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Abstract

In this paper is studied the spectral problem for a discontinuous second order
differential operator with a summabl potential function and a spectral parameter in
conjugation conditions, that arises by solving the problem on vibrations of a loaded string
with free ends. In the case of a summable potential function, using abstract theorems on
the stability of basis properties of multiple systems in a Banach space with respect to
certain transformations, as well as theorems on the completeness and minimality of the
system of eigenfunctions of the spectral problem in the spaces L,®C and L,.
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Consider the following spectral problem with a point of discontinuity:

I(y)=—y" () + Ay = Ay, X [o%ju@ ,1} "

y'(0)=Yy'(D) =0,

oy
{Eooonf]

here, A is spectral parameter, q(X)is a complex-valued function summing over

the interval (0,1), m is complex nuber, and M= 0. Such spectral problems arise
when the problem of vibrations of a loaded string with fixed ends is solved by
applying the Fourier method [1-3]. The case of boundary conditions
corresponding to a string with fixed ends (i.e. when instead of the boundary
conditions Y'(0)=y'(1)) =0 in (2) Yy(0) = y(1) =0 are taken), is investigated in
[4-10]. In [11], the asymptotic expressions for the eigenvalues and eigenfunctions
of problem (1)—(2) in the case q(x) were obtained, a linearization operator was
constructed, and theorems on completeness and minimality were rigorously
established. Furthermore, [12,13] in the case q(x) investigated the basis

properties of the eigenfunctions of this problem in the spaces L, (O,l)@C and

Morrey spaces, respectively.

This work is a continuation of [14] and investigates the completeness and
minimality of the system of eigenfunctions of the spectral problem (1)-(2) in the

spaces Lp(O,l) and Lp(O,l)GB C.

2. Necessary information and preliminary results
The spectral problem (1)-(2) has two series of eigenvalues, which are of the

form A4, =p5,i=12;neZ",Z" =N U {0} where the numbers P, are the
zeros of the characteristic determinant A(p) and A(p) is defined as follows:
Ap)=det|u, , (y, }‘ jk=12v=14. (3)

Here, yll(x) and ylz(x) constitute a fundamental system of solutions for

equation (1) on the interval [O,%} while y21(x) and yzz(x) form the

1
fundamental system of solutions for the same equation on the interval I:g 1 [and
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According to [15], they are in the following asymptotic forms:

v, (x)= e [1], y,(x)=e"1] x e [O, ﬂ

Y21(X) = eip[sz [1]’ yzz(x) = eiip(X%j [1], Xe [% ’11

1
Here and throughout the paper, the notation [a] =a+ O(—j is employed.
Yo

The following theorems have been proven in [14].
Theorem 1. The eigenvalues of problem (1)-(2) are asymptotically simple and

consist of two series: A, = poy,i=12neZ*, 2" =NuU {0} and the following

asymptotic expressions hold for p; ..

Py, =3+ 377[ + O(E)

n
3m 37 1Y
Pon = T+T+O[HJ
Teorem 2. Suppose that the function q(x) satisfies the conditions of Theorem 1.
Then, for the eigenvalues A, =p’,,i=l2neZ*,Z" =Ny {0} the
corresponding eigenfunctions Y, , (X) satisfy the following asymptotic formulas:
3

COS(37Zﬂ + ?ﬂ}x + 0(%), X e [0, ﬂ
{5 e
o) o]

Yon =
cos(Bﬂ + 3—”j(l— X)+ O(lj, X € F ;1}
2 4 n 3

Additionally, the following formula for A(p) is derived in [14]:
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A(p)= psin B(ﬂl +B,sin? £ 4 O(ED +
’ oV (4)

+ pmeos2 —2p?mcos* £ +0 1)
3 3 Yo,

Here, f, =—3+2mq —maq,, B, =4+2mg, —2ma,.
We will use the following known inequalities

sin p| < Ce""sm"’,|cos ol < cel?lsine. (5)

where p = re“/’, 0 < @ < 7. Besides, outside of circles of the same radius ¢ with
centres in zero of Sin p the following estimation is true

[sin p| > m e, (6)
From estimations (5) , (6) and from the formula (4) it follows that at great values
of |p| outside circles Kj’n(é‘): {p:‘p—pm <5} of radius & with the centres

in zero of A(p) the following estimation is true.
A(p) = M re™. (7)
3. Construction of the Green’s function and the resolvents of the linearized
operator
Now let’s pass to construction of the Green’s function of problem (1)- (2). it is
defined as a kernel of integral representation for solution of the corresponding
non-homogeneous problem
—y"+a(x)y = p*y+ f(x), (8)
satisfying boundary conditions (2). The solution of problem (8),(2) will be sought
in the form

y,(x), forxe {Oﬂ
y(x) =

y,(x), forxe E ,l} ©)

where
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g0 p) F(E)dE, x{o,

Wl
| |

Y1 (X) =Cp Y11 (X) +Cpo Y, (X) +

O 0 |

i 1 (10)
1209 =€ Y00+ S0+ [0, ) (0 x| 11

3

w

_-i(eip(x’f) _e*ip(x"’f))’ O < X< g < %’
2ip

g0 =1 )
-_(eip(x—i) _ e—iﬂ(x—f)), 0<x< é‘ < %,
2ip
_Z_L(eip(x—f) _e—ip(x-f)), % <x<é<1,
1p
9,(x,&,p) = 1 1 12
__(eip(xfi) _ e*iﬂ(xff)), —<x<&<LL
2ip 3

Let us require that the function (9) satisfies the boundary conditions (2). Then for
definition of numbers Cj’k we obtain the system of algebraic equations
1

U, () =>CU, (v )+ [Uu(@) F(©)de+
b 0 (13)

+ij2(9) f(&)dE=0,v =14

3
Let’s define numbers CJ-’k from (13) and substituting their values in (10), for

solving the problem (8), (10) we obtain the formula
1

) =[Gl ) (2 + [ Gl ) (), e 0|

3
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) =[Gl )2+ [ Gt ) F (), e 0|

3
where
9 Vi1 Yio 0 0
1 U9 U,(vi) U,(Vi,) Ua(Va)  Uu(Ya)
Gutx ) (g =g D P T B
v=14
0 Y11 Y12 0 0
U,, U,(Ys U,i(Yi2)  U,a(Ya)  U,oYa
Glz(x,f,p)f(é)d§=A(lp)mV (9) (Y1) (Y1) (Yz1) (Y2.)
v=14
0 0 0 Yo Y2,
U 1 le 11 le 12 UVZ 21 UVZ 22
G“(X’g’p)f(é)dfj(lp)...”(g) (Y1) ...(y ) (¥V21) (¥2)
v =14
g 0 0 Yo Yoo

Ul le 11 le 12 Uv2 21 UvZ 22
Gzz(x,f,p)f(é)d§=A(1m”‘”(g) (Y1) m(y) (Y21) (Y22)

U(0) == €W+ 1)  Un(@=0. Un(@)=0,
2ip

Una(@) =5 070+ ) Uoy() = {ei"[”][l]—ei’{”}[l]}

U,,(g) = 2|1p [eip[si][l] _ eip(st[l]} U,,(g) = 2|1p [eip(35j[1] + eip[sé)[l]}

U.n(9) - ;[eip[“)ﬂ] v [ﬂ] ' /;i,r)n(eip[“J[ll - eip[“][l]] (14
14

Let’s substitute (13), (3) and (4) in determinants of formula for ij(X,f,p).

Transforming the received determinants similar to [15, p. 95], and then opening
them, we obtain the formula for the Green’s function components. We'll
formulate it as a lemma.
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Lemma 1. For the Green’s function components ij (x,&, p) of the problem
(1), (2) the following expressions are true:

Gu(,&,p) = p%e" 1] - (;)[Ze-'Pm npme-‘pm—ipmeiip[l]}eiﬂ*e‘%’—

2

yo,
P

£2e'p [1] +ipme = 3[]+ipme"” [1]]e'pxe"p§ [1-

[>

N—"

[>
Nb

A
(p)(Ze'p[l] +ipme 1]l e ¥4 1], XE|: }ée{ }

(Ze“’ [1] + 2ipme E [1] +ipme®” [1]]e"’xe"’f [1]- (15)

[>

2ip

Gu(x,£,p) =26 e tie e l[l](e T[] -e e 3Jeip<fl>[1]](e2‘m[1]+1) (16)

Gu( &) 267 1Tl 1 ][1](e'pei s, 'P*[1]+1J(e4'3p[1]+e“( ‘sjmj 17)

glrlx

G,(X & p)==%p

((1 pm)e * [1- (WLt ipm)e? [1]+e_2~°"p[1]j
(p)

xeip[x_3jeipf[1]+ P (e S - ipme * 11 e4'3p[1]] - 3jeip~f[1]—
Alp)

2 2ip 4ip

- [ L+ipm)e * [1] - (3+npm)e3[1]] [“]eiﬂf[l]— (18)
Alp)

(2 ((1+Ipm) (1+|pm)eZI3p[l]] (ijeiﬂﬁ[l], X€|: }fe{ }
Yo,

>

Let us now proceed to the construction of linearizing operator. By
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1 1
ka(O,gj@W:(g,lj we denote a space functions whose contractions on

segments {0,%} and [% ,1} belong correspondingly to Sobolev spaces W;‘ (0,%)

and W’f (% ,1} Let’s define the operator L in L (0,1)@® C as follows:

i=L,(01)®C:u= (u, mu(%D,u ew;(o,%j@w;@ ,1}
D(L) = 1 . (19)
u’'(0)=u'@d) =0, u[é - 0) = u(g + Oj,

and for U =D(L)

Lu :(—u”;u’[é—OJ—u’[%+Oj,0 € D(L)J. (20)

Lemma 2. Operator defined by the formula (19), (20) is a linear closed
operator with dense definitional domain in Lp(O,l)G-) C. Eigenvalues of the

operator L and problem (1), (2) coincide, and {l]i'n} are eigenvectors of

i=1,2;nez”

the operator L, where Z" =N U {0},

g, = (ui,n(x); mui’n(%n, i=12 neZ".

Proof. To prove the first part of the lemma we take G(u, r) L, (01)@c

and we define the functional F(U) as follows:
. 1
FU)=mu| = |-c.
@=m[ 3]
Let us assume
U,(d)=U,(u)v=123.

Then F.U,,v=123 are bounded linear functionals on

p p

Wk(o,%) W k(% ,1) @® C, but unbounded on Lp (0,1)@ C. Therefore (see, for

example, [16, pp. 27-29]) the set
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D(L)= {o =(u,)u ewpz(o,%j uwpz(% ,1), F(G)=U,(0)=0,v =1,2,3}

is everywhere dense in Lp(0,1)® C, and L is a closed operator as contraction of

corresponding closed maximal operator.
The second part of the lemma is verified directly. The lemma is proved.
For construction resolvent of operator L, consider the equation

LG—A0 = f, (21)
where U € D(L), f= (f ,,B)e Lp(O,l)@ C. We can rewrite equation (22) in the

form of
—-u"=Au+f,

[ 1 (1 1)
u [— 5) —-u (5) —Amu (5) =p, (22)

U,(u)=0v=123.
Lemma 3. For solution U = (u, mu (%)) of the equation (22) it holds the

following representations

u(x, p)= 22 2 [ezép[l] ve s [1])(eipx [1]+e 7 [1])+

Alp)
; ) (23)
+[8u0u 60 1€ + [ Gt ) ()0 xe 0.3,
u(x, p)= ff’pz) [elg[l] ve s [1]J(e‘f’<“>[1] +e 0]+
(24)

+

Gl ) ()2 + [ G022V 10005, x| 21|

3

O 0 |



Ahmadov A.Q / Journal of Mathematics & Computer Sciences v. 1 (4) (2024)

u(% , pj - Aﬂ(ppz) (e?[l] + eﬁ:[l]J(eig[l] + eig[1]] +

(25)

+

O 0 |

00 6.9) 1€ + [ G2, 2) 10005, x<] 03]

3
Proof. The solution of (22) will be sought in the form

1
Cllyll(x) + Clzylz(x) + yl(x)! Xe {01 5}
u(x, p)= . (26)
Co1Ya1(X) +Cpp Yoo (X) + Y, (X), Xe |:§ ,1}

where yl(x) and yz(X)are defined by (13). Since y(x), defined by (9) satisfies
boundary conditions (2), then

U,(u)=0,v=123. (27)
Let's demand the function u(X,p) satisfy  boundary  conditions
U,(u)=0,v=123,U,(u)=f. Then taking into account (27) from (26) we
obtain

{CMU (Y1) +CU L (Y1) + CoU 5 (YV2) + CoU L, (Ya0), v =1.2,3;
CoU 41 (V11) + C U4y (Vin) + CoU 4o (Vo) + CoU 0 (Y,,) = B.

Solving this system with respect to unknowns ijk ,we get

C,= _iun(ylz)[u 22(Y2:)U35(Y22) _Uzz(Y22)U32(YZ1)]’
Alp)

Cp= LUM(YH)[U 22(Y21)U 32 (Y22) —U 5(¥22)U 32(y21)],

Co= %Uzz(yzz )[Ull(Y11)U 21(Y12) — U11(Y12)U31(Y11)]’

C22 = _iU22(y21)[Ull(yll)U3l(y12) _Ull(y12)U3l(y11)]'
Ap)

Substituting the received values of the coefficients Cj’k in (26) and taking into
account formula (3) ,(15)-(18) , we obtain the validity of formulas (23) and (24) .
And formula (25) is obtained from (24) ( or from (23) ) by substitution X = %.
Lemma is proved.

4. Completeness of the eigenfunctions in spaces Lp(O,l)@ C and Lp(O,l)
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Theorem 3. System {)7i’n }
L,(01)@C,1< p<oo.

Proof. To prove the completeness of the system of eigenfunctions of the
operator L in Lp(O,l)G-)C we need to get the estimation of the resolvent of the

4 9z of eigenvectors of the operator L is complete in

operator L at great values of |p| Assume G(é’):C\UKj’n(é‘). From the
j.n

representations (24), (25) considering the inequalities (5) —(7) we obtain the
inequality

C,
o)< Pl p=6) It

which fairly uniform on X € [0,1] From the last estimation it follows that for the
resolvent R(4)=(L -l )7l of the operator L outside of the above-stated circles
the following estimation is true
C
HR(pZ]\ <22 g2, (28)
el
Having estimation (28), by a standard method (see for example [17]) we obtain
that eigenfunctions of operator L form a complete system in Lp(0,1)® C.
Let us note that the system {Oi,n }i:1 - of eigenvectors of the operator L has a
. . . . = 1
biorthogonal-conjugate system {Vi'n }i:l,z;nez” whereV, =V, (X);mv,, 3

that are the system of eigenvectors of the conjugate operator L*, which in its turn
is the linearized operator of the conjugate spectral problem:

—V'+q(XV=Av, Xe (0; %) U (% ,1), (1)
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v'(0)=V'()) =0,

v(% - 0) = v(% + 0], (29)

v'(1 - Oj - v'(l + Oj = imv[lj.
3 3 3

Taking into account this by Theorem 3 we obtain
Corollary. System {f/ivn} of the eigenvectors of the operator L is

i=1,2;nez*
complete and minimal in L, (0)®C,1< p<w,

Now let us consider the completeness and minimality of a system
{Ui,n}i:1 S of eigenfunctions of the problem (1), (2). It is clear that this system
is overflowing in Lp(O,l) one function of this system is unnecessary. Let us clarify

the following question: Which function can be excluded from the system while
maintaining the properties of completeness and minimality and which can not?
The answer to this question is given by the following theorem.

Theorem 4. Let N, be some number from the set of indexes Z". Then the

system obtained from the system {yiyn} by excluding an arbitrary function

i=1,2;nez*
Yin,» Where for nycondition V; . 3 # 0 is satisfied, is complete and minimal in
the spac Lp (0,1), 1< p<oo.

Proof. According to the above mentioned, the system {Oi’n }i:1 — has a

3
And Vin, (X) are eigenfunctions of the adjoint problem (1* ), (2*) According to this

- . — (1
biortogonal- conjugated system {Vi'n }iZl sz WhereV; = (Vi'n(X); mv; , (—D,

1
formula, if condition v; (g # Ois satisfied for some N, € Z",then all conditions

of theorem from [17] (see also [18]) are satisfied, from which the validity of the
statement of our theorem is obtained.
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