Baku State University Journal of Mathematics & Computer Sciences 2025, v. 2 (4), p. 20-30

journal homepage: http://bsuj.bsu.edu.az/en

AN INTEGRAL BOUNDARY VALUE PROBLEM FOR A LOADED THIRD-ORDER
PSEUDOPARABOLIC EQUATION WITH SINGULAR COEFFICIENTS

Shakir Sh. Yusubov’, Khanim E. Ismayilova

Baku State University
Received 24 September 2025; accepted 27 October 2025

Abstract

The paper investigates a boundary value problem with an integral boundary condition for
a loaded third-order pseudoparabolic equation with singular coefficients. The solution of
the problem is sought in a weighted Sobolev space. Using the integral representation of
functions in this space, the formulated problem is transformed into an equivalent integral
equation. The existence and uniqueness of the solution to both the integral equation and
the original problem are established.
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1. Introduction

Let us consider a third-order loaded pseudoparabolic equation with
singular coefficients in the domain

Q= {t =(t,t,):t, €O, :(t?,til), —oo<td <th <400, i :1,2}:
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Since the coefficients in equation (1) have singularities along the lines
t1=t10, t2=tg, these equations are referred to as equations with singular

coefficients. The singularity lines also constitute the characteristics of the given
equation. Note that in equation (1), when o, =a, =0 and e(t)=0,teQ, the
obtained equation and its special cases have been studied within various local and
nonlocal boundary conditions in [1-9] works. Such equations arise in the theory of
filtration of fluids in porous media [10], in the unstable movement of free surface
groundwater [11], in the theory of moisture transport in soil [12], and in many
other fields. In these works, equation (1) is studied under various smoothness
conditions imposed on its coefficients and on the right-hand side, and the solution

is sought in the spaces C*?(Q) or WE2(Q). If o® +@,” >0, a solution of

equation (1) may not exist in these spaces. Therefore, when alz +a22 >0it is

necessary to introduce a space in which the solution of equation (1) exists. In the

12

Dt (Q) was introduced, and the Cauchy

work [13], the weighted space W

problem for the unloaded equation (1) was solved.
In this work, equation (1) is investigated under integral boundary
conditions. The solution to the posed problem is sought in the weighted Sobolev

space Wé}&z) (Q) By using the integral representation of functions in this space,

the posed problem is transformed to an equivalent integral equation. The
existence and uniqueness of the solution to both the integral equation and the
posed problem are proved.
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2. Statement of the problem and its correctness

We consider equation (1) with nonlocal integral boundary condition

t
o)) = D220 )+ [ A0 )DZ2( L (fﬁ bets,
t? 2L

(s2)t,)= DlDZZ(tlvtg): (‘/’11(21)21 ey, (2)
{ !
(Iloz)(tl)E Dlz(tl,tg)zﬁ, t, €,

lo1z= Dzz(tf’tg)zl//oy looz = Z(tfvtg)zl/’oo’
where Q -is a given set, z(t)- is a sought function, e(t),

eij(t), 1=01 j=0,1 2, i+ j<3 are measurable functions on the set(,

e(t), eoo(t)1 (901(t)E Lp(Q)’ ‘//12(t)€ Lp(Q)' ‘//oz(tz)e Lp(QZ)’ le(tl)e Lp(Ql)
are given functions, there exist functions el (t,)e Lp(Ql),

eloj (t,)e Lp(Q2 ), j =0, such that the posed conditions hold for almost all t e,
leo2(t) < €0 (t) € Ly (€2) and |elj (tj < efj (t,)e Ly (@,) j=01
woi €R,i1=01 1l<p<ow, ¢ 6[0,1—%), i=12, p, are given numbers,

t
t eQ—is a given point, ,81+.[,82(t1)1t1 # 0. The solution of problem (1), (2) is
¥
sought in the weighted Sobolev space
wi(Q)={z:DDizeL, (@) DizeL,, (Q),DD,zel,, (Q),
Dzel,, () D,zeL,(Q)zeL,(Q).

The norm in this space is defined as

”Z"wé%f)(ﬂ) - HDlDZzZHp,a,Q +HD222

vao TP, o+, o + (D22 + 2] o

It is known that [13] an arbitrary function z eWéf)(Q) has the following unique
representation:
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Z(t) = (UV)(t) =Vgo + (tz -t )"01 + T(T_ltlo)al(vm(ﬁ)"' (tz -t )"11(71))j o+

Y

t t 3)
2 t2 ~7, 1 b t2 1,
o Ve AT v,,(z,,7, dz,d7,,
t-g(z.z _t;))az 02( Zh 2 t'!;t'g(fl—tf)al(’[z _tg)az 12( 1 Z)j U7,
here
Y= V12 t) V02(t2) Vll(tl) VlO(tl) ’VOlIVOOJ € H S‘”s),

R B Rt ) N =) A ey R R |
HED =L (Q)x Ly, (€,)x Ly, (€)xL,, (Q)xRxR, v, € L, (Q)vy, € L,(Q,)

Vig,Vig € Lo (@) Vor Voo € R.

We define the norm in the H f)lj) as follows:

v ” Voo | v
M = 12 N 02 + 11 +
-y ) . -t2)" -t )"
11 2 2 p,a,Q 2 "2 P.az.L2, 11 P, .Y

V.

10

+ —(t to)al + Vo] + Voo
171 P,y

By (3), it follows that any function z eW :2/(Q) has traces

Dzzz(tf,tz) DlD;z(tl,tg), i=01 D;z(tf,tg), i=01
and these trace operators map continuously from the space Wéf)(Q) into the
spaces L, .. (Q,), Lo (©,) and R respectively. For these traces, the following

equalities hold:

D2z(t0,t, )= (t;’(:zitgz)lz , DlD;z(tl,tg)=$, i=04
D;Z(tf,tg)Z Voi s i =0,1. (4)

Let's write problem (1), (2) in the form of an operator equation:
lz=y, (5)

where | = (|12,|02,|11, |1o:|01’|00):W;9&2)(Q)_> H Sji),
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‘//:[ Ol//iz(t) . ‘//02(22)2, ‘//11(21)1, %0(;1)1:'//0111/100 EH,(}"&Z).
(tl_tl)a(tz_tz)a (tz_tz)a ('[1—t1)aY (H‘H)a

Under the conditions imposed on the coefficients of problems (1), (2) the
operator | :Wé%?(Q)—) H 8’2

a

) is linear and bounded. The following estimate holds

for the operator Q:
k1||V||Hgg> < ||UV|LN,95>(Q) < k2||V||H§};>'

where k;,k, >0— are constants.

The operator U establishes an isomorphism between the spaces Hg’j) and

Wélaz) Hence, these spaces can be considered equivalent in the sense of

isomorphism. Consequently, solving equation (5) is equivalent to solving equation
IUv=y. (6)
(6)t is equivalent to solving equation (6).
Now, using decomposition of the function z from (3), we rewrite equation
(1) in the following form

(IL,Uv)t) =y, ()+e02(t){ (t, )+]E’12(j)a d11]+e11 ){v (t)+ii(\/;2(_t1t';)22 dTZ:I-I-

t

+elo(t)[V10(t1)+(t2 -t )‘/11('[1)"“'@Wd%}-e‘”(t{vmﬂ[& —(t ; At

V. ) i !
-|—j Yoz 12 dTQ +{!;IJ2; (Tl _téz)gff Tz_)to)azdfldle‘i'eoo(t{voo +(t2 _tg)‘/f)l-}_[_!;(z_l_tlo)alx

( 10(71 ( to 11 Tl )dz'l"'I Vo2 72)172 (7
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4t

+_” 2 Tz )aVlz(rl,rzﬁrldr2}+e(t{voo+(f to 01+I(t())ax

21 71 —'[0
X(Vlo(z'l ( 11 71 )drl"'"- Voz 72)172
[ e rndn ) 1o
+ vz, 7, dr,dz, = , te .
1 Tl ( —to)a 1\t P0UT, =W,

Using the separation (3) the flrst boundary conditions in (2) can be written as
V(7 t
(IOZUV)(t ) ﬁlVOZ J.ﬁZ )\/02 dt +J.ﬁ2 J.(:LZ(i )zg d ldtl =

= ‘//oz(tz)1 t, € Q,.
Applying the Dirichlet formula, we obtain

ﬂvoz( ) Jﬂz (Tl)\llzo(ril’ )dT1 =‘/’02(t2 ): t, €Q,, (8)
T (Tl -t )

where f=f+B) Alt)= [ A5 s,

If g #0,then from equation (8) the function Voz(tz) can expressed as

Voz(tz):1 ‘//oz(tz)_tf 'BZ(TI)VH(T;’IZ )dfl 1, €Q,. (9)
IB tlo (Tl —tlo)

By considering the equality (9) and the boundary conditions (2) into equation (7),

we obtain
(I12UV)(t) V12( ) (C1V12)(t)+ (CZVlZ)(t) = \P(t) (10)
Whe
(ClVIZ)(t)E [j‘%vm(ﬁatz)‘jfl Jell( )( ( n ;2)610( )Vlz(tl,rz)dr2 +
2\71—h tg ! (11)
_“. 601 _Tz)EOO(Ot,)“”lz(rl’Tz)dfldrz ;
10t 71 ‘(Tz_tg)z
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i
C Vlz)('[ t.!.t,[ ) T(ZZ_ZE(_t)g)az ‘v’lz(Tl,Tz)dTlde —%x

B ACA WP S TV ACA R A (A
I S (R e

xvlz(rl,rz)drldrz II ’BZ(TlXt _72) Vlz(rl,rz)drldrz}

10t (71 t )al (Tz _tz)
\P(t) =V (t)_ %eoz(t)'//oz(tz )_ ell(t)‘//ll(tl)_ elo(t)[‘//lo(tl)"‘ (tz _tg )//11('[1 )]_

_e°1(t{l//°1 + T (Tl/:llil )) dzy + _.[%2—de2] _eoo(t)[‘//oo + (tz —tg )/’01 +

& B (72 t )az

+ jﬁ(’//lo(ﬂyr (tz ~t; )Vll(Tl))drl +%£ﬁw02(72 dr, -

Thus, we obtain the two-dimensional integral equation (10) for finding the
function v,,. This leads to the following result.

Theorem 1. Suppose that f#0. A necessary and sufficient condition for
the operator | =(l;5,lp5. k1,10, 101, 1p) to establish an isomorphism between the
spaces Wéf)(Q) and H&',f) for an arbitrary function ¥ e Lp(Q) is the

uniqueness of the solution to the integral equation (10) corresponding to problem
(1),(2).
Now, we investigate the solvability of the integral equation (10). Suppose

that the function Vv;, € Lp(Q) is a solution of the integral equation (10). Let us
rewrite this equation in the following form of an operator equation
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(l +C1+C2)\/12 =Y, (13)
where | is the identity operator in the space Lp(Q).

The operator C, is a two-dimensional linear bounded Volterra integral

operator acting in the space Lp(Q). Therefore, the operator | +C, has an
inverse T :(I +C1)7l in the space Lp(Q) . Acting on both sides of equation (13)

with the inverse operator T = (I + Cl)fl, we obtain the solution
Vi, +TCV, =TV . (14)
Let us estimate the operator norm of ||C2||, C,: Lp(Q)—> Lp(Q) . First, we

1

Pop

dt| <
o

g . (t- to)i—al
[ijlzrlrz drlder SR AR

a4

estimate the norm of the first term of C, .

J-J. t)(tz _Tz (71172)d71d72

7 V12
10t z'1 oy - 2

X{tj‘(fz—t )azqt -7, dz’zﬂ
2

F-NE

ZHLp(Q)'

-0y 1-Qa, B

Similarly, estimating the remaining terms of the operator C,, we obtain the
following inequality

[Coval o) <k [Mazll (e - (15)

Where

Ve gk Bt e el M)

|ﬁ| \/1Q1 \/1q
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R R

"Z%(mc&%)|ko(w

e .
" ”LP(Q) |ﬂ| 02

" I1-qay I1-qa, Lo(0n)
Hence,
Ic,| <k
Then
”TCZV]-Z”Lp(Q) <kT ||||V12||Lp(Q)'
If

k =Tk <1,
then the integral equation (10) has a unique solution V;, € Lp(Q) for any function
Ye Lp(Q). Moreover, the solution of equation (10) satisfies the following

inequality

1
||V12|| L, (Q) = 1— kl ”T””\P”LP(Q) (16)

Theorem 2. If =0 and k; <1 are given, then equation (13) has a unique

solution V;, € Lp(Q) for any ¥ e Lp(Q), and the estimate (16) is valid for this

solution.
Based on Theorems 1 and 2, we obtain the following result.

Theorem 3. If ##0 and k; <1 are given, then problem (1),(2) is well-posed.
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