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Abstract

In this paper we consider global bifurcation from infinity in nonlinearizable Dirac
problem with a spectral parameter contained in both boundary conditions. We prove the
existence of two families of unbounded components of the set of nontrivial solutions to
this problem, which bifurcate from asymptotic intervals and contained in classes of vector-
functions possessing oscillatory properties of the eigenvector-functions of the
corresponding linear Dirac problem in the neighborhood of these intervals.
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1. Introduction

In this paper we consider the following nonlinear Dirac problem
Bw'(X) — P(X)W(x) = Aw(x) + f (x,w(x), 1) + g(x,w(x), 1), x (0, x), (2)
U, (A, w)=(Acosa +a,, Asin a + b,)w(0) =0, (2)
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U,(4,w)=(4cosp +a,,Asin B+b)w(r)=0, (3)

(01 (P O _(u®)
B_(—l oj’ P(X)_[ 0 r(x))'w(x)_(g(x)j’

A eR isan eigenvalue parameter, p,reC([0, 7];R), a,,b,,a,,b,,& and g are real

where

constants such that
O<a,pB<m
and
o, =8,Sina—b, cosa <0, o, =a,sin f—b, cosS >0. (4)

f
Here the real valued-functions functions f :(flj and g :[glj are continuous on
2 2

[0, 7] x R*and satisfy the following conditions:
| f, (6w, A) KK |w], | f,(x,w, )< L|w]|, (x,w,2)e[0, 7]xR?, (5)
where K and L are some positive constants;
g(x,w,2)=o(|w|) as |w|—> o, (6)
uniformly in (x, 1) €[0, 7] x A, for any bounded interval AcR.
The Dirac equation, which is a relativistic wave equation for describing spin-1/2

particles, i.e., fermions, underlies the formulation of relativistic quantum
mechanics. This equation has wide applications in the physical sciences, ranging
from high energy physics, quantum information and quantum electrodynamics
[21].

Nonlinear Dirac equations are widely used in various fields of physics, including
atomic, nuclear and gravitational physics. These equations describe the behaviour
of fermions in the presence of external electromagnetic fields, modelled by an
electric and magnetic potential and taking into account the nonlinear self-
interaction of particles. In addition, they provide invaluable information about the
behaviour of matter under extreme conditions (see [12, 14-16, 20-22].

The global bifurcation from zero and infinity of nontrivial solutions to nonlinear
Sturm-Liouville problems of second and fourth order was studied in [3-6, 8, 11,
17-19]. In these papers it was shown that there are global components of the sets
of nontrivial solutions to these problems bifurcating from points and intervals of
the lines Rx{0}and Rx{c}, and contained in classes of functions with fixed

oscillation count in the neighbourhood of these bifurcation points and intervals.
Similar results for one-dimensional nonlinear Dirac systems were obtained in [7, 9,
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13] in the case when the boundary conditions do not depend on the spectral
parameter, and in [10] in the case when one of the boundary conditions depends
on the spectral parameter.

Note that problem (1)-(3) in the case f =0was studied in [1], and in the case

when g satisfies condition (6) in the neighbourhood of zero, it was studied in [2].

In these papers, the authors established results similar to those stated above.

The purpose of this work is to study the structure of bifurcation points, the
structure and behaviour of the global components of the set of nontrivial
solutions to problem (1)-(3) under conditions (4)-(6).

2. Preliminary
Let E =C([0, #];R?) be the Banach space with the norm ||w| = ||u]l, +|| ¢,
where |Ju|l,,= max |u(x)].
xe[0,7]

We define S be the subset of E given by
S={weE||[u(X)|+|9(X) >0, xe[0, 7]}
Let y(4) and &(A) be continuous functions on R such that

COU/(/D=—M, (— _b° ]=O for a#0,
Asin a+b, sina
cots(h) = 2C0A*A s —_b—OJzofor [0,
Asin f+b; sina
By [1, (2.3), (2.4)] we have
rA)e(-a,r-a), (1) (=B, 7-p). (7)

Foreach 1R and each we E, we define the function &(w, 4, x) continuous
on [0, 7] by

cotd(A,w, x) = m (4, w,0) = y(A). (8)
9(x)
We consider the linear spectral parameter
L(w)(x) = Aw(x), x (0, 7),
{u (A, W) =0,

where
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(Ui(Aw)) =~ (0
U“'W)‘(uz@,w)]’ 0‘(0}

By [1, Remark 2.1] that the eigenvalues A, ,k € Z, of problem (9) are real, simple

and can be numbered in ascending order on the real axis as follows
<A< <Ay <A <A < < <

Moreover, if for each keZ we denote by w, the eigenvector-function
corresponding to the eigenvalue 4,, then the angular function 6(1,,w,,x) at
x=0 and x =~ will satisfy the following relations (see [1, (2.7)])
(A, w,,0)=7(4,) and 61, ,w,,Xx)=03(L,)+kr. (10)
We define the integers m, and m_, as follows:
m =min{keZ| A, +p(x)>0,4, +r(x)>0,xe[0, x]},
m,=max{keZ| A, + p(x)<0,4, +r(x)<0,xe[0, 7]}
Remark 2.1. By (11), the first and second parts of statement (ii) of [10,
Theorem 2.4] hold for (4, ,w,,x) forall k>m, and k <m_,, respectively.

(11)

For each keZ, k<m_or k>m and each 1R by S, we denote the set of
vector-functions we S such that (see [1, Section 2])

(i) 6(4,w,7)=05(A);

(ii) if k>m,, then for fixed A and W, as X increases, the function 6 cannot
tend to a multiple of z/2 from above, and as x decreases, the function 6 cannot
tend to a multiple of z/2 from below; if k <m , then for fixed 1 and W, as x
increases the function @ cannot tend to a multiple of 7z/2 from below, and as x
decreases, the function € cannot tend to a multiple of 7/2 from above;

(i) the function u(x) is positive in a deleted neighborhood of x=0.
let S, , =S;,and S, , =S, US,,. For each 1€R the sets S, S, and
S, for k<m_and k>m, are disjoint and open in E. Moreover, if wedS, , or

wedS, ,, then there exists & €[0, 7] such that [w(&)|=0 ( [10, Remark 2.7]).
Foreach keZ, k<m_, or k>m, we introduce the following sets

Sy =USi,, Sy =-S¢ and S, =S US,.

AeR
Let E be the Banach space E@®R? with the norm given by
W=l (w,s,8)" [lo= [l W[l +]s|+]t],

and
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S={WeE|weS}.
For each keZ, k<m jor k>m,, and each v by S/, é,{ and §k we denote
the subsets of S such that
S, ={weS|weS,}, Sy ={WeS|weS;}and S, ={WeS|weS,}.
It is obvious that these sets are disjoint and open in E, and if We S, , then there
exists & €[0, 7] such that |w(¢&) |=0.
Let A be the operator on E defined by
w 2(w)
AW=A|s [=|a,30)+b,u(0) |,
t a,9(r) +b,u(r)
D(A) ={We E| weC!([0, z];R?), s =—(9(0) cosa + u (0)sin @),
t=—(9(x)cosp +u(x)sin B)},
where the norm of the space C*([0, z];R?) is given as
W]l = 1l (w, 8,0)" [lo= Il +[IW'[|+]s]+]t].

Then problem (9) takes the following equivalent form

Aw = Aw, we D(A). (12)
Note that A is a closed operator with a compact resolvent.

As norms in RxE and RxE, we take
1 1
1AW =€ 2 +lIwl*}? and || (2, W) [l ={I 2]° + [ W[[;}?,

respectively.

Now let the nonlinear operators F:Rx E—>E and G:RxE —>E are
defined by

w f(x,w, A)
F(A,wW)=F| 4,|s ||= 0 ,
t 0
w a(x,w, 1)
G(A,wW) =G| A,|s ||= 0
t 0
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Then problem (1)-(3) is equivalent to the following operator equation
AW =AW + F (1, W) + G(4, W), (13)
i.e., between the solutions of problems (1)-(3) and (13) there is the following one-
to-one correspondence
(A,W) < (4,W) = (4,(w, s, 1)'), s=—(2(0)cosa +u (0)sin ),
t =—(9(x)cos S +u(x)sin F).
If f=0, then problem (13) takes the following form
AW = AW + G(A4, W). (15)
Problem (14) (or (1)-(3) with f =0) was investigated in [1], where the following

result was proved.
Theorem 1 [1, Theorem 3.1]. For each keZ, k<m_or k>m,,and each

(14)

ve{+,-} there exists a component ékv of the set of nontrivial solutions of

problem (15) that meet (A, ,%) with respect to the set R x SAkV and for this set at
least one of the following statements holds:

(i) CAZkV meets (A,,) with respect to the set R x SAkV,' for some (k',v") = (k,v);
(ii) ékv meets Rx{a} forsome AeR,;
(iii) the natural projection PRX{a}(ékV ) of é[ onto Rx{a} is unbounded.

3. Global bifurcation from infinity in problem (1)-(3)

In this section we consider global bifurcation of nontrivial solutions to problem
(13) in the case when the function f is notidentically zero.

We define the continuous operators F:RxE >E and G:RxE >E as
follows:

W F (ﬂlJ if W20,

F(A, W) = W
0 if W=0,
_ ||W||§G[1,L2J if W0,
G(4,W) = W[5
0 if W=0,

Then it follows from Step 2 of the proof of [1, Theorem 3.1] that the operator G
is completely continuous. Moreover, by (6) it follows from [9, Lemma 2] that for
any sufficiently small & > 0 there exists a sufficiently large p, >0 such that
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lg(x,w, A)|<e|w]| forany xe[0,7z], weE, ||w|>p,, 1€A, (16)
where A c R is any bounded interval. By [1, relation (3.3)] for any W e E we have
W llo <3l wil. (17)
Then, choose
p. =3p, and [|Wll,>p,,
we get
wil>p,.
Consequently, it follows from (16) that
lg(x,w, A)|<el||w]| for any xe[0,7z], We E, ||W||>p,,1€A. (18)
Therefore, we obtain the following relation
IGA W, _ ellwll _

A

(R P
which implies that
IG(A,W) [l,=0(l| Wll,) as [|W]l,—> e, (19)
uniformly for AeA.
By (5) we have
I F Q) = 1wl F(xﬁj <{K+LHWl,. @)
0
It is obvious that if || W|[,— O, then Yv - =————,and consequently,
Wil ll, 11wl
by (19) we get
. ||W||§G(A,Y”2] G(A,YVZJ
1AWl _ [T N D P
[l wll, [ wll, w
Il

uniformly for 4 eA.

N

Let (4, W) € D. Setting W= and dividing (13) by ||W||? yields

~

0

AW = AW + F (1, W)+ G (4, W), (22)
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in view of relations ||VTI||0=AL and W= (20) and (21) show that the

I, Iwlis

transformation

PMM%M@z@ ﬁj
| W[

used earlier in papers [8], [18] and [19] turns a “bifurcation at infinity”’ problem

(13) into a “bifurcation from zero” problem (22).
Remark 1. By [2, Theorem 3.3] for each keZ, k>m, or k<m_,and each

ve{+,-} the set of bifurcation points to the nonlinear eigenvalue problem (22)

with respect to the set RxSAkV is nonempty. But using relation (20), we cannot
more accurately describe the location of the bifurcation points of problem (22)
with respect to the set R x SAkV. Below, using the original form of problem (22) and

taking into account (14), we will clarify the bifurcation intervals.

We denote by Dc RxE and D c RxE the sets of nontrivial solutions to
problems (13) and (22), respectively, and let
I, =4 -(K+L+2+c), 4, +(K+L+2+c,)],
where ¢, =O(1/k).
Lemma 1. Let (xi,@) be a bifurcation point of problem (22) with respect to

the set Rxékv, keZ k>mork<m_,and ve{+,-} Then ielk.

Proof. Note that problem (22) reduces to the following equivalent problem
0(w) = 2w +[| W2 f(x,%,i}nv‘vns g[x,%,z} xe(0,7),
Tl Twllo (23)

U (4, W) =0.
We introduce the following notations

A W
(R[5 fl(xi— ﬂJ

~ ’
(R[5

F(x,w, )= :[

(24)
w

Iwi; f [x,A—,ﬂj
ST

f,(xw, 1)
Fz (x,w, 1) ,
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W2 gl(x,%w] _
g(x,w, )= Il =(91(X'W’ﬂ’)). (25)
||W||§gz(x,i,z] 9 (0w 2)
IE
In view of (24), by (5) we obtain
[T (0w, 2) = W fl[x,ﬁ,@smmm
(26)

| £, 06w, 2) = W3 <Lw(¥)].

f (XM z]
W

If || w|— O, then it follows from (17) that || W||,— 0. Again due to (17) we get

1,
twii=Z 11l

Hence we have
wo w1

WIS Il 3lell,

whence implies that
w

(KUK

Then by (6) from (25) we obtain

— 0 as ||[w|—0.

" w w
g w Al _ 0 - 0 —0 as ||w|—0,(27)
llwi| [ wl W
[l Wlls

uniformly in 4Ae€A.
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By correspondence (14) and conditions (26) and (27) it follows from Corollary
3.1 of [2] that for each keZ, k>m, or k<m_,, and each ve{+,-} the

bifurcation points of problem (22) with respect to the set R x §[ is contained in

the interval I, x{f)}. The proof of Lemma 1 is complete.

Applying the transformation T from Remark 1 and Lemma 1, we obtain the
following result.
Lemma 2. For each keZ, k>m, or k<m ,and each v e{+,-} the set of

asymptotic bifurcation points of problem (13) with respect to the set R x §kv is

nonempty. Moreover, if (/f,oo) is such a bifurcation point, then A e l.

By correspondence (14) Lemma 2 implies the following result.

Lemma 3. For each keZ, k>m,or k<m ,,and each v e{+,-} the set of
asymptotic bifurcation points of problem (1)-(3) with respect to the set Rx S, is
nonempty. Moreover, if (1,%) is such a bifurcation point, then 1el,.

We add points at infinity (1,0),4€R,to RxE and Rx E, and define the
corresponding topologies in the result sets.

For each keZ, k>m,or k<m_,,and each ve{+,-} let If)kv be the union
of all the components of the set D which meet I, x{o} with respect to the set

R x §kv The set IZA)kV may not be connected in Rx E, but the set If)kv U, x{«})

A

is connected in RxE.
The main result of this paper is the following theorem.

Theorem 2. Foreach ke Z, k>m,or k<m_,and each v e{+,-} the set [3[
is nonempty and for this set one of the following assertions hold:
(i) [3{ meets |,. x{oo}with respect to the set R x §kv for some (k',v") = (k,v);
(ii) |5kV meets RX{O} forsome A €J, R,

(iii) the natural projection P, ([3[) of f)[ onto Rx{f)} is unbounded.

Rx{0}
Proof. For each keZ, k>m,or k<m ,, and each ve{+,-}, by I5kv we

denote the union of all the components of the set D which meet I, x{f)} with

respect to the set Rx §|f

Note that the proof of [1, Theorem 3.1] (see also [10, Theorems 4.5 and 4.6]) is
similar to that of [3, Theorem 1.3] with the use very important Lemma 2.8 of [10].
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But in our case, for problem (13), this lemma is not applicable outside the
neighbourhood of bifurcation intervals since condition (1.6) from [10] for the
function ¢ is not satisfied. Therefore, applying the method of proof of Theorem

1.3 of [3] to problem (13) we get the following result: for each ke Z, k>m, or
k<m_,,and each v e{+,-}, the set lﬁkv is nonempty and either (a) ISkV meets
I, x{0} with respect to the set RxS/ for some (k’,v') = (k,v); (b) S[ is
unbounded in Rx E, and two cases are possible: (b,) the projection pr(skv)of
IZL)kv onto Rx{0}is bounded and (b,) this projection is unbounded. It should be
noted that in case (b,) I5kv meets some interval J, x{o}.

It is obvious that the set lﬁkv is the inverse image T{S;) of the set SKV under

the transformation T. Thus the statements of this theorem follows from the

above properties of the set ISkV using the transformation T. The proof of this

theorem is complete.
Let

D={weE |WeD}
and
D/ ={weE |WeD}}, keZ k=m or k<m_, and ve{+,-}.
Note that D,, keZ, k>m, or k<m_, and ve{+,-},is the union of all the
components of the set D which meet I, x{w} with respect to the set RxS;.

According to relation (14), Theorem 2 gives the following result.
Theorem 3. For each ke Z, k>m,or k<m_,and each v e{+,-} for the set

D, one of the following assertions hold:
(i) Dy meets |, x{cc}with respect to the set Rx S}, for some (k',v") # (k,v);
(i) Dy, meets Rx{a} forsome A€ J, cR;

(iii) the natural projection P, - (D)) of D, onto R><{6} is unbounded.

Rx{a}

11
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