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Abstract 

In this paper, the analytically bound state solution of the Dirac equation is obtained 
for the linear combination of the Manning-Rosen and Yukawa potentials by using 
Nikiforov-Uvarov method. To overcome the difficulties arising in the case for arbi-
trary 𝑘 in the centrifugal part of the Manning-Rosen potential plus the Yukawa po-
tential for bound states, we applied the developed approximation. Analytical ex-
pressions for the energy eigenvalue and the corresponding spinor wave functions 
for an arbitrary value 𝑘 spin-orbit, radial 𝑛 and 𝑙 orbital quantum numbers are ob-
tained. The relativistic energy eigenvalues and corresponding spinor wave func-
tions have been obtained for case exact pseudospin symmetry by using the Nikifo-
rov-Uvarov method. Furthermore, the corresponding normalized eigenfunctions 
have been represented as a recursion relation in terms of the Jacobi polynomials 
for arbitrary 𝑘 states. A closed form of the normalization constant of the wave func-
tions is also found. It is shown that the energy eigenvalues and eigenfunctions are 
very sensitive to 𝑘 spin-orbital quantum number. 
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1. Introduction 

Since its inception, the main goal of quantum mechanics has been the analytical 
solution of wave equations for specific potentials of physical interest. It is possible 
to obtain quite perfect information about quantum systems from the wave func-
tions found by solving the wave equations. That is, the wave functions or eigen-
functions of the system contain all the information about the quantum mechanical 
system [1-4]. Therefore, finding an analytical and bound solution of the Dirac equa-
tion is a very important research task. In relativistic quantum mechanics, the Dirac 
equation is used to describe the dynamics of systems with spin-1/2 [1-3].  

The Dirac equation is widely used to investigate physical phenomena in various 
processes, especially in nuclear and hadron physics. In the study of these fields, it 
is assumed that the Dirac Hamiltonian has two types of symmetry: exact spin and 
pseudospin symmetry [5-8]. The cases of spin and pseudospin symmetry in the Di-
rac equation were first proposed in 1969 by Arima, Hecht, Adler et al. [9-10].  

The exact spin and pseudospin symmetries are derived from symmetry 𝑆𝑈(2) of 
the Dirac Hamiltonian from the specific relations between vector 𝑉(𝑟) and scalar 
potentials 𝑆(𝑟), that is, from the condition that the difference of vector 𝑉(𝑟) and 
scalar potential 𝑆(𝑟) is equal to 𝛥(𝑟) = 𝑉(𝑟) − 𝑆(𝑟) and the sum is equal to 𝛴(𝑟) =
𝑉(𝑟) + 𝑆(𝑟) constant.  

The Dirac equation directly includes the differentials of the difference 𝛥(𝑟) and 
the sum ∑(𝑟) of the potentials, that is, the terms 𝑑𝛥(𝑟)/𝑑𝑟 and 𝑑∑(𝑟)/𝑑𝑟 are in-
cluded. Since 𝛥(𝑟) = 𝑐𝑜𝑛𝑠𝑡 is constant, 𝑑𝛥(𝑟)/𝑑𝑟 = 0 is obtained from here, so that 
𝛥(𝑟) = 𝑐𝑜𝑛𝑠𝑡. In the second case, since 𝛴(𝑟) = 𝑐𝑜𝑛𝑠𝑡 is 𝑑𝛴/𝑑𝑟 = 0. The symmetry 
corresponding to this case is called pseudospin symmetry. The exact spin symmetry 
creates two twisted states corresponding to these (𝑛, 𝑙, 𝑗 = 𝑙 ∓ 𝑠) quantum num-
bers, which can be viewed as a spin doublet. Here, 𝑛 -radial, 𝑙 -orbital and 𝑗 -integer 
moment quantum numbers, 𝑠 – spin quantum number. In the case of pseudo-spin 
symmetry, there is a quasi-entanglement, which corresponds to two states of the or-
bital quantum number that differ by a whole unit, i.e. (𝑛, 𝑙, 𝑗 = 𝑙 + 1/2) and (𝑛 −
1, 𝑙 + 2, 𝑗 = 𝑙 + 3/2). We can also view these states as pseudospin doublets with 
quantum numbers (𝑛, 𝑙, 𝑗 = 𝑙 + 1/2) and (𝑛 − 1, 𝑙 + 2, 𝑗 = 𝑙 + 3/2). The pseudo-

spin doublet is characterized by (𝑛̃ = 𝑛 − 1, 𝑙 = 𝑙 + 1, 𝑗̃ = 𝑙 ± 𝑠̃) quantum num-

bers. Here 𝑛̃-pseudo radial 𝑛̃ = 𝑛 − 1, 𝑙-pseudo orbital 𝑙 = 𝑙 + 1 and 𝑠̃-pseudospin 
𝑠̃ = 1/2 quantum numbers are called [11,12]. It is possible to interpret the pseudo-
orbital quantum number as the lower component of the Dirac spinor [7].  

Many studies have been done to study these two symmetries. For example, to 
explain the antinucleon spectrum of the nucleus [8-11], the process of nuclear de-
formation [12], nuclear superdeformation [13], the effective envelope model of the 
nucleus [14] and also small spin-orbital expansion in hadrons. On the other hand, 
the effect of the tensor interaction potential on both symmetries shows that all 
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doublets lose their distortion [15]. To investigate this property, the Dirac equation 
was solved analytically for many potentials taking into account the tensor interac-
tion [16-19]. 

2. Research method 

Taking into account 𝑉(𝑟) vector repulsion and 𝑆(𝑟) attraction fields of the sum 
of Manning-Rosen and Yukawa potentials, we can write the Dirac equation 𝑀 for a 
mass particle in the following form in the system of (ℏ = 𝑐 = 1) atomic units [1]: 

[𝛼⃗𝑝 + 𝛽(𝑀 + 𝑆(𝑟))]𝜓(𝑟) = [𝐸 − 𝑉(𝑟)]𝜓(𝑟) (1) 

Here they describe the fields of 𝑽(𝒓) vector repulsion and 𝑺(𝒓) scalar attraction. 𝜶 
and 𝜷 are the four-dimensional Dirac matrices, and 𝑬 is the relativistic energy of 
the system. The spherically symmetric dirac spinor wave function can be written in 
the following form, i.e. 

𝜓𝑛𝑘 =
1

𝑟
[

𝐹𝑛𝑘(𝑟) 𝑌𝑗𝑚
𝑙 (𝜃, 𝜑)

𝑖𝐺𝑛𝑘(𝑟) 𝑌𝑖𝑚
𝑙 (𝜃, 𝜑)

]. (2) 

𝐹𝑛𝑘(𝑟) and 𝐺𝑛𝑘(𝑟) are real quadratic integrable functions, 𝑚is the magnetic quan-
tum number, which characterizes the projection of the angular momentum along 

the 𝑧 -axis. 𝑌𝑗𝑚
𝑙 (𝜃, 𝜑) 𝑌𝑗𝑚

𝑙 (𝜃, 𝜑) functions are spherical harmonic functions. At the 

same time, they satisfy conditions 𝑙(𝑙 + 1) = 𝑘(𝑘 + 1) and 𝑙(𝑙 + 1) = 𝑘(𝑘 − 1). 
Since the potential we are looking at is spherically symmetric and independent of 
time, we will solve the stationary Dirac equation.  

In order to solve the Dirac equation for the sum of the Manning-Rosen and Yu-
kawa potentials, if we consider the function (2) in equation (1), then we get two 
related equations: 

(
𝑑

𝑑𝑟
+

𝑘

𝑟
) 𝐹𝑛𝑘(𝑟) = [𝑀 + 𝐸𝑛𝑘 + 𝑆(𝑟) − 𝑉(𝑟)]𝐺𝑛𝑘(𝑟) (3) 

(
𝑑

𝑑𝑟
−

𝑘

𝑟
) 𝐺𝑛𝑘(𝑟) = [𝑀 − 𝐸𝑛𝑘 + 𝑆(𝑟) + 𝑉(𝑟)]𝐹𝑛𝑘(𝑟) (4) 

From here, if we find function 𝐺𝑛𝑘(𝑟) from equation (3) and find function 𝐹𝑛𝑘(𝑟) 
from equation (4) and consider it in equation (3), then we get second order differ-
ential equations for these functions in the following form: 

{
𝑑2

𝑑𝑟2
−

𝑘(𝑘 + 1)

𝑟2
− [𝑀 + 𝐸𝑛𝑘 − 𝛥(𝑟)][𝑀 − 𝐸𝑛𝑘 + ∑(𝑟)] +

𝑑𝛥(𝑟)
𝑑𝑟

(
𝑑

𝑑𝑟
+

𝑘
𝑟)

𝑀 + 𝐸𝑛𝑘 − 𝛥(𝑟)
} × 

× 𝐹𝑛𝑘(𝑟) = 0 (5) 
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{
𝑑2

𝑑𝑟2
−

𝑘(𝑘 − 1)

𝑟2
− [𝑀 + 𝐸𝑛𝑘 − 𝛥(𝑟)][𝑀 − 𝐸𝑛𝑘 + ∑(𝑟)] −

𝑑𝛴(𝑟)
𝑑𝑟

(
𝑑

𝑑𝑟
−

𝑘
𝑟

)

𝑀 − 𝐸𝑛𝑘 + 𝛴(𝑟)
} × 

× 𝐺𝑛𝑘(𝑟) = 0 (6) 

Here they are designated as 𝛥(𝑟) = 𝑉(𝑟) − 𝑆(𝑟) and 𝛴(𝑟) = 𝑉(𝑟) + 𝑆(𝑟). Also, 
when there are 𝑘 = ±1, ±2, ±3, . . .. they are designated as 𝑗 = |𝑘| − 1/2, 𝑙 =

|𝑘 + 1/2| − 1/2, 𝑙 = |𝑘 − 1/2| − 1/2 and 𝑙(𝑙 + 1) = 𝑘(𝑘 + 1), 𝑙(𝑙 + 1) = 𝑘(𝑘 −
1). At the same time, Dirac spinors for bound states also satisfy conditions 
𝐹𝑛𝑘(0) = 𝐺𝑛𝑘(0) = 0 and 𝐹𝑛𝑘(∞) = 𝐺𝑛𝑘(∞) = 0.  

The Manning-Rosen potential is widely used in mathematical modeling of oscil-
lations and vibrations of diatomic molecules. It is also used in the construction of 
suitable models for the mathematical description of other physical phenomena, as 
follows [20, 21]: 

𝑉𝑀𝑅(𝑟) =
ℏ2

2𝜇𝛿2
[
𝛼(𝛼 − 1)𝑒−2𝑟/𝛿

(1 − 𝑒−𝑟/𝛿)2
−

𝐴𝑒−𝑟 𝛿⁄

1 − 𝑒−𝑟 𝛿⁄
], (7) 

Yukawa potential, considered as an effective potential to describe the strong in-
teraction between nucleons [22]: 

𝑉𝑌(𝑟) = − 𝑉0𝑒−𝛿𝑟 𝑟⁄ , (8) 

where 𝐴 and 𝛼 are dimensionless constants, and 𝛿 is a screening parameter. 𝑉0 
determines the strength of the interaction. 

We can write the linear sum of the Manning-Rosen and Yukawa potentials as 
follows: 

𝑉𝑀𝑅𝑌(𝑟) =
2𝛿2𝛼(𝛼 − 1)𝑒−4𝛿𝑟

𝑀(1 − 𝑒−2𝛿𝑟)2
−

2𝛿2

𝑀
⋅

𝐴𝑒−2𝛿𝑟

1 − 𝑒−2𝛿𝑟
−

2𝛿𝑉0𝑒−2𝛿𝑟

1 − 𝑒−2𝛿𝑟
=  

=
𝑉01𝑒−4𝛿𝑟

(1 − 𝑒−2𝛿𝑟)2
−

𝑉023𝑒−2𝛿𝑟

1 − 𝑒−2𝛿𝑟
. (9) 

Here 

𝑉01 = 2𝛿2𝛼(𝛼 − 1) 𝑀⁄  and 𝑉023 = 𝑉02 + 𝑉03 = 2𝛿2𝐴 𝑀⁄ + 2𝛿𝑉0 (10) 

In case of exact pseudospin symmetry 𝑑𝛴(𝑟)/𝑑𝑟 = 0, since 𝛴(𝑟) = 𝐶 = 𝑐𝑜𝑛𝑠𝑡 
[18, 19].  

If we consider the potential (9) in equation (5), then we get it for exact spin sym-
metry: 

[
𝑑2

𝑑𝑟2
−

𝑘(𝑘 − 1)

𝑟2
− [𝑀 + 𝐸𝑛𝑘 − 𝛥(𝑟)][𝑀 − 𝐸𝑛𝑘 + 𝐶]] 𝐺𝑛𝑘(𝑟) = 0. (11) 
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It should be taken into account that𝑘 < 0 for the case 𝑘 = −𝑙 and 𝑘 > 0 for the 

case 𝑘 = 𝑙 + 1 is defined as. 𝛥(𝑟) is equal to the sum of the Manning-Rosen and 
Yukawa potentials, i.e 𝛥(𝑟) = 𝑉𝑀𝑅𝑌(𝑟). Then we can write equation (11) as follows: 

{
𝑑2

𝑑𝑟2
−

𝑘(𝑘 − 1)

𝑟2
− (𝑀 − 𝐸𝑛𝑘 + 𝐶) [

𝑉01𝑒−4𝛿𝑟

(1 − 𝑒−2𝛿𝑟)2
−

𝑉023𝑒−2𝛿𝑟

1 − 𝑒−2𝛿𝑟
] −  

𝑀2 − 𝐸𝑛𝑘
2 + 𝐶(𝑀 + 𝐸𝑛𝑘)} 𝐺𝑛𝑘(𝑟) = 0. (12) 

It can be seen from the equation (12) that it cannot be solved analytically when 
𝑘 = 1 and 𝑘 = 0 are present. Because, in this case, the spin-orbit coupling param-
eter 𝑘(𝑘 + 1)/𝑟2 is equal to zero. To overcome this problem, let us apply the fol-
lowing approximation to the centrifugal potential in equation (12). It is possible to 
apply this approximation if it satisfies 𝛿𝑟 ≪ 1 criteria [23-25]:  

1

𝑟2
=

4𝛿2𝑒−2𝛿𝑟

(1 − 𝑒−2𝛿𝑟)2
. (13) 

Let's introduce the variable 𝑠 = 𝑒−2𝛿𝑟 to solve this equation. Then we can write 
equation (12) in the following way: 

{
𝑑2

𝑑𝑟2
+

(1 − 𝑠)

(1 − 𝑠)𝑠
+

1

4𝛿2𝑠2
[(𝑀 − 𝐸𝑛𝑘 + 𝐶) [

𝑉01𝑠2

(1 − 𝑠)2
−

𝑉023𝑠

1 − 𝑠
] −  

−[𝑀2 − 𝐸𝑛𝑘
2 + 𝐶(𝑀 + 𝐸𝑛𝑘)] −

𝑘(𝑘 − 1)

𝑠(1 − 𝑠)2} 𝐺𝑛𝑘(𝑠) = 0. (14) 

New parameters can be introduced to simplify equation (14): 

𝛼̃2 =
𝑉01(𝑀 − 𝐸𝑛𝑘 + 𝐶)

4𝛿2
,  

𝛽̃2 =
𝑉023(𝑀 − 𝐸𝑛𝑘 + 𝐶)

4𝛿2
, (15) 

𝛾̃2 =
𝑀2 − 𝐸𝑛𝑘

2 + 𝐶(𝑀 + 𝐸𝑛𝑘)

4𝛿2
,  

Then we get the following equation: 

𝑑2𝐺𝑛𝑘(𝑠)

𝑑𝑠2
+

1 − 𝑠

(1 − 𝑠)𝑠

𝑑𝐺𝑛𝑘(𝑠)

𝑑𝑠
+

1

(1 − 𝑠)2𝑠2
×  

× [𝛼̃2𝑠2 − 𝛽̃2𝑠(1 − 𝑠) − 𝛾̃2(1 − 𝑠)2 − 𝑘(𝑘 − 1)𝑠]𝐺𝑛𝑘(𝑠) = 0. (16) 

(16) equation 
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𝜒"(𝑠) +
𝜏̃(𝑠)

𝜎(𝑠)
𝜒′(𝑠) +

𝜎̃(𝑠)

𝜎2(𝑠)
𝜒(𝑠) = 0 (17) 

if we compare it with the hypergeometric equation, then for coefficients 𝜏̄(𝑠), 𝜎(𝑠) 
and 𝜎̄(𝑠) we get [26]: 

𝜏̄(𝑠) = 1 − 𝑠,  

𝜎(𝑠) = (1 − 𝑠)𝑠,  

𝜎̄(𝑠) = 𝛼̃2̃𝑠2𝛽̃2𝑠21 − 𝑠) − 𝛾̃2(1 − 𝑠)2 − 𝑘(𝑘 − 1)𝑠. (18) 

If we use expressions (19), we can calculate the function: 

𝜋(𝑠) =
𝜎′(𝑠) − 𝜏̄(𝑠)

2
± √(

𝜎′(𝑠) − 𝜏̄(𝑠)

2
)

2

− 𝜎̄(𝑠) + 𝑘′𝜎(𝑠) = 

= −
𝑠

2
± √

𝑠2

4
− 𝛼̃2𝑠2 + 𝛽̃2𝑠(1 − 𝑠) + 𝛾̃2(1 − 𝑠)2 + 𝑘(𝑘 − 1)𝑠 + 𝑘′𝑠(1 − 𝑠) = 

= −
𝑠

2
± √

𝑠2

4
− (𝛼̃2 + 𝛽̃2𝛾̃2 + 𝑘′)𝑠2 − (−𝛽̃2 + 2𝛾̃2 − 𝑘(𝑘 − 1) − 𝑘′)𝑠 + 𝛾̃2 = 

= −
𝑠

2
±

√(1 − 4 − (𝛼̃2 + 𝛽2 − 𝛾̃2 + 𝑘′))𝑠2 − 4(−𝛽2 + 2𝛾̃2 − 𝑘(𝑘 − 1) − 𝑘′)𝑠 + 4𝛾̃2

2
 

= −
𝑠

2
±

1

2
√(4𝑎 − 4𝑘′)𝑠2 − 4(𝑏 − 𝑘′)𝑠 + 4𝑐 = 

= −
𝑠

2
± √(𝑎 − 𝑘′)𝑠2 − (𝑏 − 𝑘′)𝑠 + 𝑐. (19) 

here 

𝑎 =
1

4
+ 𝛽̃2 + 𝛾̃2 + 𝑎̃2,  

𝑏 = 𝛽̃2 + 2𝛾̃2 − 𝑘(𝑘 − 1), (20) 

𝑐 = 𝛾̃2.  

To find the parameter 𝑘′ in the expression (20), if we first find the discriminant 
of the second-order polynomial under the root and make it equal to zero, then we 
get a quadratic equation with respect to 𝑘′, i.e.  

𝐷 = (𝑏 − 𝑘′)2 − 4𝑐(𝑎 − 𝑘′) = 𝑘′2
− (4𝑐 − 2𝑏)𝑘′ + (𝑏2 − 4𝑎𝑐) (21) 
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From condition 𝐷 = 0 

𝑘′2
− (4𝑐 − 2𝑏)𝑘′ + (𝑏2 − 4𝑎𝑐) = 0 (22) 

we will buy If we solve equation (22) with respect to 𝑘′, then we get: 

𝑘′
1,2 =

2𝑏 − 4𝑐

2
±

√(4𝑐 − 2𝑏)2 − 4(𝑏2 − 4𝑎𝑐)

2
 (23) 

𝑘′
1 = (𝑏 − 2𝑐) + 2√𝑐2 + 𝑐(𝑎 − 𝑏) (24) 

𝑘′
2 = (𝑏 − 2𝑐) − 2√𝑐2 + 𝑐(𝑎 − 𝑏) (25) 

on the other hand 

(𝑎 − 𝑘′)𝑠2 − (𝑏 − 𝑘)𝑠 + 𝑐 = (𝑎 − 𝑏 + 2𝑐 − 2√𝑐2 + 𝑐(𝑎 − 𝑏)) 𝑠2 −  

− (2𝑐 − 2√𝑐2 + 𝑐(𝑎 − 𝑏)) 𝑠 − 𝑐 = (𝐴𝑠 − 𝐵)2 (26) 

From here we get that 

𝐴2 = 𝑎 − 𝑏 + 2𝑐 − 2√𝑐2 + 𝑐(𝑎 − 𝑏)  

2𝐴𝐵 = 2𝑐 − 2√𝑐2 + 𝑐(𝑎 − 𝑏) (27) 

𝐵2 = 𝑐  

𝐴 = √𝑐 − √𝑐 + 𝑎 − 𝑏  

√𝑐 = 𝛾̃  

√𝑐 + 𝑎 − 𝑏 = √𝛾̃2 + 1 4⁄ − 𝛽̃2 + 𝛾̃2 − 𝛼̃2 + 𝛽̃2 − 2𝛾̃2 + 𝑘(𝑘 − 1) =  

√1 4⁄ + 𝑘(𝑘 − 1) − 𝛼̃2 = √(𝑘 − 1 2⁄ )2 − 𝛼̃2. (28) 

Using expressions (24) and (25), we can find four possible functions for the func-
tion 𝜋(𝑠): 

𝜋(𝑠) = − 𝑠 2⁄ ±  

± {
(√𝑐 − √𝑐 + 𝑎 − 𝑏)𝑠 − √𝑐, 𝑘′ = (𝑏 − 2𝑐) + 2√𝑐2 + 𝑐(𝑎 − 𝑏)

(√𝑐 + √𝑐 + 𝑎 − 𝑏)𝑠 − √𝑐, 𝑘′ = (𝑏 − 2𝑐) − 2√𝑐2 + 𝑐(𝑎 − 𝑏)
 (29) 

According to the Nikiforov-Uvarov method, we choose one of the four possible 
forms of the polynomial 𝜋(𝑠) such that the derivative of the function 𝜏(𝑠) for this 
form polynomial is negative and the root is located in the interval (0, 1). 

The specific value of energy is found directly from the expression of parameter 
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𝜆, that is, it is found from the condition that the two equivalent expressions of pa-
rameter 𝜆 are equal to each other: 

𝜆 = (𝑏 − 2𝑐) − 2√𝑐2 + 𝑐(𝑎 − 𝑏) − 1 2⁄ − [√𝑐 + √𝑐 + 𝑎 − 𝑏] (29’) 

For given non-negative integers 𝑛, an equation of hypergeometric type has only 
and only a unique polynomial solution of degree 𝑛: 

𝜆𝑛 = −𝑛𝜏′(𝑠) −
𝑛(𝑛 − 1)

2
𝜎″(𝑠),   𝑛 = 0, 1, 2, . ..  

Here 

𝜏(𝑠) = 1 − (2 + 2(√𝑐 + √𝑐 + 𝑎 − 𝑏)) 𝑠 + 2√𝑐,  

𝜏′(𝑠) = − (2 + 2(√𝑐 + √𝑐 + 𝑎 − 𝑏)),  

Then 

𝜆𝑛 = 𝑛[2 + 2(√𝑐 + √𝑐 + 𝑎 − 𝑏)] −
𝑛(𝑛 − 1)

2
⋅ (−2) =  

= 2𝑛[1 + (√𝑐 + √𝑐 + 𝑎 − 𝑏)] + 𝑛(𝑛 − 1) (30) 

We get from the equivalence of expressions (29) and (30): 

𝜆 = (𝑏 − 2𝑐) − 2√𝑐 ⋅ √𝑐 + 𝑎 − 𝑏 − 1 2⁄ − (√𝑐 + √𝑐 + 𝑎 − 𝑏) = 

= −𝛽̃2 − 𝑘(𝑘 − 1) − 2𝛾̃√(𝑘 − 1 2⁄ )2 + 𝛼̃2 − 1 2⁄ − 𝛾̃2 − √(𝑘 − 1 2⁄ )2 + 𝛼̃2 = 

= 𝛽̃2 − 𝑘(𝑘 − 1) − 𝛾̃ (2√(𝑘 − 1 2⁄ )2 + 𝛼2 + 1) − √(𝑘 − 1 2⁄ )2 + 𝛼̃2 − 1 2⁄ . 

𝜆 = 2𝑛 [1 + 𝛾̃ + √(𝑘 − 1 2⁄ )2 + 𝛼2] + 𝑛(𝑛 − 1). 

2𝑛 + 2𝑛𝛾̃ + 2𝑛√(𝑘 − 1 2⁄ )2 − 𝛼̃2 + 𝑛(𝑛 − 1) = −𝛽̃2 − 𝑘(𝑘 − 1) 

− 1 2⁄ − 𝛾̃ (2√(𝑘 − 1 2⁄ )2 + 𝛼̃2 + 1) − √(𝑘 − 1 2⁄ )2 + 𝛼̃2 (31) 

From here we get the following analytical expression for the specific value of 
energy: 

𝛾̃ =
𝛽̃2 − 𝑘(𝑘 − 1) − 1 2⁄ − (2𝑛 + 1)√(𝑘 − 1 2⁄ )2 + 𝛼2 − 𝑛(𝑛 + 1)

2𝑛 + 1 + 2√(𝑘 − 1 2⁄ )2 − 𝛼2
. (32) 

If we square each side of expression (32), then we obtain the following analytical 
expression for the energy spectrum in the case of pseudospin symmetry: 

𝑀2 − 𝐸𝑛𝑘
2 + 𝐶(𝑀 + 𝐸𝑛𝑘) =  
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= [
𝛽̃2 − 𝑘(𝑘 − 1) −

1
2 − (2𝑛 + 1)√(𝑘 − 1 2⁄ )2 + 𝛼̃2 − 𝑛(𝑛 + 1)

𝑛 +
1
2

+ √(𝑘 − 1 2⁄ )2 + 𝛼̃2
⋅ 𝛿]

2

 (33) 

Here, the Dirac equation for the linear sum of the Manning-Rosen and Yukawa po-
tentials is solved analytically by applying the Nikiforov-Uvarov method in ordinary 
quantum mechanics for the case of exact pseudospin symmetry. For arbitrary val-
ues of spin-orbital, radial and orbital quantum numbers, an analytical expression 
describing the energy spectrum of the particle was obtained. It is shown that the 
energy spectrum strongly depends on these quantum numbers. 

Now, to find the eigenfunction of a relativistic particle of mass 𝑀 moving in a 
Manning-Rosen plus Yukawa potential field by applying the Nikifarov-Uvarov 
method, let us factorize the function 𝐺𝑛𝑘(𝑠) as follows: 

𝐺𝑛𝑘(𝑠) = 𝜑̃(𝑠)𝑦̃(𝑠), (35) 

then for functions 𝜑̃(𝑠) we get: 

𝜑̃(𝑠) = 𝑠𝛾̃ ⋅ (1 − 𝑠)
1
2

−√(𝑘−
1
2

)
2

+𝛼̃2

 
(36) 

In order to find the function 𝑦̃(𝑠) in the function (35), it is necessary to find the 
function 𝜌(𝑠) first. 𝜌(𝑠) weight functions are found from solving the Pearson dif-
ferential equation. The Pearson differential equation is defined as follows: 

(𝜎𝜌)′ = 𝜏𝜌 (39) 

Let's solve this equation: 

𝜌(𝑠) = 𝑠2𝛾̃ ⋅ (1 − 𝑠)
2√(𝑘−

1
2

)
2

+𝛼̃2

 
(37) 

The function 𝑦𝑛(𝑠), which is a component of the spinor function 𝐺𝑛𝑘(𝑠), is de-
termined by the Rodriques formula in the following way: 

𝑦̃𝑛(𝑠) = 𝐶𝑛𝑃
(2𝛾̃,2√(𝑘−

1
2

)
2

+𝛼̃2)
(1 − 2𝑠) 

(38) 

If we consider functions (36) and (38) in (35), then for function 𝐺𝑛𝑘(𝑠) we get: 

𝐺𝑛𝑘(𝑠) = 𝐶𝑛𝑠𝛾̃ ⋅ (1 − 𝑠)
1
2

−√(𝑘−
1
2

)
2

+𝛼̃2

⋅ 𝑃𝑛

(2𝛾̃,2√(𝑘−
1
2

)
2

+𝛼̃2)

(1 − 2𝑠) 
(39) 

The normalization constant 𝐶𝑛 is found from the normalization condition and is 
as follows: 

𝐶𝑛 = √
2𝛿 ⋅ 𝑛! (𝑛 + 𝑘 − 1 + 𝛾̃)𝛤(2𝛾̃ + 1)𝛤(𝑛 + 2𝛾̃ + 𝑘)

(𝑛 + 𝑘 − 1)𝛤(2𝛾̃)𝛤(𝑛 + 2𝛾̃ + 1)𝛤(𝑛 + 2𝑘 − 2)
. (40) 
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4. Conclusion 

The Dirac equation for the linear combination of the Manning-Rosen and Yukawa 
potentials was solved analytically by applying the Nikiforov-Uvarov method in the 
case of exact pseudospin symmetry in ordinary quantum mechanics. Analytical ex-
pressions were found for the eigenvalue of the energy of a mass 𝑀 relativistic par-
ticle moving in the field composed of the sum of the Manning-Rosen and Yukawa 
potentials, eigenfunctions expressed by the Jacobi polynomial. It is shown that in 
both cases the energy spectrum and eigenfunctions are sensitive to the choice of 
spin-orbital and radial quantum numbers. The obtained results can be used in the 
construction of new models of elementary particles, in the study of the spin balance 
of protons and neutrons. 
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