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Abstract

In this work, the representation of generalized weight Holder spaces H(E as the sum

of Banach spaces is given and the criterion of coincidence of suitable pairs with each other

is found.
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1. Introduction

Lets assume that p,(X) and p,(X) , Xe [O, |] , 1 >0 are continuous
functions and p,(0)=p,(1)=0, p,(X) >0, p,(X)>0, xe [O, |). Now define
p(X) = pl(x)-pz(x) . For simplicity, we will replace p,(1 —X) by p,(x).

Definition 1. If there exist increasing functions p;, o, , then:
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a) p;(28)~ p(€),1=12;
b) o, (X) ~ o (), o (X) ~ oy (1=X%)

If these relations hold, then we say p€P.
Definition 2. Suppose that p.(X) (i :l,2) non-decreasing functions and
pi(0)=0; p(X)= () p,(1—x), xe[0,1], wb), 5€(0,1] is the modul of

continuousness.
The space

2 = {u < C(01): im0 ))= m (pu))=0 }

is the generalized Holder space.
The norm in this space is defined by the following equation:

= s (o) (o) o )

X1, X, €[0,
X1 # X

Let define the set of functions feC(0,|] (fEC[O,I)) by
H2(0,1] (H2[0,1))s
f(t)= o(t) (f(t): (o(t)], o that,

here

peH,[0,1], p(0)=0(p(1)=0).
And also define the set of functions f e C(O,I)by H/2 , so that

f(t)=lt) p,t)- o,(t).

Definition 3. Lets define the set of functions p € P by P, ,so that

3Ix*e(0,1),3r>0, vxe (x* —r,x + r)‘p(x)—p(x*)‘ < consta)(‘x— x*‘ )
2.Theorem about the representation of Banach spaces of weighted

generalized Holder spaces H”

Theorem 1.Suppose that p = p,p, € P, and
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p0p:0 [ 5 ) <o1/2]
p;(112), te(l/2,1]
(i=].i,j=12).

pi (t):

Then the relation
PP =Py pr €Py va HY2 =HJ

is satisfied.

The following theorem is held about the representation of Banach spaces of

weighted generalized Hélder spaces H/ in the form of sums and finding a

criterion for the coincidence of the corresponding pairs with each other:
Theorem 2. Hfﬁ2 = H(i’l + Hf2 .

Lets note that this equality is understood in the meaning of space.

Proof. In order to prove the theorem, we should show the satisfaction of the

following conditions:
1) H2 +H?” c HA”;
2) H2% c H” 4+ HP2;

3) YueH” |u ~ inf (“u1

Hae ~
» u=u; +U,

)

+u|

7
H (1771

Firstly, lets prove the 1) :

Lets take U e Hfl . Then, because of
df

2 =Upip, =9(x)5,(x). px)eH,, 5 9(0)=0,5,(1)=0  we
9,(0)=¢,(1)=0 and because of w5 (5)<ca(5)
we get ¢,(0)=H,_,ie. ue H?":
Thus, Hfi c Hfﬁz .
Analogically, we can show that H?”2 < H”%2 |
Taking into account that H{f“}? is the linear set, then we get that
H2A+H2 c HE:,

i.e. the 1) is proved.

get
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Now, lets prove 2).
letUe Hﬁlﬁz . Then, if we take

u(x), xe(0,1/72]
{U(I/Z) eflr2,1]
~ [0, xe(0,1/2]
uz_“_ul_{u(x)-u(llz),x6[|/2|]

we get U=U, +U, and ulerl, uzesz.Thus, du, € H£1 for VUEHG’Z@,

eH”:u=u +u,=H"” cH” +H”, ie. the 2)is proved.
Now, lets prove the 3):
Lets take U € Hflﬁ? . Pay attention to functions U, and u, from 2):
x,y € (0, |/2] for (x<y)
(o )x) - (o) =[(up)x)= (U Xy)+ (oo )x)- (o Xy) =
= [up)x)-(up)y) = il /2)| (0, J0) - (w2, Xy )
Note that, if X,y €(0,1/2]we get p,(t)p,(t)=p,(t)p,(1/2)and
(u,pXx)—(u,pXy)=0.Thus,if 0<x<y<I/2
(up)(x)=(upXy) = £ (1 2)| (W5 Jx)— (U, Xy ) *)

is satisfied.

And also, because of (ulf)l)(éj):u(l /2),51(| /2) inequality (*) for VX E(O,l)
is held if & e [I /2, I]. Then we get that,

|l = £ (72)- ]y
Analogically, can be proved that

[ully - = 2(172)-u,

Then we get that, U, € Hgl , U, € ng : U=uU, +u, for the function

"
HU

Yu e Ha‘:’lﬁz and inequality

Jull e > mex{,(172), py(112)}- (] + i )2
> max{p,(1/2), p,(1/2)}- inf u|ul||Hﬂ+||u2||Hp2)

u=u; +uU,
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= maX{p1(| /2)' ,02(| /2)}'||u||H{;’1+H{;’2
is satisfied.
Thus, for YU € Ha’?ﬁz

Uz = €0 ulls i - € =mex{p(172), p,(172)} (1)
Now, lets take U, € H(fl, u, e Ha’?z and U =U, +U,.Then, because
ofH(f1 c Hflﬁz and Hfz - H(flz’z we get that
I Y - @
Lets prove that V¢, >0 u, € Hfl,”u”H{im32 < C‘”Ul"H;}

|(u151/52 )(X) - (u15152 )(YX
olx-y))

Ju

Certainly, because of ||u1|| =sup , define that

)
H @

~

uo=¢.
Taking into account that |¢)(X] < ||u||Hh a)(X) va |(p(X)— (o(y] < ||u1||H;1 wQX - y|),

we get that:
|(u1/3152 )(X)_ (Ullalﬁz )(Y) = |¢(X)52 (X)_ §D(y)52 (y)| = |((D(X)_ (D(y)):Bz (X)+

+ (D(Y)(,Bz (X)_ 52(”) < ”ul HA a’qx - y|)max 52 (X)+ ”ul”H{} W(Y)(ﬁz (X)_ /52 (y)) <
S ”“1”.451 <‘"qx - y|)+ Bi(y)oly))< C'”ul”H;} :
herec = w(x - y|)+ 5, (y)e(y), i=12.

In the same way, we can show that

Uzl < -l -

Then, taking into account equation (2) Ju=u, +u,, U, € Hf1 ,

H;ZZ)

[l < Ju

u, e H”2and

£c~(“ul

”u2 H72 +||u2

Is satisfied. l.e.,

P12
HA)

HA2 1 H 22 (3)
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dogrudur.
Thus, from relations (1) va (3) we get that, the relation

||U| 7 HE22 +||u2|H£2)

H A2 ~ inf (“U1|

u=u;+u,

is valid.
With that, the theorem 2 is proved.
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