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Abstract

In this paper, we find a condition under which the smooth multivariate function
can be represented by sums of smooth generalized ridge functions.
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1. Introduction

A multivariate function F:R" — R of the form
F(x)= flal-x,...a% x)

is called a generalized ridge function, where X =(x1,x,....,x;)eR", f:RY >R

is a real-valued function defined on RY, 1<d <n, al :(all,...,ar{)e R™\ {0},
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j=1d are fixed linearly independent vectors (directions).For d =1, generalized

ridge function called a ridge function. Ridge functions and generalized ridge
functions arise naturally in various fields. We refer the reader to the monographs
of A.Pinkus [1] and V.Ismailov [2] for a detailed and systematic study of ridge
functions.

Definition 1. Let {al,_..,ad} and {bl,___,bd}, 1<d<n, be linear
independent vector systems in R". If
span{al,...,ad }zspaniyl,...,bd}

then the systems {al,...,ad } and {bl,...,boI } are called egiavalent, otherwise, that

is, if
span {al ad };t span {bl bd }
then the systems {al aoI } and {bl boI }are called non-egiavalent.

Remark 1. Obviously, if the systems {al,...,ad} and {bl,...,boI } are
egiavalent, then any generalized ridge function of the form

F(x)= tlalx,...a% x)
also has the form
F(x)=glo®x,...b% x).
Therefore, when defining a generalized ridge function, without loss of generality,

we can assume that the vectors al,..., aOI are unit and mutually perpendicular.

Assume we are given a function F € C(S)(R n ) of the form

m
Fx)= 3 f, (a"'l-x,...,a"'GI -x)
ko1

where {al’l,...,al’d } {am’l,...,am’d }are fixed pairwise non-egiavalent vector
systems in R" and fr -RY R, k =1,_m are the real-valued functions.

Is it true that there will always exist gy € C(S)(RO| ) k =1,m such that
m
F(x)= ng(a(")’l-x,...,a(")'“I -x)?
k=1
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This question was posed in M.Buhmann and A.Pinkus [3] for ridge
function representation and Pinkus [4] for generalized ridge function
representation. In [7, 8, 9], the authors gave a partial solution to the above
representation problem for ridge function representation. In [9], this problem for
ridge function representation is solved up to a multivariate polynomial:

For the representation of generalized ridge function proved in [10]
following theorem.

Theorem 1. Assume a function F e C(m)(R”) is of the form

m
F(x)= fk(a"'l-x,...,ak'”‘l-x), xeR",

k=1
where {al'l,...,al’n_l},..., {am'l,...,am’n_l} are fixed pairwise non-egiavalent
vector systems in R", fy,..., f, are arbitrarily behaved real-valued functions of

n—1 variables. Then there exist functions gy € C(l)(R”_l), k =1 m, such that
m
F(x)= ng(ak’l-x,...,ak’n_l-x), xeR". (1)
k=1

In this paper we show that if m>2, then the representation of

generalized ridge function (1) satisfied for g, e C(Z)(Rn_l).

2.The smoothness problem in generalized ridge function representation

Lemmal. Let p>0 and

FO e Xn )= F2(Xa0 Xn_2, Xno1)+ F2 (X Xn_2,Xn ) € C(p)(Rn)-

Then

fl(Xl,..., Xn_z,Xn_l)— fl(Xl,..., Xn_2,0) € C(p)(Rn_l).

Proof of Lemma 1. Indeed, it follows from equations
F(Xq e X ) = 1 (X oo Xp—24 Xp—1 )+ F2(Xq seeer Xn—2, Xy )
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F(Xq s Xn—2,0, X ) = F1(Xq10e0s Xp—2,0)+ F2(Xqees X2, Xpy )

that
f1 (%0, Xn—2, Xn-1) = fa(Xq,es Xn_2,0) =
= F(Xg o X ) = F(Xg 0o Xp2,0, Xq ) € C(p)(R“_l).

This comletes the proof of the Lemma.

Lemma2. Let p>0 and

F(Xl,..., Xn): fl(Xl,..., Xn_2,Xn_1)+ f2(Xl,..., Xn_z,Xn)E C(p)(Rn)

Then there exist functions
-1
910X+ Xn—2, Xn_1), 92(X1,---,Xn—2ixn)€C(p)(Rn )
such that

F(Xl'---’ Xn): 91(X1,---' Xn—21Xn—1)+ 92(X11---1 Xn—Z’Xn)-

Proof of Lemma 2. Let us denote
91(X e Xn—2,Xn_1) = (g X2, Xn—1) = F1(Xq,, Xn_2,0),
gz(Xl,...,Xn_z,Xn): f2(X11---1Xn—21Xn)+ fl(Xl,...,Xn_z,O).

It follows from the Lemma 1 that g C(p)(R”_l) and the following equation is
satisfied

F(Xq e X )= 1 (X0 Xpy—24 X1 )+ T2 (Xqseees Xp—2, Xy ) =
= [ 1 (X1 Xpy— 22 X1 ) — F1 (X000 Xpy_2,0)] +
+[Fo (X s Xn—2,Xn )+ F1(Xq 100y Xp_2,0)] =
= g1(Xq e Xn—2, Xn—1 )+ G2 (X1 o0y X2, X1y ) -
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It follows that

92 (Xq sers Xpy—24 Xy ) = F(Xq sees X1y )= 97.(Xg o X2, X1 ) € C(p)(R”_l).

This comletes the proof of the Lemma.

Lemma 3. Let p>0 and {al’l,...,al'n_l}, {az’l,...,az'”_l} is non-

egiavalent vector system in R". If

11 1n-1 2,n-1
F(x):fl(a’ SO ) fz(a X, AT ) )
i i (p)(rN-1
then there exist functions g;,9, € C**/(R , such that
_ 11 1n-1 2,n 1
F(x)=gif@™ -X,...a"" "-XJ+gs al.x,...a> )
Proof of Lemma 3. We assume that the system {al’l,...,al'n_l},

{az’l,..., az'n_l} is non-equivalent vector system. Then there exist the unit vectors

Cl,...,Cn_2 such that

span {al'l,...,al’”_l}mspan {az'l,...,az’”_l}z span{cl,..., c"—2 }

Therefore, there exist the vectors c" L and c" such that the following equations
hold:

span {al’l,...,al’”‘l}: span%:l,...,c”‘z,c”‘l},
span {32’1,...,a2’”_1}: span{cl,...,c”_z,cn }

in other words, the systems {al'l,...,al’n_l} and {cl,...,cn_z,c”_l} ,
{az’l,..., a2,n—1} and {:1 ¢~ 2 } are equivalent. Then we can write equation
(2) in the form

n-2 n-1 n-2

F(x):fl(cl-x,...,c X,C

20
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If we adopt the notation

then the equation (4) can be rewritten as follows

F(Y1. Yn)=F(x)=

= f1(Y1r Yn-2:Yn-1)+ T2(Y1:ms Yno2. Y ) € C(p)(Rn)-

According to Lemma 2, there exist functions g;,g, € C(p)(R”_l) such that

F(Yirer Yn)= G2 (Y1oes Y2, Y1)+ G2 (Y1res Yno2: V).

Therefore, we have
F(<)=F(Y1r ¥n)= G2 (Y10 Y2, Yn-1)+ G2 (Y1, Yn_2, Yn ) =
= §1(c1 Koy "2 x,cM L —1-x)+ 52(01 Xy €N T2x, " -x). (5)

Since the vector systems {al’l,...,al’n_l} and {cl,...,c”_z,c”_l},

{az’l,...,az’n_l} and {cl,...,cn_z,cn} are equivalent, we can express the
equation (5) of the form

1'“‘1-x)+ gz(az'l-x,...,az'”‘l-x).

F(x)= gl(al’l-x,...,a
This completes the proof of the Lemma 3.

n-1 are any linearly independent vectors in R"

Lemma 4. Let al,...,a
and the vector | € R" is not perpendicular to the vector space span {al,...,an_l}.

Then for any function gp(u):go(ul,...,un_l)eC(Z)(Rn_l) there exist a
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continuously  differentiable  generalized ridge function of the form
d(x)= f (al X,...am 1 -x) such that

oD _
—(x)zgo(al-x,...,a” 1.x)
ol
forany x e R".

Proof of Lemma 4. It follows from Remark 1 that without loss of

1 n-1

generality, we can assume that the vectors a-,...,a are unit and mutually

perpendicular. Denote by a® the unit vector, perpendicular to the vectors
al,...,an_l. Let

n-1 0

p=0

As the vector | eR" is not perpendicular to the wvector space

n-1
no= 2 ap>0
p=1
Denote
n-1
Zapapx
p=!
o)=L olonlt.0)sn 4t XK
1o 0
where
_1 Y 2.2 —gan 2P )x|, k=1..n-1
st x)=—| axt+ ¥ lap-a“—apayg-aP) x|, ey N=1.
o p=1, p=k

It follows from equations

;;-Ii(x): z—g-go(al X,...,a" 1 -x)+
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n-1
Zapapx
1 P n-1 5
Tt ] > _go_(sl(t’X)1---1Sn—l(t1x))'(‘“kaj)dt,
1m0 0 j=1, j=k U]
nZijlozpapx
p=1 n-1
2T ey 0)satx) S ad |t k=tno1,
0 Ouk p=1, p=k
2 (x)=0
oa

that

n-1
D=3 a2 (x)
oa

( 1 n-1 )
s =plat -x,..,a" - x).
ol k=0 4

On the other side, it follows from 8_(1())()(): 0 that the function @ is of
oa
the form (D(x) =f (al D an—l -X). This completes the proof of the Lemma 4.

Theorem 2. Let m> 2 and the function F e C(m)(R”) is of the form

m
F(x)= zfk(a"'l-x,...,a"'”‘l-x), xeR". (6)
k=1

where %1'1,...,a1’”_1},..., {am'l,...,am’n_l} are fixed pairwise non-egiavalent
vector systems in RN, f1,..., Ty are arbitrarily behaved real-valued functions of

n —1 variables. Then there exist functions gy € C(z)(R”_l), k =1 m, such that
m
F(x)= ng(ak’l°X,---,ak’n_l-X), xeR". ()
k=1

Proof of Theorem 2. We will prove the theorem using the method of
mathematical induction. In the case m=2 theorem follows from Lemma 3.
Assume that the theorem is true in the case m—1. We will show that it also holds

for m. Since the function F e C(m)(R”) can be represented by (6), it follows
23
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from Theorem 1 that there exist the functions hy € C(l)(R”_l), k =1..m, such
that

m
F(x)= Y hy (akvl-x,...,a"'”‘l-x). 8)
k=1
Thus, we obtain that
OF Il ohyg (LK1 k,n-1
F ="y Za. A X, 20 x), 9)
8| k=1i= 8Ui

where 1, is a unit vector, perpendicular to the vector systems %]m,l’m,am,n—l}_ It
follows from (9) that

;F (x)= mzlhk( .,ak'”‘l-x)e C(m‘l)(R”). (10)

Then, by the principle of mathematical induction, we obtain that there exist
functions gy eC(z)(Rn_l),k =1...,m-1, such that

8F()

m_ ( k,n-1 )
] -XJ.
alm Z::g

According to Lemma 4, there exist functions

pe() =g a*1x,... a4 "L x)e c@(RM L), K =Tm-1

such that

9% ()= Gy (a"'l-x,...,a"'”‘l-x), k=Lm-1.
ol

Then it follows from (10) that we can write it in the form of

|- T -0 a
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m-1
it follows from (11) that the difference F(x)— 3 ¢ () does not depend on the
k=1

direction |y, . Therefore there exist the function gy, : R > R such that

F(x)— mz—1¢k (X)=gm (am’l-x, . ,am’n_l-x). (12)
k=1

Taking into account the expression of the functions, it follows that equation (7) is
satisfied. Given the conditions gy € C(Z)(Rn_l) . k=1m-1 and

F eC(m)(R") it follows from (12) that g, € C(Z)(Rn_l). This completes the
proof of the Theorem 2.
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