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Abstract 

This paper is devoted to the study of a nonlinear boundary value problem for the Sturm-
Liouville equation with a parameter contained both in the equation and in the boundary 
condition. We show the existence of solutions to this problem with a fixed number of simple 
nodal zeros. 
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1. Introduction 

 

    Let  )(th  is a continuous function on R  that satisfies the following conditions: 

    (H1)  there exists positive constant 0h  such that 
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In this paper we consider the following nonlinear problem  
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where )(xp  is a positive continuously differentiable function on ],1,0[   )(xq  is a 

nonnegative continuous function on ],1,0[  )(xr  is a positive continuous function on 

],1,0[    is a positive parameter, R  is a spectral parameter, 11100 ,,,, cbadb  and 

1d  are constants such that 

,0|||| 00 + db .011111 −= cbda                                        (4) 

    It is known that nonlinear Sturm-Liouville problems play an important role in 

modern mathematics and physics. Such problems arise when studying various 

processes of mechanics and physics. For example, the problem (1)-(3) describes the 

problem of the forms of loss of stability of a rod, of unit length and variable stiffness, 

under longitudinal load or torsion, at one end of which the load is concentrated 

(see, e.g.,  [7, 8, 12, 15]). 

     Note that many papers have been published that are devoted to studying the 

existence of nodal solutions of nonlinear second-order differential equations under 

various boundary conditions (see, for example, [2, 4-6, 9, 11, 13, 14] and references 

therein). In these papers, using various methods, the authors established the 

existence of solutions with a fixed oscillation count of nonlinear boundary value 

problems for second-order ordinary differential equations. Unfortunately, the 

existence of nodal solutions to nonlinear boundary value problems for second-

order ordinary differential equations with a parameter in the boundary conditions 

has not been studied. 

     The purpose of this paper is to find intervals of values of the parameter   for 

which there are solutions to problem (1)-(3) with fixed oscillation count. 

2. Preliminary   

     Below we will give some auxiliary statements from papers [2-4]. 

     Let  

)}0()0()0(:{]1,0[ 00

1 updubuCE ==   

be the Banach space with the norm 

.|)(|max|)(|max||||
]1,0[]1,0[
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By S we denote the subset of E  given as follows: 
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Let )(  be the continuous function on R defined by the formulas: 
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By (4) it follows from (5) that the function )(  is a strictly decreasing on .R  Next, 

for each ,Su we define the continuous function ),( xu  on ]1,0[  as follows: 
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For each ,k each },{ −+ and each R  by 
,kS we denote the set of 

functions Su  which satisfy the following conditions: 

(i) ;)1()()1,(  −+= ku   

(ii) )(xu  is positive in the punctured neighborhood of the point .0=x  

For each fixed R  the sets ,,

+

kS −

,kS  and ,,,,

++=  kkk SSS  ,k },,{ −+

are open subsets in the space .E  Moreover, if  ,,


kSu  then the function u  has at 

least one double zero in the interval ].1,0[  

Remark 1. Let ,kSu for some k  and .R  It follows from (5), (6) and [4, 

Lemma 2.1] that if ,11 cd− then u  has exactly 1−k simple nodal zeros in ),1,0(  

and if ,11 cd− then u  has exactly 2−k  simple nodal zeros in ).1,0(  

For each k  and each },{ −+  let 


R

kk SS
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R
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=
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By the above arguments the sets 
kS ),( kS ,k  each },,{ −+ are open and 

disjoint subsets of  the space .E  Moreover, the boundaries of these sets contain 

functions that have at least one double zero in the interval ].1,0[  

We consider the following linear eigenvalue problem  


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
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.0)1()1()()1()(
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(7) 

It follows from [4, Theorem 3.1] that the eigenvalues of problem are real and 

simple, and form an unboundedly increasing sequence .}{ 1



=kk  Moreover, for each 

k  the eigenfunction ku  corresponding to the eigenvalue k  satisfies the 
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following relation: 

.)1()()1,(  −+= ku kk                                             (8) 

       In view of (8), we get ,kk Su   and consequently, ku  has exactly 1−k simple 

nodal zeros in )1,0(  if ,11 cdk −  and has exactly 2−k  simple nodal zeros in 

)1,0(  if .11 cdk −  
        Remark 2.  We assume that the function )(xq and the coefficients in the 

boundary conditions (2) and (3) are chosen so that the eigenvalues of the linear 

problem (7) are positive. 

        Alongside the nonlinear problem (1)-(3) we shall consider the following 

nonlinear eigenvalue problem  
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           (9)                                 

where the real-valued function ,g  continuous on ,]1,0[ 3R  satisfies the following 

condition: for every bounded interval ,R  

|)||(|),,,( suosuxg +=   as  ,0|||| →+ su                        (10) 

and  

|)||(|),,,( suosuxg +=   as  ,|||| →+ su                        (11) 

uniformly for .]1,0[),( x  

Due to conditions (10) and (11), problem (9) is linearizable both at zero and also 

at infinity, and  in both cases the corresponding linear problem is  (7).  Since all 

eigenvalues of problem (7) are real and simple, the points ),0,( k ,k  are the 

bifurcation points of problem (9) with respect to the line of trivial solutions, and the 

points ),,( k ,k  are the asymptotic bifurcation points the same problem. 

Moreover, by [2, Theorem 2.2] and [3, Theorems 3.2 and 3.5] we have the following 

results. 

Theorem 1. For each k  and each },{ −+  there exists a continuum 
kC  of 

nontrivial solutions to problem (9), which meets ),0,( k  is contained in 
kSR  and 

is unbounded in .ER  Moreover, if 
kC meets }{R  for some ,R  then .k =  

Theorem 2. For each k  and each },{ −+  there exists a continuum 
kD  of 

nontrivial solutions to problem (9), which meets ),( k  and is contained in .
kSR
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Moreover, either 
kD meets }0{R  for some R  (in this case k = ), or the 

projection of 
kD  onto }0{R is unbounded. 

Theorem 3. If 
kC meets }{R  for some ,R  then ,k =  and if 

kD meets 

}0{R  for some ,R  then .k =  

 

3. Existence of solutions to problem (1)-(3) contained in classes 

},{,, −+  kSk  

 

In this section we find the interval for the parameter   for which there are 

solutions to problem (1)-(3) contained in the classes },{,, −+  kSk , i.e., we 

show the existence of nodal solutions to this problem. 

Theorem 3. Let conditions (4), (H1), (H2) be satisfied and for some k  the 

following condition holds: 


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hh

kk 




0

 or  
0hh

kk 







 

Then for each },{ −+  there is a solution k of problem (1)-(3) such that . kk S  

Proof.   According to condition (H1), the function can be represented in the 

following form: 

),(
~

)( 0 ththth +=                                                   (12) 

where 

|)(|)(
~

toth =   as  .0|| →t                                        (13) 

Then (1)-(3) takes the following form 
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For the proof of this theorem we consider the following nonlinear eigenvalue 

problem                               
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where R  is a spectral parameter. 

      Let    
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where ),(max
]1,0[

1 xrr
x

=  whence, by (13),   

|)||(|),,,(~ suosuxg +=  as ,0|||| →+ su                             (16) 

uniformly for .]1,0[),( Rx   Hence by Theorem 1 for each k  and each 

},{ −+  there exists a continuum 
kC

~
 of nontrivial solutions to problem (15), 

which meets ),0,
~

( k  is contained in 
kSR  and is unbounded in ,ER   where k

~
is 

the k th eigenvalue of  the linear problem 
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It is obvious that  

,
~

0hkk  =  

which implies that 

.
~

0h

k

k



 =  

       Thus for each k  and each },{ −+  there exists a continuum 
kC

~
 of 

nontrivial solutions to problem (12), which meets ,0,
0









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

h

k




 is contained in 

kSR  

and is unbounded in .ER   

       In the other hand, by (H2)  we get  

),(ˆ)( ththth +=                                                       (18) 

where 

|)(|)(ˆ toth =   as  .|| →t                                            (19) 

       In view of (12) and (18) we get  

).(ˆ)()(
~

0 ththhth +−=                                                (20) 

Consequently, (15) can be rewritten in the following form 
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By (19), for any sufficiently small fixed 0  there is a sufficiently large 0  

such that for any ,Rt ,|| t the following relation holds: 
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h
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       Since ),()(ˆ RCth  there exists positive number M  such that  
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h
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1

0|)(ˆ|   for any ,Rt .|| t                           (23) 

      We choose 
ˆ

  so large that .ˆ
  M  

      We introduce the notation: 

).(ˆ)()1(),,,(ˆ 0 uhxrhsuxg =  

Let  2),( Rsu  such that .ˆ|||| + su Then by (22) and (23) we have  
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Thus  

|)||(|),,,(~ suosuxg +=  as ,|||| →+ su                             (24) 

uniformly in ,]1,0[),( Rx   and consequently, problem (21) is asymptotically 

linear. Moreover, the linear problem 
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is the corresponding linear problem. It is clear from (26) that  
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,)1ˆ( 00  hhhkk −+=   

where k̂  is the k th eigenvalue of problem (25), whence we get 

.1ˆ
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   By (24) it follows from Theorem 2 that for each k  and each },{ −+  there 

exists a continuum 
kD̂  of nontrivial solutions to problem (15) which meets 


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for some R  (in this case k
~

= ), or the projection of 
kD̂  onto }0{R is 

unbounded. 

       Now we will show that the projection of the set  
kD̂  onto }0{R is bounded. 

Indeed, if the projection of the set  
kD̂  onto }0{R is unbounded, then there exists 

the sequence  kknnn SRD 

=1)},{(  such that 

+→n   or  −→n  as  .→n                             (27) 

      By (20), it follows from (13) that for any sufficiently small fixed 00   there is a 

sufficiently small 00   such that for any ,Rt ,||0 0 t the following relation 
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By  (22), for any ,Rt
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     Since ),()(ˆ RCth  there exists positive number 0K  such that  
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      Then, it follows from (28)-(30) that  
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       By (31) it follows from (32) that  

].1,0[,|)(| 0  xNxn                                               (33) 

      Since  kn S  for each n  it follows from (8) and [4, Theorem 3.1] that ,n  

,n  is the k th  eigenvalue  of the linear spectral problem 
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Using operator interpretation of problem (34) [7, p. 295] by following the 

arguments in Lemma 4.2 of [1] we can show that
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where  ,k  is the k th  eigenvalue  of the linear problem 
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which contradicts relation (27). Therefore, 

kD̂  meets }0{R  at the point ).0,
~

( k  

In a similar way we can show that 
kC

~
 meets }{R  at the point ).,ˆ( k

Consequently, for each k  and each },{ −+  the following relation holds: 

.ˆ~ 
kkk SRDC =                                                     (35) 

     Assume that  




hh

kk 




0

 for some .k                                       (36) 

Then, by Remark 2, from the left side of the second relation in (36), we obtain  

.1
~

0

=





h

k

k                                                           (37) 

Moreover, taking into account (37) and the right-hand side of the second relation 
in (36), we get 
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     Since 
kC

~
 meets both points )0,

~
( k  and ),ˆ( k  and is connected, it follows from 

(37) and (38) that for each },{ −+  there exists Ek 
  such that  

.
~

),1(  kkk SRC                                          (39) 

By (39), it follows from (15) that k  is a solution to problem (14), and therefore to 

problem (1)-(3), lies in .
kS   

     The remaining cases are treated similarly. The proof of the theorem is complete. 
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