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Abstract

A mixed problem for nonlinear hyperbolic equations with nonlinear acoustic transmission
condition is considered. The theorem on existence and uniqueness of solutions for this
problem is proved by the semigroup method.
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1. Introduction

Let Q be a bounded domain in Q c R® with smooth boundary '}, Q, cQ
is a subdomain with smooth boundary I', and leQ\(QZUFZ) is the
subdomain with boundary I'=T; UT,, I, NI, =@.

The nonlinear transmission acoustic problem considered here is
Uy —AU+au +u+ f (U)=0 in € x(0,x), (1)
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vy —Av+a, +0+ f,(0)=0 in Q,x(0,), (2)
Sy + 5, +5=—-U, on I',x(0,00), (3)
u=0 on Fx(O,oo), (4)
ou 0

u=o, @:5—6—5+p(ut) on T, x(0,) , (5)
u(x,0)=uy(x), u(x,0)=u,(x), xeQ,, (6)
v(x,0)=0,(x), v (x,0)=v,(x), xeQ,, (7)

ou, Ou,

5()(’0):50()()' d(x’o):a_‘s_a_v+p(u1)zél(x)' xel,, (8)

where v is the outward normal to the boundary T'; o; >0 (i :1,2) and >0
are constants; f.,p: R—>R (i =1,2), Uy, U, f_Zl —->R, u,u: §_22 - R,
6, : I', & R are given functions.

The problems like (1)-(8), called transmission acoustic problems, are
related to the problem of two wave equations which models the transverse

acoustic vibrations of the membrane composed by two different materials €2,

and Q2,.

Transmission problems were studied, for example, in [4-6, 13]. The
acoustic boundary conditions were studied in [1-3], [7-8], [11-12].

The problems like (1)-(8) with linear acoustic conditions were studied in
[23-25] in which some results on local existence, global existence, the exponential
stability and blow up results were obtained.

In this paper we prove the theorem on existence and uniqueness of weak
solutions for the problem (1)-(8) with nonlinear acoustic transmission condition.

2. Preliminary

The inner product and norm in LZ(Qi), i=12 and L? (Fz) are denoted
respectively, by

(u.0), = Ju(xo(x)d

o i

12

,1=12,

'—;

e}
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. <6<x>)2drzj& |

I,

ja x)dT,,

Hl(Qi ), i=1,2 are the usual real Sobolev spaces of first order. We define a

closed subspace of the space H l(Ql) as
HL(Q,)={ueHQ,): 7,u)=0 aeon T},
where y,: H(Q,)—> HY?(T") is the trace map of order zero and Hllz(F) is

1
the Sobolev space of order E defined over I', as introduced by Lions and

Magenes [10]. Observe that the norm in H (Q ):

wlg12) o

and the norm of the real Sobolev space Hl(Ql) are equivalent, because the

Jul

Poincaré’s inequality holds in Hé(Ql). Thus, we consider Hé(Ql) with the
above gradient norm.
The map ;. H(A,Ql)UH(A,QZ)—) H_M(FZ) is the Neumann trace
mapon H(A,Q,)UH(A,Q,) and
H(A,Q)={ueH Q) Aue’(@) }, i=12

are equipped with the norms

1/2
Jull = (Tl AW ) i =2.

Assume that

f,eC'(R), |f/(s)|<cy (1+5°), ¢; 20,i=12, (9)
liminf 'i )>—1, i=12. (10)

‘S‘ﬁoo
peC*(R), |p(s)|sc|s|, c>0, (11)

p(S) is monotone increasing function on (—o0,+ %) with

p(0)=0. (12)
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For some results instead of (9), we assume that the nonlinearities
f. € C?(R) satisfy the conditions
1

f(s)|<cy (1+]s]), ¢, 20, 1 =1,2. (13)

We will form the initial-boundary problem (1)-(8) in the phase space
% :{W:(Wl,wz,ws,w4,ws,we): woeHp (€)W, e P (),
w, e HY(Q,),w, e L*(Q,),w, e L*(T, ), w, e L (1“2),w1|r2 =W3|r2},
which is Hilbert space with the norm
wi, =ws e I + W

for VYW = (W, W,, Wy, W,,Ws, W, ) €V . We introduce the functional

£ (1) = o +£{ F(w)dx + [ F,(w,)dx,

Q,

2
(e,

2
2(r,

2
()

) + v

) +[wg

oy e

S
where F (S) = I f. (S)dS , 1 =1,2, which formally satisfies the equality
0

dE
B luf -alul- Ao, .

for the solution (u, ut,v,ut,é',é't) of the problem (1)-(8).
We introduce the linear unbounded operator A: D(A) cV -V,
AW = (W, , AW, —W, — W, , W, AW; — W, — a1, W,, Wy ,— W, — Wy — BW, ),
D(A)={w=(w,w,,w;,w,, W, W, ) €V : Aw, € L* (),
W, € Hl(Ql),AW3 € LZ(QZ),W4 € Hl(Qz),

%|:M|1%:Mv

r, - W3v

I I,

. +p(w2)|r2}.

The condition W; =W,

I, - W3v

. +,0(W2 )‘rz interpreted in a weak

sense as
I(AW1¢+VW1V¢)dX+ J‘ (AW, 7 + VW,V i ) dx +
o 2
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+.['0(W2) ¢dl, = IW6¢dF2 (15)

T, r,
for Vge H' (), Yy e H'(Q,) such that ¢|Fz =(,y|r2 . We introduce the
nonlinear function ®:V —V as
®(w)=(0, - f,(w,),0, - f,(w,),0,0) for YweV .
Then the problem (1)-(8) has the following form
w, = AW+ D (w),
{W(O) =W,

where W=(U,U,,0,0,,6,8,) and W, =(Ug,U,,0,,0;,8,,6,) €V .

(16)

In order to consider strong solutions, we introduce the phase space
V, = { W= (W, Wy, Wy, W, , W, W) e(Hﬁ1 ()NH? (Ql))x H*(Q,)x

xH? (Q, )x H! (@, )x H™ (T, )x H™ (T, ) wyf =wef,w, =Wl
2
W6 = le T, _W3v r +p(W2)|l—2}
2
which is Hilbert space with respect to the norm
e Y WY (4 W 1 R 1 W

WGl -
By the smoothness of the boundary I, it is easy to see that

V,=D(A)NZ,

where Z is a subspace of the space V :
z ={z = (W, Wy, Wy, W, Wy, Wy ) €V Wi, W € H (Fz)}.
Definition. Assume that W, = (uo,ul,vo,vl,é'o,él) eV . The function

weC° ([O,oo);V) is called a weak solution of the problem (16), if it satisfies the
equality

w(t)=e™w, + j'eA(”)(D (w(s))ds
0
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for Vt >0.
Let A" be the adjoint of the operator A. It can easily be proved (see [16])
that the function we C° ([O,oo);V) is a weak solution of the problem (16) only if

for each z D(A*)the function (W(-),Z)V is absolutely continuous on [O,T]

for each T > 0 and satisfies the relation

Sw(0).2), = (w(t), A2), +(@(w(v).2),

for almostall t € [0,00) and the initial condition W(O) =W,.

3. Basic results

The existence and uniqueness of solutions, as well as the regularity of
solutions of the problem (16) are established in the next theorem.

Theorem 1. Let the conditions (9)-(12) be satisfied and let W, €V . Then

there exists a unique weak solution we C° ([O,oo);V) to the problem (16).
Moreover, if W, , W, are solutions on [0,00) to the problem (16), corresponding

to two initial data W, and W,;, with ||V_\/10||V <r and ||v_v20||v <r (r>0), then

there exists a positive number € depending on r such that forall t >0
”V_Vz (t)-w, (t)”\, <e”|, _V_Vlo”v : (17)

If, in addition, we assume that the functions T, (i:1,2) satisfy

conditions (13) and that W, €V,, then the corresponding weak solution will
possess the regularity property
weCH([0,%0);V)NC°([0,%);V;) (18)
and is called a strong solution.
Theorem 1 and the fact that the system (14) is autonomous readily imply

the following assertion.
Corollary. Under conditions (9)-(12), system (16) generates strongly

continuous semigroup S (t) in the phase space V . This semigroup is defined by

the formula

S(t)(Ug, Uy, 05,01, 8,6, )= (u,u,,0,0,8,6,)
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where (u,ut,u,ut,&é‘t)ECO([O,OO);V) is the weak solution of the problem
(16) corresponding to the initial data (Uo,ul,uo,ul,50,§l) eVv.

Proof of Theorem 1. The fact that the set D(A) is dense in V can be

proved by analogy with [2, theorem 2.1]. The methods for proving the theorem in
the above indicated paper can be used to prove the fact that the operator A is

closed and dissipative, i.e., (AW, W)S 0 foreach We D(A). Indeed, since
(W, 'Wl)Hll-l(Ql) =(VW,, VYW,), + (o, W),

(w, ’W3)H1(Qz) = (YW, VW, ), +(W,, W, ), — p(W,)

and using (15) for each we D(A) we have the relation

’

(AW, W, ), +( VW, VW, ), + (AW, W, ), +( Vg, VW, ), = (W, — p(W, ), W, )

I,
we see that the following relation holds for Yw e D(A):

(Aw,w)=(w,,w,) AW =W, — oWy, W, )+ (W, Wy ) e+

HE (21) +( ()

+ (AW, —W; — Wy, W, ), + (W, W ) — (W, + W + BWg W ). =

(19)
=(Vw,, VW), +( A, W, ), —ay (W, W, ), +( VW, Vw, ), +

+ (AW, W, ), =y (W, W), —(Ws W ) = B (W, Wg ), =
Z(We_p(wz)’WZ)rz —a (Wo, W, ), = (o W, ), —(Wy , W), —
= B (W, Wy ), :(_p(WZ)’WZ)rZ —ay (W, W), —a, (W, W), —

2 2 2
=B (W5, W, )rz =—(p(w,),w, )rz — ot W, [, — ez, [w, | _ﬂ”We”r2 <0.
If we prove that the range of the operator Al — A is the entire space V ,
i.e., that R(ﬂ,l — A)=V , then according to the Lumer-Phillips theorem, this
should imply that A is the generator of a contraction semigroup in V .
To this end, we write the equation (/1| — A)Wz g in an explicit form as
AW —w, =g, in L*(Qy),
AW, — AW, +W, + W, = g, in L*(Q;),
AWy =W, =g in L*(Q,),
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AW, — AW, +W, +a,W, =g, in L*(Q,),
AW, —w, =g, in L(T,),
AW, + W[ W5+ AW, = gy in L*(Q,),
orif A#0 as
W, = AW, — g, in L*(,),
(A% +eqd+1)w, —Aw, = g, + Ag, + 49, in L2(@),
W, = AW, — g, in L2(Q,),
(A% + A +1)w; — Aw, = g, + A0, + .0, in L*(Q,),

1
W Zz(gstWe) in L(T,),

1 1 .
(ﬂ"'z*'ﬂjwtﬁ'iwlh—z :gl_zg5+ge n LZ(QZ)-

I, - W3v

Hence, considering the relation W, =W, +,0(W2 )‘F ,we
2

I
conclude that the equation (ﬂl — A)W: g is equivalent to the boundary value
problem

(/12 +oy A +1)Wl —AW, =g, + A9, + .0, in L*(©,), (20)

(/12+052/1+1)W3—AW3:g4+ﬂ,gg+azg3 in L2(Q,), (21)
W, — W, +,o(w2)+(/12 /(ﬂb2 + A +1)) W, =

= (A9, - 05 + 19, )/ (2° + pA+1) (22)

in LZ(FZ) for A0, we D(A), where
W, = AW, — 0, W, = AW, — 0, , Ws =(gs +W; )/ 4,
Wy =W, —W,, +po(W,). (23)
In other words, the equation (ﬂ.l —A)\N:g is solvable, because there

exist W, and W, , from Hll-l(Ql) and Hl(Qz), respectively, such that the

equations (20)-(22) are satisfied. The normal derivative is interpreted by analogy
with (15). Consequently, the problem (20)-(22) is equivalent to the relation
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((/12 +a,A +1)W1 ,z//l)l +(Vw, Vi), +((ﬂ,2 +a,A +1)W3 W, )2 +
+(Vw;, Vi, ), +(,o(w2)|rz ,t//l)r +(,12 /(;t2 + B +1))(W1 W), = (24)

=(hl'l//1)1+(h2’l//2)2+(h3’l//1)1"2
forall y, e H'(Q,), v, e H'(Q,) such that y, :1//2|r2, where

h1 =0, +/191+a1g1 el (Ql)’
h,=9,+10;+a,0; € I—Z(Qz)i
hy =(10,—gs + A9, )/ (A + BA+1) e L' (T,).
If >0, the left-hand side of the relation (24) defines an inner product
on H;l (Ql)x H* (Qz) equivalent the ordinary one. Since the right-hand side is a

continuous linear functional of ( l//l,l//z), it follows by the Riesz theorem that
there exists a unique solution ( W11W3) to the equation (24). This being done, the

other components of the solution W, i.e.,, W,,W,,W,,W; can be determined

from the relations (23).
According to the condition (9), the function @ :V —V s locally Lipschitz

nax (WO) € (0, +oo]
);V). Let’s prove

continuous; therefore for each W, €V there exists a t,, =t

such that the problem (16) has a weak solution w e C° ([0 t

! "max
thatt , =c0.
If W:(u,ut,u,ut,&é't) €V s a solution to the problem (16), as in the

case of (19), we can obtain that

dE
B o aluli -l AL, (pw)u) e

integrating (25) from 0 to t, we have
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||W|| +2I dx+2] v)dx+

Q,
t
f (aful; +aul; 2-4pwguonwf= 26)
0
=} +2J. dx+2J- dx
Q,

for all te[O,tmax).
According to (10), there exist 4; € (0 l] and kfi >0 (i =1,2) such that

ZI u)dx > —(1- 4 ) |uf; =k,

2 j v)dx = —(1- 1z, )|lo]f; —ki, - (27)

Using (27) in (26) and according to (9), it is easy to get that

Jwdl, < C (el )

forallte [O,tmax) and it means that t_, =o0.

Now let’s prove the estimate for continuous independence, i. e., (17).
Setting

W= W, —W, :(uz = Uy, Uy — Uy, U, = U;, Uy = Uy, 0, =0y, Oy _é‘n):
=(0,4,,6,5,,6, 6, )

and W, = W,, —W,,, it is easy to get that

L1+l vl A1 -

:(fl(ul)_ fl(uz),l]t)l+(f2(ul)— f, (UZ)’Ut)Z‘ (28)

According to the condition (9), we obtain
(Rl o ..

(F:(w)-f.(u,).0)|<C
‘( f, ()= ()0 )2 <C(R)|iel, |&],- (29)

where R is a positive number such that ||V_\/I (O)”v <R fori=12. Then using

Gromwell’s lemma from (28) and (29) we obtain the validity of (17).
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According to the assumptions (13) on f; , the contraction
O D(A)—) D(A) is locally Lipschitz continuous. Then if W, €V, (consequently,

W, € D(A) ), then the corresponding weak solution W satisfies the relation

weC*([0,0);V)NC°([0,x); D(A)) (30)
(see [21], Theorem 2.5.6).
Now we consider the following initial problem in

X — HIIZ(FZ)XHIIZ (Fz):

z,=Kz+y,

o{3)

-0 (2o 5)

where Ut is the second component of the solution W. Then, according to the
inclusion (30) we conclude that yeCo([O,oo);X) . Since Ke L(X)
(consequently, B is a generating operator of a uniformly continuous semi group
in X) and Z(O)e X, we obtain that the problem (31) has a unique solution
Ze Cl([O,oo); X). Comparing the problem (31) with the problem (16) (the two

equations in (31) are equivalent to the last two equations in (16)), by virtue of the
uniqueness we conclude that

z,(t)=5(t) and z,(t)=4,(t)
forall t > 0. These identities, together with (30), yield the inclusion (18).
Theorem 1 is proved.
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