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Abstract

An optimal control problem for an elliptic equation with periodic boundary condition is
considered. The correctness of the problem statement is investigated. The theorem on the
existence and uniqueness of the solution to the considered optimal control problem is
proved. It is proved that the objective functional is differentiable and an explicit
expression for its gradient is derived. Necessary and sufficient conditions for the
optimality of the controls are obtained.
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1. Introduction

Optimal control problems for elliptic equations arise in the fields of elasticity
theory, heat transfer, convection-diffusion-reaction, and environmental
forecasting [1-3]. Such problems have been studied quite thoroughly for elliptic
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equations with classical boundary conditions [4-11]. However, these problems
have been less studied in the case of periodic boundary conditions.

2. Statement of the problem and its correctness

Let Q= {X = (X, X,) € R" 10 <x,< 1, i zﬁ} be a parallelepiped in R".
Let us denote by V\721(Q) the subspace formed by the | - periodic elements of
W,(Q) , ie the elements u=u(x)eW;(Q) satisfying the condition

u|x:0 :u|ler,i:ﬁ. In this work, the scalar product in the space LZ(Q) is

denoted by(u,v), and the norm is denoted by the symbol||u||. Let us consider the

following optimal control problem: it is required to minimize the functional

2 2

J (V) :I|u(x,v)—z(x)| dx+aj.v (x)dx (1)
Q Q
under the following conditions
—Zi k(x)a—u +a(u=v(x), xeQ, (2)
i1 OX; oX;

ul, =, i=1,n, (3)
02 ko et

Xl o Xl
v=v(x) eV c L,(Q) (5)

Here o > Qis a given number, V < LZ(Q) isagivenset, v=Vv(x) eV < LZ(Q) is
a control, kK(x), a(x), z(x) are given measurable functions satisfying the

following conditions
O<v<k(X)<u, O<y<a(X)<py,, XeQ,

v, i, i, 1, =const,  z(x) e L,(Q). (6)
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Definition 1. The generalized solution to the boundary value problem (2)-(4) in
the space Wzl(Q) for each fixed v=V(X) e LZ(Q) is called the function

u=u(x)=u(x,v) EVVZI(Q) that it satisfies the following integral identity for
Vi =n(x) eW;(Q):

L(u,7) = j (Z k(x)%%+a(x)u n]dx = j v(X)ndx. (7)

Theorem 1. Assume that conditions (6) are satisfied. Then, for each fixed

vel, (Q), there can be at most one generalized solution to the boundary value

problem (2)-(4) in the space Wzl(Q) and the estimate
U= MalM ®

1

is hold. Here M, = (,ulyS)_E

Proof. Consider the quadratic form L(u,u). If we choose 7=Uin (7) and

taking into account the inequalities (6), we obtain

L(u,u) = jz k(x)( ] +a(X)u? [dx >

O i=1

> | (W2 + 20 Jax = vju, | + saa|ulf 9)

Q
2
here uf :z[ﬁ_uj .
i1\ OX;

According to “Cauchy inequality with €” [11, p.33] when & 2%, we obtain the

following inequality:

L(u,u) = (vu) < vjul < 2l + MIIVII (10)
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It follows from (9) and (10) that:
Vux 2+ﬂuzgivzl

Hence we obtain the following inequality:

1
HiHs

Ju < —=— "

Here 1, =min(2v, i).

From here the estimation (8) is obtained. From estimate (8) it is clear that for

v =0 the solution U(X) must be equal to zero, and, therefore, problem (2)-(4) can

have no more than one generalized solution from Wzl(Q). The theorem is proved.

Theorem 2. If conditions (6) are satisfied, then for every v e LZ(Q) there

exists a generalized solution to the problem (2)-(4) from the space WZI(Q).

Proof. Let us define a new scalar product and norm in the space V\721(Q):
[u,v]:ié(k(x)j—i%+a(x)uv}dx, ul, =~/(u,u).

This scalar product is identical to the following scalar product of the space

A

W, (Q):

[ Oou ov
UV hiz(a) = IZ[—8—+ uvjdx.
Q

i1 \ OX; OX;
Therefore, the identity (7) can be represented as follows:

[u,7]=(v.m). (11
When v e LZ(Q) is specified, the expression (V,77) defines a linear functional

depending on7} in the space V\721(Q). Besides that, since
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()< vl < M|V,

the functional is bounded. Here the constant M, > 0 does not depend onV and7.

Then according to Ritz theorem[12, p.75], there is a unique function F eV\?zl(Q)
such that

v.n]=[F.n} vneW; (Q)
From this and from (11) it follows that, there is only one function u=F in space

V\721(Q) which satisfies the identity (7). The theorem is proved.

Theorem 3. Suppose that conditions (6) are satisfied and the set V is a closed,
convex and bounded set in the space L, (Q) Then the optimal controls set V., of
problem (1)-(5) is not empty, but is closed, convex and bounded, and any
minimizing sequence in the space LZ(Q) converges weakly to the set V..

Moreover, if a >0, then the set V, consists in the only one point
V. =V.(X) €V, and the arbitrary minimizing sequence converges to the element

V.. according to the norm of the space LZ(Q)

Proof. Note that the functional (1) under conditions (2)-(4) is convex on
LZ(Q) This follows from the linearity of the solution U =U(X,V) of the boundary
value problem (2)-(4) for the control v e LZ(Q), and from the convexity of the
function |u —Z|2 for ueR. In addition, if @ >0, then the functional (1) as the

sum of a convex and a strongly convex functional is strongly convex on I_Z(Q)

Let us show that the functional (1) under conditions (2)-(4) is continuous on
L,(Q) Let v=v(x) e L(Q2) be some element, {v, =V, (X)}< L,(Q) be an
arbitrary sequence, such that

V, (X) = v(X) strongly in LZ(Q) (12)
According to Theorems 1 and 2, each control v, =V, (X) € LZ(Q) corresponds to
a unique generalized solution u(X,V,) eVVZl(Q) of the boundary value problem

(2)-(4). We denote W, (X) =u(x,V,)—Uu(x,V), X e Q. From (7) it follows that the
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identity is satisfied
i (izn;k(x)iw—xikg—zm(x)wkn]dx - i (v, (X) =V(X) Jycix,

v =n(x) W (Q).
From this it follows from Theorem 1 that the following estimate is valid:

”Zk”wzl(g) <M, v, —v|
Then, by virtue of (12), we have

Uu(X,V, ) = U(X,V) strongly inW;(Q2). (13)

From this and (12), (13) we obtain that J(v,) — J(V)for K — oo, i.e. functional
(1) is continuous on Lz(Q). Then, by virtue of Theorem 5 from [13, p.52],
functional (1) is weakly lower semicontinuous on LZ(Q) In addition, the set Vis
convex, closed, and bounded in the space LZ(Q) Therefore, the validity of

Theorem 3 follows from [13, p.49, Theorem 2, p.51, Theorem 4; p.55, Theorem 8].
Theorem 3 is proved.

3. Differention of the objective functional and optimality criterion

Consider the adjoint problem corresponding to the problem (1)-(5):

—Zi k(x)a—l// +a()y =2u(x,v)-z2(x)] xeQ, (14)
i1 OX oX;
l//|xi=0 = l//|xi=li ! i Zﬁ’ (15)
k0¥ kY |, i=in (16)
0 i [x.=0 aXi X =I.

Definition 2. The generalized solution to the boundary value problem (14)-(16)
in the space Wzl(Q) for each fixed v=v(X)eL, (Q) is called the function

v =y (X)=w(XV) EV\?ZI(Q) such that it satisfies the following integral identity

forVn =n(x) e W, (Q):
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I(ik(x)%%+awn]dx: ZI[u(x,v)— z(X) Jpdx. (17)

Q

From Theorems 1 and 2, it follows that for each v e LQ(Q) there exists a unique

generalized solution to the problem (14)-(16) from the space Wzl(Q) and the

following estimation is hold:

I s = 20 [2M M+ 2] (18)

Here M, >0 is a constant.
Theorem 4. Let conditions (6) be satisfied. Then the functional (1) is Fréchet
continuous differentiable in the space LZ(Q) and its gradient at the point

vel, (Q) is determined by the following equality
J (V) = (X,V) +2av(X), XeQ. (19)

Proof. Let us choose the controls V,V+AVe LQ(Q) and assume that
Au(x,V) =u(X,v+Av)—u(x,V).Then from the conditions (2)-(4),it follows that

Au is the generalized solution to the following boundary problem:

—Zi[k(x)%—uJﬂxAu:Av, XeQ, (20)
i1 OX, oX;
Au, o =Au, i=1n, (21)
K(x )aﬂ k02 i-in e
X;=0 ' xi=l;

A generalized solution to this problem satisfies the following integral identity

for arbitrary 17 =7(X) ewzl(Q):
I(Z k(X )aAu 677 +aAu n}dx jAvndx (23)

The estimation (8) in Theorem 1 shows that
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<
[Aullys()< M AV] (24)

for a function Au satisfying the identity (23). Here M, >0 is a constant which

does not depend on Av.
Now let us consider the increment of the functional (1):

AJ(V)=J(V+AV)—J (V) = J.|u(x,v+Av) - z(x)|2dx—f|u(x,v) - z(x)|2dx+

+ aI (vV+ AV)ZdX—aIVZdX = 2] [u(x,v) — z(x)]au(x, v)dx +I|Au(x,v)|2dx +
+ aJ. (2VAV + Av?)dX. (25)

If we choose 7 =AUin the identity (17) and 7=y in the identity (23) and
subtract the resulting equations side by side, we obtain the following equation

Zj [u(x,v) — z(x)]Audx = jyxAvdx.
Q Q
Substituting this equation into (24), we obtain

AJ (V) = j (v + 2av)Avdx + R, (26)
Q

where

R= I|Au(x,v)|2dx+ - aI AVZdX.
Q Q

From the estimation (24) and the expression of R, we obtain thatR = 0(||AV||). It
follows from (26) that the functional J (V) is differentiable in the space LZ(Q) and
its gradient at the pointv e Lz(Q) is determined by the equality (19). Using
identity (19) and inequality (18), it can be show that the functionaIJ'(V) is

continuous in LZ(Q) The theorem is proved.

The following theorem expresses the optimality criterion for the problem (1)-
(5) and its accuracy is derived from the sign of optimality for smooth convex
functionals[13, p.28].
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Theorem 5. The satisfaction of the following inequality is necessary and
sufficient for the optimality of control v, =V,(X) €V in problem (1)-(5):

j (y. +2av.)(V—V.)dx >0, (27)
Q

Vv =v(x)eV.

Here, the function . =w(X,V.) is the solution to the problem (14)-(16)
corresponding to the control v=V,. If v, eintV, then the inequality (27) is
equivalent to the equality

v.(X)+2av.(X) =0, xeQ.
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