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Abstract

In this work we study the second order differential operator with integral boundary
conditions. Under weaker than previously known conditions on the functions
gDV(X), v =1,2, asymptotic formulas for eigenvalues and Eigen functions are found
functions, an estimate of the resolvent was obtained and theorem on completeness and
minimality of eigenfunctions in some subspace of space Lp (0,2), 1< p < o, codimension
2.
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1. Introduction.

Consider the linear differential expression
I(y) =-y"+a(x)y, xe(01) (1)

and boundary conditions

U,(y)=U,(y)=0 (2)
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where q(X) — is a complex-valued function summable on [0,1] and U, (y) and

U, (y) - are the corresponding boundary forms. Differential expression (1) and
boundary conditions (2) generate a differential operator L with a domain of
definition D(L) in some functional space X. We will be interested in the problem
of the behavior of eigenvalues and eigenfunctions of this differential operator.
Such a problem in the case of regular boundary conditions U, (y) =0, v=1,2,
has been studied quite well (see [1,2] and the bibliography there). The case of
irregular, as well as more general regular boundary conditions, when the
boundary conditions contain some integrals of the function y(X) and its

derivatives, was considered in [3-6]. In these works, the spectral properties of the
corresponding operator were studied (spectrality, eigenfunctions, conjugate

problem and mainly in the space LZ(O,l)). Let us also note the works [8-10],
where similar problems were studied in the spaces Lp(O,l). However, as a rule,
boundary forms generated an unbounded functional in the space under
consideration, and in this case the operator has a dense domain of definition,

which made it possible to construct a conjugate operator or assume the regularity
of boundary conditions [1,2,4]. Here we will consider integral boundary conditions

U, (y) :'[gov(x)y(x)dx:o, v=12, (3)

where @,(X) - are given linearly independent functions belonging to the space
1 1

Lq (0,1), — + = =1.These conditions are not regular in the sense of Birkhoff [1],
P q

and there is no corresponding conjugate operator for them. Such conditions were
used for other purposes in [6, 7]. In [11, 12], problem (1), (3) was studied under

more stringent conditions on the functions ¢(x) and @,(X), where the
asymptotic behavior of eigenvalues and eigenfunctions was found, and the
theorem on the Riesz basis property of a system of eigenfunctions in L2(0,1) .

Note that differential equations with nonlocal conditions of integral form have
interesting applications in mechanics [13] and in the theory of diffusion processes
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[214].

1. Basic assumptions.
Let us introduce in the space Lp(O,l),1< p <oo,a differential operator L,
corresponding to the differential expression I(y) with the domain of definition
D(L) = {y(x) eWp2 (02, 1(y)eL,(01); U, (y)=0,v =1,2} and consider the

problem of the eigenvalues of this operator
Ly = Ay. (4)
Let's put A = —pz. Equation (1) has [1, pg. 58] fundamental system of solutions
Y1 (X, p) =@+ 1.(X p), Y, (X p) =€ (L+1,(X, p)), (5)
where the functions I, (X, p) are continuous even for large values of |p| the
C. .
estimate |I’i (X,p)| < ﬁ, i =12 is satisfied, uniformly in XE[O,].].
Yo,
Regarding the functions @,(X), V=1,2, we will additionally assume that in

some strip||mp| <h, forsome h >0 the following relations are satisfied:

1 _ 1 . 1
oo 2ol
0 ’ g (6)

;[% (x)e™dx = _—1ip(ﬂve‘p ~-a, )+ o(%}

where |av|+|bv|¢ 0. These relations are satisfied, for example, if the functions
@,(X), q(x), are smooth in a small neighborhood of the points X =0 and X =1.
Moreover, in equalities (6) a, = ¢,(0), £, =¢,(1) (one of the numbers ¢, £,

can become zero). For functions ¢, (X) eW,"(0,1) such expansions are obtained

using integration by parts and from the Riemann theorem. In addition, from (5)
and (6) it follows that under the same assumptions the relations are also satisfied

J .00y, (x p)dx = ii(ﬂveip o)+ n (p)
0 1% Yol
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rv2(p)
Je2t

where for functions r,;(p) for large values of |p| and ||mp| <h the estimate

1

1 .
[ 0.9y, (x, p)dx = ——(pe ™ ~a, )
0 —1p

r;(p) =0()is satisfied. In what follows we will assume that the condition

o, — o, B, # Qs satisfied.
2. Asymptotic behavior of eigenvalues.

The main result of this point is following theorem:
Theorem 1. Let the function ((X) be summable, and the functions

1 1
@,(X), v=12, be summable with degree q,—+— =1, on the interval [0,1] and
P q

for functions @,(X) the asymptotic representations (6), (7) take place. Then the
following asymptotic formula for the eigenvalues of the operator L is valid:
Py =7K+0(1)
Proof. To find the eigenvalues of the operator L, consider the determinant
A(py <10 Vi)
Up(yr)  Us(ys)

where Y, (X)and Y,(X) - are the fundamental system of solutions from (5). The

7’

determinant A(p) is divided into the sum
A(p) = Ay () +Ar(p) + A (P) + Ay (), (8)

where

1 1
j¢1(x)eipxdx I¢l(x)e’ipxdx
Aqy(p) = 2 Ol
I(pz (x)e'dx I(/)z (x)e "dx
0 0

A, (p) is obtained from A, (p) by replacing the second row with the elements
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I(pz(x)e'pxrl(x,p)dx, I(pz(x)e""xrz(x,p)dx, and A,(p)— from A,(p) by
0 0

1 -
replacing the first row with the elements Igol(x)e'pxrl(x,p)dx,
0

1
J.(z)l(x)e’ipxr2 (x, p)dx, finally, A;(p) - replacing both lines with the specified
0

elements (the first with ¢ ¢(X), the second with ¢,(X)). Let's consider the

determinant A, (p) By virtue of formulas (6), (7) we have

2

(o) =P p ()= Reld) -y RelP)
p p p

where R.(p) =0(1), i=123, for p—>o0 and ||mp| <h. Thus, in expansion
(4) the main role as p — oo is played by the term A, (p), therefore, taking into

account formulas (8), (9) we have

1 |pe” —a pe" —a R
A(p) =— 1 § 1 1 N L, (/20 ’
P 15" —a, B —a, P

where R(p) =0(1) for p—>o0 and |Im,0| < h. From equality (5) it follows that

(10)

A(p) = iz (B, -, 5,)(€” —e™) + &2))'
P P

and the roots of the equation A(p) =0 (see. [1, pg. 77]) form the sequence
P =K +0() for a3, —a, 3, =0, ke Z\ {0},

3. Asymptotics of eigenfunctions.

Let's move on to finding the eigenfunctions of the operator L. As usual [1, p. 84],
they are searched in the form

_ Y1 (X, py) Y, (X, p) _
O N TR
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eipkx(1+ rl(xvpk)) e_ipkx(1+ I (X!pk))

= Cy i ipx i iy X (11)
j(ﬂz (x)e™" (1+ (X, o, ))dX j@z (x)e™ (1+ r, (X, py ))dX
0 0

where ¢y, is some normalizing factor to be determined. We have p, = 7K +0(1)

and (X, p,) =0(), r,(X, p,)=0(1) . Substituting these expressions into the
determinant (11) and using formulas (6), we obtain
eipkx e—ipkx

Y (X) =¢,

1
.i(ﬁzeipk —a,) 1 (ﬁzeiipk —a,) +0(:0—k} .
10« —1p

(12)
Further, taking into account that e =(=1)* +0(l), e = (-1)* +o(l),
e =™ 4 o(l), e =e ™ 1+ 0(1), from (12) we obtain

1 k i 77kx —izkx 1
Yy, (X) =c, @((az -(-0° B, Xe +e )+ O(ED.
i 7K
2(a, - (_1)kﬂ2)
Y, (X) = coxzkx+ o(2).

Now choosingC, = , from the last equality we get

Thus it is proven.
Theorem 2. Under the conditions of Theorem 1, the following asymptotic
formulas hold for the eigenfunctions of the operator L :y, (X) =coxzakx+o0(1)..

4. Completeness of eigenfunctions.
The operator L constructed in paragraph 2 does not have a dense domain of
definition in the space Lp (0,2) and therefore the eigenfunctions of the operator

L cannot be complete in this space. To eliminate this drawback, consider the

operator L notin the entire space Lp(O,l) ,but in its closed subspace

X, =1f(x) eL,(01):U,(f)=0,v=12]
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It is obvious that codim X, = 2 Let us define the operator L in the space X p @S
follows:

D(L) = {yeW2(0)N X, :1(y) e X, | and fory e D(L):Ly =I(y).

The operator L thus defined has an everywhere dense domain of definition in
X p TO study the question of completeness of eigenfunctions of the operator L

in the space X o We construct and estimate the resolvent of the operator L Itis

known (see [1]) that the Green’s function of the operator L —p2| has the form

. 9(x,&.p)  Yi(%p) Y, (X p)
G(x,&,p)=——| Uy (9) U, (y.)  Ui(y,) (13)

o) U,(@)  U,(y)  Uy(y,)
Where
_=nxp)z(ép), x2S,
g(X,é,p)_{ Y2(Xap)zz(§,p), X<§,
Y2 (S, p) Y1, p) Vi Ve
) =, 9 , S A AL W _ .
21(5 P) W(,O) Z (é‘ p) W(p) (P) l, ;

Consider in the complex p -plane the regionQ; = {p : |p —pk| 2> 5}, where
{pk } is the set of zeros of the function A(p) Let K; denote the region of the
complex A —plane, which is the image of (25 under the mapping A = pz.
Theorem 3. For the resolvent R, (L) = (L —Al)™ of the operator L in the
domain K for large values of|/1| the following estimate is correct:
IR,(L)] <=+ (14)
42
Proof. It is known [1] that for the derivatives of the functions Y, (X, p) and
y,(X,p) in the region T=c+S,, where S,={p:Imp>0,Rep=>0}

asymptotic estimates are valid
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yi (X, p) = ipei”x L+ 15(x, P)), Y5 (X, p) =—ipe ™ (L+1,(x, p)),

I =3,4, uniformly alongX e [0,1]. From the last relations,
taking into account (6) for the Wronskian W (p) , we have
e” (L+1,(x, p)) e (L+1,(x p))

o o =-2ip 1+O(lj :
e @A+ r,(x,p0) —ieA+r(x p)) P
From here, for the functions z,(, p) and z,(&, p) we obtain

Zl(é.p)=—.ie*ipg 1+0(1] L 2,(E p) = ——e* 1+O[1j
2ip p 2ip P

Therefore for g(X,&, p) we have

L groes [1+ O(ED, x> ¢,
2ip p

L gneen (1+ O[ED, X< &
2ip p

Taking into account formulas (6), as well as the last relations, we estimate U,(Q)

and U,(Q):

where|l’ (x, p)|

W (p) =

g(x.&,p) =

h 5
U.(9) = j(/’l(x)g(x’ &, p)dx = —.ieipéf%(x)e_ip{h o(lﬁdm
2ip P

N Ipg,[(Pl(X)e'p" [1+ O( Ddx = i(ale‘p‘f —b, "¢ 4 O(%B
2ip p 2p* p

Y.(9)= J(pz (¥g(x.&, p)dx= ‘-ieipgi% (x)e™ [1+ O(Ede +
2ip P

b 'p§j¢2 (x)e"* (1+ O( Ddx = iz(azeipi —b,"" ) 4+ o(izn
2ip p 2p p
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Finally, we replace all the functions included in (13) with their asymptotic
expressions. Then for X > & we have

. g(x.S&p) V(%) Y.(X,p)
G(X’fuo):m Ul(g) Ul(yl) Ul(yz) =
U,(9)  U,(y) Uy(y,)
1
 2p(an B, —a, B)(EF —e )]

e [1] e [1] e [1]
X (aleipé - /Bleip(l_g))[l] (o, - :Bleip)[l] (ﬂle_ip -a)[l] |=
(azeipg _ﬂzeip(lié))[l] (az _ﬂzeip)[l] (ﬂzeiip —0{2)[1]

1
2p(a, B, — Olzﬂl)(ezip -D[]
eip(xfé) [1] eipx [1] eip(H) [1]

(a8~ £e" N (o - A" (B -ae”)]
(szeipf - ﬂzeip(l_g))[]-] (o, - ﬂzeip)[l] (B, - azeip)[l]
Here we use the notation[a] = a+0(1). Note that if p belongs to the domain,
TN, then Re(ip) <0 and therefore there is a numberm; >0 such that.

Kez”’ —111]‘2m5. In addition, in the last determinant all components are

limited, since all exponents present there in the indicator have a negative real
part. From what has been said it immediately follows that the estimate

C
G(x, &, p)| SH, peTNQ,,xEe[0]]
from which we directly obtain (14). The case X < & is studied similarly.

The main result of this point is
Theorem 4. The eigen and associated functions of the operator L form a
complete and minimal system in the space X D1 1< p<oo.
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Proof. Let L denote the maximal operator generated in the space Lp (0,1
by differential expression (1), i.e. D(I:):{y esz(O,l), I(y) e Lp(O,l)} .
Obviously, L is a bounded operator acting from sz (0,)) toL,(0,1). Then from
the complete continuity of the embedding operator sz(O,l) into L, (0,) and
Theorem 6.29 from [15, p. 187] on an operator with a compact resolvent it
follows that the operator L also has a compact resolvent. Consequently, the
system of eigen and associated functions {yk} is minimal in Xp, since it has a
biorthogonal system {Zk }, which is a system of eigen and associated functions of
the conjugate operator L .

Let us prove the completeness of the system {yk}. Let it not be complete in

o1, such that Vk :<yk, g> =0. From this

X, Then there exists an element g € X

we obtain thatR,(L)g is an entire function of 1. On the other hand, from

=||R/1(L)||=O il and according to

12
Liouville’s theorem, this is possible only in the case R,l(L*)gzconst. Then,

estimate (14) it follows that HRA(L*)

d * *
differentiating the latter, we obtain 7 R,(L)g=R%(L)g=0 Hence, from

the uniqueness of R,(L)g and therefore R7(L"), we find thatg =0, which

completes the proof of the theorem.
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