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Abstract 

This paper considers an eigenvalue problem for ordinary differential equations of fourth 
order with a spectral parameter in one of the boundary conditions. Sufficient conditions 
are established for the uniform convergence of Fourier series expansions in the system of 
eigenfunctions of this problem. 
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1. Introduction 

     We consider the following eigenvalue problem  
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),1,0(),())()(()()4(  xxyxyxqxy                                   (1) 

                                  ,0)1()1()0(  yyy                                                     (2) 

),0()0( yaTy                                                              (3) 

where C  is an eigenvalue parameter, ,yqyTy  q  is a positive absolutely 

continuous function on ]1,0[  and a  is a nonzero constant.  

In the case 0a problem (1)-(3) arises when separating variables in a boundary 

value problem describing small bending vibrations of a homogeneous rod, in the 

cross sections of which a longitudinal force acts, the right end of which is rigidly 

fixed, and at the left end there is a particle of mass a  (see [4, 5, 10]). 

Eigenvalue problems for ordinary differential equations of fourth order with a 

spectral parameter in the boundary conditions have been considered in many 

papers (see, for example, [1-3, 6-8] and references therein) in various 

formulations. In these papers, the general arrangement of eigenvalues on the real 

axis, the structure of root subspaces, the oscillatory properties of eigenfunctions 

were studied, and asymptotic formulas for eigenvalues and eigenfunctions were 

obtained. Moreover, using these properties, the basis properties of root functions 

in the space  ,1,  pLp was investigated. In [1] and [3] sufficient conditions are 

established for the uniform convergence of Fourier series of continuous functions 

with respect to the system of root functions of the problems under consideration. 

In this paper, we find sufficient conditions for the uniform convergence of 

Fourier series expansions of a continuous function in the system of eigenfunctions 

of problem (1)-(3). 

 

2. Preliminary 
 

By changing the variables xt  1 , we transform problem (1)-(3) into the 

following spectral problem 

),1,0(),())()(()()4(  ttttqx 


 
                                  0)1(,0)0()0(                                                    (4) 

                                                       (1) (1),T a       
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where ),1())(()( tytxyt  ),1())(()( tqtxqtq 


( ) ( ( )) ( )T t T x t t    

( ) ( ), [0,1].q t t t    Note that problem (4) in the case 0a   in a general form is 

considered in [7, 8], and in the case 0a  is considered in [2] (see also [6]). 

Theorem 1 ([8, Theorem 2.2] and [6, Theorem 1]).  The eigenvalues of problem 

(1)-(3) are real and simple, and form an unboundedly increasing sequence 

1}{ kk  

such that  

1 20 . . . . . .k            if    ,0a  

1 20 . . . . . .k            if    .0a  

Moreover, in the case 0a   for each k  the eigenfunction )(xyk

corresponding to the eigenvalue k  has exactly 1k  simple zeros in the interval 

(0, 1);  in the case 0a for each ,2,  kk  the eigenfunction )(xyk  has 

exactly 2k   simple zeros in the interval ),1,0(  and the number of zeros of 

eigenfunction )(1 xy  can be arbitrary (these zeros are simple). 
It follows from [7, Theorem 5.1] and [2, Theorem 3.1] that the eigenvalues and 

eigenfunctions of  problem (1)-(3) have the following asymptotic formulas. 

 Theorem 2.   One has the following relations 

   ,1434 kOkk                                               (5) 

     3 4 (1 )
( ) sin 3 4 ( 1) 1 ,

k xk

ky x k x e O k



  

                  (6) 

where relation (6) holds uniformly with respect to ].1,0[x  

As in [1, 3], to study the uniform convergence of spectral expansions of 

problem (1)-(3), we establish a correspondence between the eigenfunctions of 

problem (1)-(3) and the following eigenvalue problem  

(4) ( ) ( ), (0, 1),

(0) (0) (1) (1) 0,

y x y x x

y y y y

  


                                       

(7) 

the uniform convergence of expansions in terms of the system of eigenfunctions 

of which has been well studied (see, for example, [1, 3] and references therein). 

By [4, Theorem 5.4 and 5.5] the eigenvalues of problem (7) are positive and 

simple, and form an infinitely increasing sequence .}{ 1

kk   Moreover, it follows 

from [2, Theorem 3.1] that the eigenvalues and eigenfunctions of problem (7) 

have the following asymptiotic formulas: 
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 ,1)41(4 kOkk                                               (8) 

 1 ( 1 4) (1 )2
( ) sin( 1 4) ( 1) 1 ,

2

k k x

k x k x e O k                    (9) 

where formula (9) holds uniformly with respect to ].1,0[x  

To establish a correspondence between the eigenfunctions of problem (1)-(3) 

and problem (7), we need more precise asymptotic formulas for the eigenvalues 

and eigenfunctions of these problems. 

 

3. Asymptotic formulas for eigenvalues and eigenfunctions of problems (1)-(3) 
and (7) 

 

Theorem 3. One has the asymptotic following formulas for the eigenvalues and 

eigenfunctions of problem (7): 

 
,)()41(4  k

k eOk                                         (10) 

1 ( 1 4) ( 1)2
( ) sin( 1 4) ( 1) ( ),

2

k k x k

k x k x e O e                (11) 

where formula (11) holds uniformly with respect to ].1,0[x  
The proof of this theorem is similar to that of [1, Lemma 3.1]. 

By (11) we have  
1

2 2

2

0

1
|| ( ) || | ( ) | 1 .k k k

x x dx O
e 

 
 

    
 

                              (12) 

We introduce the following notation: 

2

( )
( ) , [0, 1].

|| ( ) ||

k
k

k

x
Ф x x

x




   

Then by (12) we get 

2|| ( ) || 1.kФ x   

Moreover, by direct calculation from (11) we obtain that the asymptotic formula  

1 ( 1 4) ( 1)2
( ) sin( 1 4) ( 1) ( )

2

k k x k

kФ x k x e O e                 (13) 

holds uniformly with respect to ].1,0[x  

Theorem 4. One has the asymptotic following formulas for the eigenvalues and 

eigenfunctions of problem (1)-(3): 
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4 4
k

q a
k O

k k
 



   
      
   

                               (14) 

3
( 1)

43 2 2 3
( ) sin ( 1) sin

4 2 4 4

k x
k

k

a
y x k x e k x

k



 


 
  

    
         

   
 

3

40 0( 4 ) ( ) 2 3 2
cos

4 4 4

k xq a x q x a a
k x e

k k




 

 
  
 

    
    

 
 

3
( 1)

40 1

2

( 4 ) 4 ( )2 1
( 1) ,

2 4

k x
k

k

q a x a q x
e O

k





 
  

 
    

    
 

                 (15) 

where formula (15) holds uniformly with respect to ].1,0[x  

    Proof. Suppose that 4   in (1). It follows from [9, Ch. II, § 4.5, Theorem 1 

and § 4.6 formula (27)-(29)], in each subdomain   of the complex  plane 

equation (1) has four linearly independent solutions ( , ), 1, 2, 3, 4,k x k    

regular in   (for sufficiently large  ) and satisfying the following relations 

( ) 0

2

( ) 1
( , ) ( ) 1 , 0, 1, 2, 3,

4
k xs s

k k

k

q x
x e O s

  
 

  
     

  
1, 2, 3, 4,k    (16) 

where , 1, 2, 3, 4,k k   are distinct fourth roots of unity, more precisely, 

1 2 31, ,i i        and 4 1.  Then for every {1, 2, 3, 4}k  we have the 

following relations 

2

2

1
(0, ) ( ) 1 ,k k O  



  
    

  
                                      (17) 

4 4(0, ) (0, ) (0, ) (0) (0, ) (0, )k k k k kT a q a                  

 
 3 3 4 4

2 2

1 1 1
(0) 1 1 ,k k

k

q a O a O
a

    
  

      
             

      
   (18) 

 
0

2

1
(1, ) 1 ,

4
k

k

k

q
e O
 

 

  
    

  
                             (19) 

 
0

2

1
( , ) 1 .

4
k

k k

k

q
x e O

  
 

  
     

  
                        (20) 

 
Hence by the boundary conditions (2), (3) and relations (17)-(20) for the 
characteristic determinant ( )  we have the following relation 
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       
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

 

  

 
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7 0 0

0

1
1 [1] 1 (1 ) (1 ) 1

4

1
1 (1 ) (1 ) 1 .

4

i

i

q q
a e i i e

a ai i

q
i i e

ai i

 




  

 



     
             

     

   
        
   

 (21) 
It follows from (21) that the eigenvalues of problem (1)-(3) are the roots of the 

following equation 
 
                                    

0

2

2

0

0

2

1
1 1 (1 )

41 1

1 1
1 1 (1 )

4

4 1
1 .

2

i

q
i

i aii
e O

i q
i

i ai

q a
i O

i

  



 

 

  
    

    
   

         
  

   
     

   

             (22) 
       
By asymptotic formula (5) we have  3

,
4

k kk  
 

   
 

                                            (23) 
where (1)k o  as .k    Then we get 

 3
2

2 2 24 (1 2 ( )) (1 2 ( )).k

i k
i

k k k ke e i o i i o


    
 
 

                  (24) 
Hence by (24) we obtain  

0 0

2 2

4 41 1
.

4 4
k

k k

q a q a
O O

k k


  

    
      

  
                  (25) 

 
Therefore, by (25) from (23) we obtain the asymptotic formula (13). 

In view of (13) we get the following asymptotic formulas 
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                  (27) 

Using [9, Ch. 2, formula (73)] and formulas (16), (26), (27) for the eigenfunction 

( )ky x  corresponding to the eigenvalue 4

k k   of problem (1)-(3) we havey the 
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The proof of this theorem is complete. 

 

4. Uniform convergence of Fourier series expansions of the system of 
eigenfunctions of problem (1)-(3) 

By the asymptotic formulas (13) and (29) for 2k  we have the following 
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Moreover, from these relations we obtain 
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Let r  be an arbitrary fixed natural number.  Then by Theorems 1 and 2 it 

follows from [7, Theorem 8.1] and [2, Theorem 6.2] that the system 1,{ ( )}k k k ry x 

   

of eigenfunctions of problem (1)-(3)  forms a basis in the space (0,1), 1 ,pL p   

which is an unconditional basis in the space 2 (0,1).L  In this case the system 
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   is defined by the formula 

1 (0)
( ) ( ) ( ) ,

(0)

k
k k k r

r

y
u x y x y x

y
   

  
 

                               (32) 

where 
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 By following the arguments in pp. 282-284 [8] we can show that 
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By (31), (33) and (34) from (32) we get 
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By the above arguments the Fourier series  

2
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                                   (37) 

where 
2

1

0

( , ) ( ) ( ) ,k L kf u f x y x dx  of continuous function ( )f x  in the system 

1,{ ( )}k k k ry x 

  of eigenfunctions of problem (1)-(3) converges in (0,1), 1 .pL p   

The main result of this paper is the following theorem. 

Theorem 5. Let r be an arbitrarily fixed positive integer, ( )f x  is a continuous 

function on [0, 1]  and has a uniformly convergent Fourier series expansion in the 

system 
1{ ( )}k kФ x 


on [0,1].  If 

2
( , ) 0,r Lf y   then the series (37) is uniformly 

convergent on any interval [ , 1], 0 1,    if 
2

( , ) 0,r Lf y   then the series (37) is 

uniformly convergent on the interval [0, 1].  

The proof of this theorem is similar to that of [1, Theorem 5.1] with the use of 

(30)-(36). 
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