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Abstract 

In this paper, we find a condition under which the smooth multivariate  function 
can be represented  by sums of smooth generalized ridge functions. 
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1. Introduction 

     A multivariate function RRF n :  of the form 

   xaxax 
d

fF ,...,1  

is called a generalized ridge function, where   n
n Rххх  ,...,, 21x , RRf d :  

is a real-valued function defined on dR , nd 1 ,    0\,,
1

nj
n

jj Raa  a , 
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dj ,1  are fixed linearly independent vectors (directions).For 1d , generalized 

ridge function called a ridge function. Ridge functions and generalized ridge 

functions arise naturally in various  fields. We refer the reader to the monographs 

of A.Pinkus [1] and V.Ismailov [2] for a detailed and systematic study of ridge 

functions. 

 Definition 1. Let  daа ,...,1  and  dbb ,...,1 , nd 1 , be linear 

independent vector systems  in 
nR . If 

   dd bbspanaаspan ,...,,..., 11   

then the systems  daа ,...,1  and  dbb ,...,1  are called eqiavalent, otherwise, that 

is, if 

   dd bbspanaаspan ,...,,..., 11  , 

then the systems  daа ,...,1
 and  dbb ,...,1

 are called non-eqiavalent. 

Remark 1. Obviously, if the systems  daа ,...,1
 and  dbb ,...,1

 are 

eqiavalent, then any generalized ridge function of the form 

   xaxax 
d

fF ,...,1
 

also has the form 

   xbxbx 
d

gF ,...,1
. 

Therefore, when defining a generalized ridge function, without loss of generality, 

we can assume that the vectors 
daа ,...,1

 are unit and mutually perpendicular. 

Assume we are given a function 
  ns RCF  of the form  

    



m

k

dkk
kfF

1

,1, ,..., xaxax  

where  d,11,1 ,...,aа ,...,  dmm ,1, ,...,aа  are fixed pairwise non-eqiavalent vector 

systems  in 
nR  and RRf d

k : , mk ,1  are the real-valued functions. 

Is it true that there will always exist 
  ds

k RCg  , mk ,1  such that 

       



m

k

dkk
kgF

1

,1, ,..., xaxax ? 
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This question was posed in M.Buhmann and A.Pinkus [3] for ridge 

function representation and Pinkus [4] for generalized ridge function 

representation. In [7, 8, 9], the authors gave a partial solution to the above 

representation problem for ridge function representation. In [9], this problem for 

ridge function representation is solved up to a multivariate polynomial:  

  For the representation of generalized ridge function proved in [10] 

following theorem. 

Theorem 1. Assume a function 
  nm RCF  is of the form 

    





m

k

nkk
kfF

1

1,1, ,..., xaxax ,    
nRx ,                                

where  1,11,1 ,..., naа ,...,  1,1, ,..., nmm aа  are fixed pairwise non-eqiavalent 

vector systems  in 
nR , mff ,...,1  are arbitrarily behaved real-valued functions of 

1n  variables. Then there exist functions 
  11  n

k RCg ,  mk ,1 , such that 

    





m

k

nkk
kgF

1

1,1, ,..., xaxax ,    
nRx .                        (1) 

 İn this paper we show that if 2m , then the  representation of  

generalized ridge function (1) satisfied for   12  n
k RCg .  

 

2.The smoothness problem in generalized ridge function representation 

 

Lemma 1. Let 0p  and 

        np
nnnnn RCxxxfxxxfxxF   ,,...,,,...,,..., 21212111 . 

Then 

      1
2111211 0,,...,,,..., 

  np
nnn RCxxfxxxf . 

Proof of Lemma 1. İndeed, it follows from equations 

     nnnnn xxxfxxxfxxF ,,...,,,...,,..., 21212111   , 
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     nnnnn xxxfxxfxxxF ,,...,0,,...,,0,,..., 21221121    

that 

     0,,...,,,..., 2111211 nnn xxfxxxf  

      1
211 ,0,,...,,..., 

  np
dnn RCxxxFxxF . 

This comletes the proof of the Lemma. 

Lemma 2. Let 0p  and 

        np
nnnnn RCxxxfxxxfxxF   ,,...,,,...,,..., 21212111 . 

Then there exist functions 

 1211 ,,...,  nn xxxg ,     1
212 ,,..., 

  np
nn RCxxxg  

such that 

     nnnnn xxxgxxxgxxF ,,...,,,...,,..., 21212111   . 

Proof of Lemma 2. Let us denote 

     0,,...,,,...,,,..., 21112111211   nnnnn xxfxxxfxxxg , 

     0,,...,,,...,,,..., 211212212   nnnnn xxfxxxfxxxg . 

It follows from the Lemma 1 that   1
1

 np RCg  and the following equation is 

satisfied 

       nnnnn xxxfxxxfxxF ,,...,,,...,,..., 21212111  

      0,,...,,,..., 2111211 nnn xxfxxxf  

      0,,...,,,..., 211212 nnn xxfxxxf  

   nnnn xxxgxxxg ,,...,,,..., 2121211   . 
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It follows that 

        1
12111212 ,,...,,...,,,..., 
  np

nnnnn RCxxxgxxFxxxg . 

This comletes the proof of the Lemma. 

Lemma 3. Let 0p  and  1,11,1 ,..., naа ,  1,21,2 ,..., naа  is non-

eqiavalent vector system  in 
nR . If 

     xaxaxaxax  


1,21,2
2

1,11,1
1 ,...,,..., nn

ffF ,           (2) 

then there exist functions   1
21,  np RCgg , such that 

     xaxaxaxax  


1,21,2
2

1,11,1
1 ,...,,..., nn

ggF .         (3) 

Proof of Lemma 3. We assume that the system  1,11,1 ,..., naа , 

 1,21,2 ,..., naа  is non-equivalent vector system. Then there exist the unit  vectors 

21,..., ncc   such that             

       211,21,21,11,1 ,...,,...,,...,   nnn ccspanaаspanaаspan . 

Therefore, there exist the vectors 
1n

c  and 
n

c  such that the following equations 

hold: 

   1211,11,1 ,,...,,...,   nnn cccspanaаspan , 

   nnn cccspanaаspan ,,...,,..., 211,21,2   . 

İn other words, the systems   1,11,1 ,..., naа  and  121 ,,...,  nn ccc , 

 1,21,2 ,..., naа  and  nn ccc ,,..., 21 
 are equivalent. Then we can write equation 

(2) in the form 

     xcxcxcxcxcxcx  


nnnn
ffF ,,...,,,..., 21
2

121
1      (4) 
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İf we adopt the notation 














xc

xc

n
ny

y

........

1
1

 

then the equation (4) can be rewritten as follows 

     xFyyF n,...,
~

1  

      np
nnnn RCyyyfyyyf   ,,...,

~
,,...,

~
2121211 . 

According to Lemma 2, there exist functions   1
21

~,~  np RCgg  such that 

     nnnnn yyygyyygyyF ,,...,~,,...,~,...,
~

21212111   . 

Therefore, we have 

          nnnnn yyygyyygyyFF ,,...,~,,...,~,...,
~

21212111x  

   xcxcxcxcxcxc   nnnn gg ,,...,~1,,...,~ 21
2

121
1 .        (5) 

Since the vector systems  1,11,1 ,..., naа  and  121 ,,...,  nn ccc , 

 1,21,2 ,..., naа  and  nn ccc ,,..., 21 
  are equivalent, we can express the 

equation (5) of  the form 

     xaxaxaxax  


1,21,2
2

1,11,1
1 ,...,,..., nn

ggF . 

This completes the proof of the Lemma 3. 

Lemma 4. Let 
11,..., naа  are any linearly independent vectors in 

nR  

and the vector 
nRl   is not perpendicular to the vector space  11,..., naаspan . 

Then for any function       12
11,..., 
  n

n RCuu u  there exist a 
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continuously differentiable generalized ridge function of the form 

   xaxax  11 ,..., nf  such that 

   xaxax 


 11 ,..., n

l
  

for any 
nRx . 

Proof of Lemma 4. It follows from Remark 1 that without loss of 

generality, we can assume that the vectors 
11,..., naа  are unit and mutually 

perpendicular. Denote by 
0

a  the unit vector, perpendicular to the vectors 

11,..., naа . Let 







1

0

n

p

p
pl a . 

 As the vector 
nRl   is not perpendicular to the vector space 

 11,..., naаspan , then 

0
1

1

2
0  





n

p
p . 

 Denote 

      

 









1

1

0
11

0

,...,,,
1

n

p

p
p

dttsts n

xa

xxx






, 

where 

   













 





1

,1

2

0

1
,

n

kpp

p
kp

k
pkk tts xaax 


,   1,...,1  nk . 

It follows from equations 

   


 
xaxax

a

11

0

,..., nk

k





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       

 






























1

1

0

1

,1
112

0

,...,,,
1

n

p

p
p

dttsts
u

n

kjj
jkn

j

xa

xx







, 

 

     

 






























1

1

0

1

,1

2
112

0

,...,,,
1

n

p

p
p

dttsts
u

n

kpp
pn

k

xa

xx







,  1,...,1  nk , 

  0
0





x

a
 

that 

     xaxax
a

x 







 





11
1

0

,..., n
n

k
kk

l
 . 

On the other side, it follows from   0
0





x

a
 that the function   is of 

the form    xaxax  11 ,..., nf . This completes the proof of the Lemma 4. 

Theorem 2.  Let 2m  and the function 
  nm RCF   is of the form 

    





m

k

nkk
kfF

1

1,1, ,..., xaxax ,    
nRx .                        (6) 

where  1,11,1 ,..., naа ,...,  1,1, ,..., nmm aа  are fixed pairwise non-eqiavalent 

vector systems  in 
nR , mff ,...,1  are arbitrarily behaved real-valued functions of 

1n  variables. Then there exist functions 
  12  n

k RCg ,  mk ,1 , such that 

    





m

k

nkk
kgF

1

1,1, ,..., xaxax ,    
nRx .                        (7) 

Proof of Theorem 2. We will prove the theorem using the method of 

mathematical induction. In the case 2m  theorem follows from Lemma 3. 

Assume that the theorem is true in the case 1m . We will show that it also holds 

for  m . Since the function    nm RCF   can be represented by (6), it follows 
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from Theorem 1 that there exist the functions  
  11  n

k RCh , mk ...1 , such 

that 

    





m

k

nkk
khF

1

1,1, ,..., xaxax .                                 (8) 

Thus, we obtain that 

    







 






 1

1

1,1,
1

1

, ,...,
m

k

nkk

i

k
n

i
m

ik

m u

h
l

l

F
xaxaax ,              (9) 

where ml  is a unit vector, perpendicular to the vector systems  1,1, ,..., nmm aа . It 

follows from (9) that 

      nm
m

k

nkk
k

m

RCh
l

F 1
1

1

1,1, ,...,
~ 











  xaxax .             (10) 

Then, by the principle of mathematical induction, we obtain that there exist 

functions 
  12~  n

k RCg , 1,...,1  mk , such that
 

    







 m

k

nkk
k

m

g
l

F

1

1,1, ,...,~ xaxax . 

According to Lemma 4, there exist functions 

      121,1, ,..., 
  nnkk

kk RCg xaxax ,
 

1,1  mk  

such that
 

   xaxax  




 1,1, ,...,~ nkk
k

m

k g
l


,  1,1  mk . 

Then it follows from (10) that we can write it in the form of
 

    0
1

1



















m

k
k

m

F
l

xx  .                                     (11) 
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İt follows from (11) that the difference    





1

1

m

k
kF xx   does not depend on the 

direction  ml . Therefore there exist the function RRg n
m 1:  such that

 

     xaxaxx 







1,1,

1

1

,..., nmm
m

k
mk gF  .                        (12) 

Taking into account the expression of the functions, it follows that equation (7) is 

satisfied. Given the conditions 
  12  n

k RCg , 1,1  mk  and 

  nm RCF   it follows from (12) that 
  12  n

m RCg . This completes the 

proof of the Theorem 2. 
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