ((F’E)/l)’

v(F,E)e(X,E)

is a neutrosophic topology on X.
Proof: Let F1 ( ) Then
7 (R, ) ( ))= o1, (FLE)A(R, E)), )=

BB, AR E) )2 o o () ), (72.8), ) -

=(/1/€\ATTA((F1’E)/1) A(;L/E\ATT/{((FZ E)/I)) 7y (Fu.E)azr (R, E),
VTF(( ) (Fz E)))

= V. TF, ((Fl, E)/1 A(F,, E)Z)S AVA<TF) ((Fb E)A )V TF, ((Fz ' E)z ))=

:(,1\6//\[5 ((Flv E)z ))V(A\G/ATFA ((an E)z )) e (R, E)V TF (FZ'E)

{(F,E)}_, are satisfied.
Secondly, let {(Fu  E;j )}i€| be a family of soft sets.

r (igl(lri E )j = A ((IeI(F E; )L j = A ((i\;(ﬁ E )L j >

( A T, ((Fi,Ei)l));/\ 77 ((Fi . Eq))

> A /\rTi((F E: )/1) A o A

AeAiel iel

F( uU(F, E ))—/1\/ TE, ((. I(F E; )jljzl\E/ArFl((i;)l(Fi,Ei) Jg

< vy e (FE) )=y [y e (R, )=y ve (FLED)

AeAMiel AeA
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are obtained. Thus (X,E,z) isa NTS.
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