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Abstract

In this paper we consider global bifurcation from zero and infinity of nontrivial solutions
of some nonlinear Dirac problems. We show the existence of two families of global
continua of nontrivial solutions of this problem emanating from bifurcation points with
respect to the line of trivial solutions that contain asymptotic bifurcation points and are
contained in classes of vector-functions with fixed oscillation count.
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1. Introduction

In this paper we consider the following nonlinear Dirac problem
Bw'(x) — P(X)w(x) = Aw(X) + g(x,w(x)), x € (0, 7), (1)
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U, (w) =(cose,sina)w(0) =0, (2)
U, (w) =(cosg,sin g)w(r) =0, (3)

B:( 0 1} P(X):[p(x) 0 J W(X):(u(x)}
-1 0 0 r(x) 9(x)

A eR is aspectral parameter, p(x) and r(x) are real-valued continuous functions

where

01

on [0, 7], @ and g are real constants such that 0<¢q, <7, ¢ =[
2

J, where

g;(x) and g, (x) are real-valued continuous functions on [0, z]. Moreover, the
vector-function g satisfies the following conditions:

g(x,w)=o(wl)) as |w|>0 (4)
and

g(x,w)=o(wl)) as |w|> e, (5)
uniformly in x [0, z].

The Dirac equation, as a relativistic wave equation, describes the motion of
particles with spin 1/2, such as electrons, positrons, protons, neutrons under the
influence of external electromagnetic fields (see [11]). It should be noted that
nonlinear Dirac equations were proposed to model the self-interaction of such
particles and other phenomena (see, for example, [4-11]).

Problem (1)-(3) under condition (4) was considered in [3], where it was shown
that there exist unbounded continua of solutions branching off from the points of
the line of trivial solutions (the first components of which are the eigenvalues of
the linear eigenvalue problem obtained from (1)-(3) by substituting g=0) and

contained in classes of functions possessing oscillatory properties of this linear
problem.

In the case where condition (5) is satisfied, problem (1)-(3) was considered in
[1], where it was proved that there exist global continua of solutions bifurcating
from the points of the line Rx{oo} (the first components of which are the

eigenvalues of the linear problem) and contained in classes of vector-functions
possessing oscillatory properties of eigenvector-functions of the linear problem in
the neighborhoods of these points. Moreover, these continua either contain other
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bifurcation points, or intersect the line Rx{0}, or have unbounded projections
onto R x{0}.

In this paper, we consider problem (1)-(3) when both conditions (4) and (5) are
satisfied. In this case, we show that the global continua branching from the line
R x{oc} are also contained in the classes of vector-functions possessing oscillatory

properties of eigenvector-functions of the linear problem and, therefore, do not
intersect other asymptotic bifurcation points. Then we prove that the projections
onto the line Rx{0} of the continua branching from zero and from infinity are

bounded and, therefore, these continua coincide.

2. Preliminary

By B.C.we denote the set of functions which satisfy boundary conditions (2) and
(3). Let E be the Banach space C([0,7];R?)NB.C. with the usual norm
I wil= Xg[lg};]lu (x) |+ngg>;]|3(X)|-
We defineaset S in space E as follows:
S={weE||u(X)|+|9(X) >0, xe[0,z]}.
For each weE we define 8(w,x) to be the continuous function on [0, ]
satisfying
u(x)

30" O(w,0) = —a. (6)

coté(w, x) =

We consider the linear eigenvalue problem
L(wW)(x) = Aw(x), x (0, ),
um)=0,

where

~(Us(w) ~ (0
U(w)—[uz(w)j and 0—(0}

which obtained from (1)-(3) by setting g=0. By [2, Theorem 3.1] the eigenvalues
A keZ, of problem (7) are real, simple and can be numbered in ascending order

on the real axis as follows
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<A < <A <A <A< <A <
so that the corresponding angular function &(w,,x) at x=0 and x= will satisfy
the following relations at x =0 and x =~ will satisfy the following relations
Ow,,0)=—a and O(w,,7)=-p+knr, (8)
where w, (x) is the eigenvector-function corresponding to the eigenvalue A, .

For each ke Z and each ve{+,-} let S; the set of vector-functions we S
which satisfy the following conditions:

(i) O(w,7z)=—pB+kr;

(i) if k>00r k=0, a > B, (except the cases a=S=0and a=p=7r/2), then for
fixed w, as X increases, the function @ cannot tend to a multiple of z/2 from
above, and as x decreases, the function @ cannot tend to a multiple of /2 from
below; if k<0or k=0, a < g, then for fixed W, as X increases the function &
cannot tend to a multiple of 7/2 from below, and as x decreases, the function 8
cannot tend to a multiple of 7/2 from above;

(iii) the function vu (x) is positive in a deleted neighborhood of the point x =0.

Let S, =Sy US,. Note that S, S/ and S, are disjoint and open sets in E.
Moreover, if wedSy, then there exists & €[0, 7] such that |w(&)|=|u(&)|+]9(&)]
=0 (see[2, 3]).

Lemma 1 [3, Lemma 2.8]. If (1,w) e RxE s a solution of problem (1)-(3) such
that wedSy, keZ, ve{+,-} then w=0.

Since the function g satisfies the condition (5) and (6) it follows from [3,

Theorem 3.1] and [1, Theorem 4.1] we have the following results.
Theorem 1 [3, Theorem 3.1]. For each ke Z and each v e{+,-} there

exists a continuum C; of nontrivial solutions of problem (1)-(3) which contain
(Ak,a), contained in (Rxé{)U{(ﬁk,5)} and is unbounded in RxE (in this case
either (i) Cy meets Rx{o} for some A€R,or (ii) the projection PRX{a}(CQ’) of

C, onto R ><{6} is unbounded).
Theorem 2 [1, Theorem 4.1]. For each k € Z and each v e{+,-} there exists a

46



Humay Rzayeva / Journal of Mathematics and Computer Sciences v.1(3) (2024) p. 43-51

continuum Dy of nontrivial solutions of problem (1)-(3) which meet (1, ,%) with
respect to the set Rx S, and for this set at least one of the following holds: (i) Dy
meets (A, ,) with respect to the set R x S{: for some (k',v") = (k,v); (ii) Dy meets
Rx{a} for some A€R, (iii) the projection PRX{a}(D{) of Dy onto Rx{a} is

unbounded.

3. The connection between global continua bifurcating from zero and from
infinity

In this section we will find the connection between the continua C; and Dy for
each ke Z and each v e{+,-}. To do this, we first prove the following lemma.
Lemma 2. Foreach k e Z and each v e{+,-},
Dy \{(4,©)}=RxS;.
Proof. Let C = RxE be the set of nontrivial solutions of problem (1)-(3). Then It
follows from Lemma 1 that

CN(RxaSy)= foreach keZ and each ve{+,-}.

Consequently, the sets

CN(RxSY) and C\(RxSY)
are mutually separated in the space RxE,whence, by [12, Corollary 26.6], implies
that any component of the set C must be a subset of CN(RxSy)or C\(RxSy).
Since, by Theorem 2, the relation

(O (A2 N(RxS) =D
holds, it follows that

(B (A9} = Rx .
The proof of this lemma is complete.
Remark 1. In view of Lemma 2 alternative (i) of Theorem 2 cannot hold.

Corollary 1. If C; meets (1,) for some AeR,then A=. If D, meets (/1,6)
forsome A eR,then A=21,.

Thus we can prove the main result of this paper.
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Theorem 3. Foreach ke Z and each v e{+,-} the following relation holds:
G =Dy (9)
Proof. Let &, >0 be the fixed sufficiently small number. By conditions (4) and

(5) there exit sufficiently small 5, >0 and sufficiently large A, >0 such that

M<<~;0 forany (x,w) €[0, 7z]xR?, 0<|w|<5, and |w[>A,.  (10)
w

Since g eC([0, 7]xR?) it follows that there exists «, >0such that

9w |

™ <K, for any (x,w)e[0,z]xR?, &, <|w[<A,. (11)
w

We introduce the notation:
K = maX{SO , Ko}.
Then by (10) and (11) we get

—lgTX'\lN)|<K for any (x,w)e[0, 7]xR?, |w|=0. (12)
w

Let the projection PRX{a}(CkV) of C; onto Rx{0} is unbounded. Then there

exists
{2, W)} < G \{(4,0)}

such that
lim A, =— or lim A, =+o. (13)
n—o n—o

For each ne N we define the vector-function

q)n(x)z(qﬁn(x) con(x)J
wa(X) 2, (X)
as follows:
(% T, (0,9, ()T, (X) (% T, (0,9, ()9, (%)
R T T S TR LT
v (9= 3200 00T00 o 8206509 8,0)8.09

02 (x) + 92(x) 02 (x) + 92 (x)
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By (12) it follows from (14) that
:Igl(X,Un(X)uan(X))llUn(X)I <|@J(X,\T\/n(x))lllTn(X)IS

|60 ()1

T2(x) + 92(x) T+ 92(%)
KIT 0910, (91 _ KITn001 _ KIFOII_ g o (16)
|(x) |2 We) | W) ’
In a similar way, by (14) and (15), we can show that
o () <K, [y, () EK, | 2,(¥) <K for xe[0,7]. (17)

By (14) and (15) it follows from (1)-(3) that (Zn,\Tvn)e RxS\, neN, solves the

following linear spectral problem

L(W)(x) — D, (X)w(x)=Aw(X), x € (0, 7), 18
U(w)=0. 18)
Then by [3, Theorem 2.4 and Remark 2.1] from (18) we obtain
07, (X) = A +(P(X) + ¢y (X)) €08* G, (X) + (r(X) + z, ())sin? 6, (x) +
%((pn(x)ﬂ//n(x))sin 26, (x),neN, xe (0, 7), (19)

where
0,(x)=0(W,,x),xe[0,7],neN.
Integrating both sides of relation (19) from the range of Oto 7 and taking into
account (8) we get

—Btkrra=4, + T(p(x)+¢n(x))cos2 6, (x) dx +,f(r(x)+;(n(x))sin2 0, (x)dx +

N |-

i[r((pn (X) +w, (x))sin 26, (x)dx,n e N. (20)

Then by (16) and (17) from (20) we obtain
| 4, |<|k| 7+|a—B|+5Kz, neN,
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Cy onto Rx{a} is bounded. Then, by Theorem 1 and Corollary 1, C, meets the

point (4,,%) with respect to the set Rx S, . Next, in a similar way we can show that

the projection

PRX{a}(DIf) of D, onto Rx{a} is bounded, and consequently, by

Lemma 2 and Corollary 1, the continuum D, meets the point (1, ,0) with respect

to the set R xS, . Hence by these arguments for each k e Z and each v e{+,-} the

continuum C} coincides with the continuum D). The proof of this theorem is

complete.
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