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Abstract

In this paper we consider the bundle of (0,2) type tensor frames over a smooth manifold,
define the horizontal and complete lifts of symmetric affine connection from a given manifold
to this bundle. Also we investigate the properties of the geodesic lines corresponding to the
complete lift of an affine connection and determine the relations between Sasaki metric and
lifted connections on the bundle of (0,2) type tensor frames.

Keywords: bundle of (0,2) type tensor frame, linear connection, adapted frame, horizontal lift, complete
lift geodesic line
Mathematics Subject Classification (2020): 53C05, 53820

1. Introduction

Let M be an n - dimensional manifold of class C” . The problem of extending
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differential- geometrical structures on M to its fiber bundles has been the subject
of a number of paper. Yano, Kobayashi and Ishihara [11, 12] have defined the
complete and horizontal lifts of an affine (linear) connections on M to tangent
bundle T(M). On the other hand, using the Riemannian extension, Yano and

Patterson [13, 14] have investigated the complete and horizontal lifts of linear

connections on M to cotangent bundle “T(M).The relations between various

metrics and connections on the CT(M) have been studied by Mok [8]. Similar

studies for linear frame, coframe and tensor bundles were carried out in [2-7, 9].
In the present paper, we shall define the complete and horizontal lifts of
a symmetric linear connections from a manifold M to the bundle of (0,2)

type tensor frames Lg(l\/l). In 2 we briefly describe the definitions and results

that are needed later, after which the horizontal lift of a symmetric linear
connection is defined in 3. The complete lift of a symmetric linear connection is
investigated in 4. We study the properties of the geodesic line of the complete lift
of the linear connection in 5. The relations between Sasaki metric and lifted

connectionsonthe LY(M) are determined in 6.

2. Preliminaries

Let M an n - dimensional differentiable manifold and L)(M) the
bundle of (0,2) type tensor frames of M [1]. The bundle L(M)
consists of all pairs(X,A(), where X is a point of M and A, is a basis for the
linear space TZO(X) of all (0,2) tensors at a point X . We denote by
7:L5(M)—>M the projection map defined by z(X,A)=X For the
coordinate system (U,Xi) in M, we put BU)=72"(U) and a (0,2) type

X BB

tensor of the frame A, can be uniquely expressed in the form

XM = X[ (dX), ® (),

so that {L(;(U),(Xi,xi'jglﬁ2 )} is a coordinate system in L)(M). Indices
I, J,K...,a, ,7,.. have range in {LZ,...,n}, while indices A, B,C.,... have range
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in {1,...,n,n+],...,n+n4} and indices IM 'Jﬂ]ﬁz’k}/ﬁ/z"“ have range in

{n +1...,n+ n“}. Summation over repeated indices is always implied.

We denote by SS(M)the set of all differentiable tensor fields of type

(p,q) onM . Let V be a linear connection, V € J3(M) a vector field and

e33(M) a (0,2) type tensor field on M with local components I V!

and Aij , respectively. Then there are exactly one vector field "V on M,
called the horizontal lift of V , and exactly one vector field "2 A on Lg(Mn)
for each pair B3, =12,..,n, called the S S, —vertical lift of A, that are
known to be defined in L) (U) (see, [1]) by

-0 0
MV =V VX AR x/)’lﬂzrm , 2.1
X' ( mo >ax/%ﬁ 1)
Ve p = 5BS% A, Gx‘ilaz (2.2)

0 0

-, in L%(M) , where
OX GXfﬁ}

with respect to the natural frame {ai,a.m} {

5;’11 is the Kronecker delta. If f is a differentiable function on M, Vi=f or,

denotes its canonical vertical lift to L3(M).

Let (U, X') be a coordinate systemin M .In U = M, we put

0 0
azé‘. o e«50(M)

=dx' @dx! =5,5/ox" ®ox* € (M), i,j=12,...,n

Xy =

From (2.1) and (2.2), we have

0

4 Xy = 50 +(Xr§1{2[ﬁrin + Xi/r;nlﬂzﬂrjn) Vov;

(2.3)
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Var Qi — 5ﬂlé‘ﬂ28?8|} L (2.4)

o a2 ax r?léaz

with respect to the natural frame {ai +Oiny } in L3(M).

These N+n* vector fields are linearly independent and generate,
respectively, the horizontal distribution of linear connection V and the vertical

distribution of L3(M).We call the set {H X(i)vﬁ’ﬁzﬂij,}the frame adapted to the

linear connection Von 7z (U) < L3(M). Putting

D,="X: D, ="
we write the adapted frame as {Di}ziDi,Dim}. From (2.3) and (2.4) we see

that "V and "2 A have respectively, components

Hy =ViDi=(HVi):(\éiJ (2.5)

0
e p= ASESED, =" A )= . 26
Ail BB g, ( ) 5;!115[0;2 Aij (2.6)

2

3. Horizontal lifts of linear connections

let V= (Fijk)be the symmetric linear connection on M.

Definition 3.1 Ahorizontal lift of the symmetric linear connection V on
M to the bundle of (0,2) type tensor frames Lg(M) is the linear connection

"V defined by
"V TYET(VLY) Y, e AL (VA
H Vs HY =0, Hy, Veep—Q (3.1)
forall X,Y € 35(M) and A,B e I)(M).
The components of the horizontal lift"V of V =(Fijk) on M in the

A B
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0
natural frame, & are defined in the adapted frame {DI } by decomposition
"V, D,="15Dy. (3.2)
From (3.1) and (3.2), by using of (2.5) and (2.6), we get.

Theorem 3.1 The horizontal lift Y of the symmetric linear connection
V given on M, to the bundle of (0,2) type tensor frames LZ(M) have the
components

H p _ H Pre _H p _HI—v Pre _
Vpn k/fzrlz ! 1oy k/fzrlz 1o k 1 pen k !
H p _ p_H Pye _H p _
LR =rp="r}="rp =o (3.3)

"L ==81 8065 -850 6T

Ko ip?

with respect to the natural frame {D, } (see, [1]).

We note that matrix (AlJ )and its inverse matrix (AJK )are defined of the

form

AN A

A= ()= .
A|jﬁzaz Ajﬁzaz
i (3.4)
5) 0
Xperp 4 Xy 80556t

and
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A A

J jﬁzaz

K ' Lt A ' Lt
] 1 poan

(3.5)
5 0

X+ XBery  5psess)

Now let us consider the following transformation of frames on Lg(M) :

5 0

Xoj“ i + Xl 655,266

J
D=A0,.
We denote the components of the linear connection "V with respect
to the natural frame {Gi} by "I, ie.

Hvﬁlék:HI:IIEap'

Then

T = AR AAS (D AR AL (3.6)
Using (3.3), (3.4) and (3.5), from (3.6) we have

Theorem 3.2 The horizontal lift Y of a symmetric linear connection V
given on M, to the bundle of (0,2) type tensor frames Lg(M) have the
components
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H7s _ 7=s His _ 7S _ S8 06 Sipr _ o6 s6 ST 1]
1_}| _1_}|’ 1_}| _['L;lﬁzl - 571 5}'2 55 ﬂq 571 5725qr

Is !

Fyie ==88120\T, = 5,:520,T,

vy 7y js?

e =X (o +rhr +rere )+

X e (0, R+ TP+ AT )-2X e (o2 + 12T

H s Iszs :vapl =H1=Snzrl =0 (3.7)

] I A Jelaz Vv Jsle 2 V2

0 0
with respect to the natural frame. {—,——— .
: d {ax' OX {;1“1}

4. Complete lifts of linear connections

Now we consider the symmetric linear connection V on the
differentiable manifold M . We determine the new linear connection V on the
bundle of (0,2) type tensor frames L)(M) by following manner:

Iy="I0+Kg, (4.1)

where K lis the (1,2) type tensor field on the L3(M) with unique non-zero

components
K2 = X[ R+ X2 R, (4.2)
. 0 .
with respect to the natural frame < —,———* and R is the curvature tensor of
ox! oXn*
ij
V.

By using of (3.7), (4.1) and (4.2), we obtain the non-zero components of

0

the linear connection V in the induced natural frame e
142
ox' OXj
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T P, _ & S S & Sé2 j
Fﬁ = F'p F = _5}’1 5}’2 5;11; - é‘}’1 5}’2 5(;1—‘1

i Jeyen Ip?

=Py, v oV, ol v oV, 1
FPve = —5%8% 50T —8%5" 50T

L p- s ip?

=Py, 172 172 m
Fhve = X170, % + X272 (0, T2 0,3 =0 Tf + 205 T ) - o

7.7, (1-b b
—2X [ (rPre +Tare)
We have

Theorem 4.1 Covariant differentiation with respect to the linear

connection \% has the following property:
Ve, Y="(ViY)+/Q(X.Y))

0
forall X,Y € 3;(M), where 7/(Q(X ,Y)) = {F K J vertical vector field on the

bundle of (0,2) type tensor frames L (M) such that

Fhee = X2 (V, X"V Y £V, Y "V, X* = XY (RS, +R2))-

— X (Vo X'V, Y 4V, XV,
R is the curvature tensor field of linear connection V and ©X,°Y are

complete lifts of vector fields X,Y from a manifold M to LZ(M ), respectively.

Proof. Let us consider the vector fields X,Y € J;(M). The complete lift

©X of vector field X from a manifold to the bundle of (0,2) type frames L)(M)
defined by [4]

EX =X, oK™ =X g X"~ X0 X (44)

. 0 0
with respect to the natural frame — .
oX' OX

1) If K =Kk, then by using (4.3) and (4.4), we have
19
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(Ve, oY f =X (0,5 + 7Y )= X (o, X + Iy 1) =

=(V, Y)=C(V,Y);
2) InthecaseK = kﬁ,ﬂ2 by the same way, we obtain=kn:
(0, o e =ox (o, o Mo 4 Flys oy 0 ) =
=CX 19,y e 4 EX g, Oy M L OX T CY Y 4
1% iy l:il::;sz CyijCx ifi'j(ﬁifz Cy Jepn _
= X0, (= XBma Y™ = X ep,Y ™)+
+oXpma, X" - Xmo, X", (XGmaY - X [a,Y 7 )+
+ XY I[X G0, T+ X 2 (0,18 -0 T3 -0, + 23,1 ) -
— X (0T + TR )|+ (- X Aea, X = X Ama, X ™ x
T )+ X (X b0 Y™ =X 50 Y ™ )x

r

x(-ok5L5iT] - 5h5% s

X (— 5,26025)T, —5V‘j25;jz§;,rii)= ~XPX10.0Y™ - X/ X10,0,Y" +

+ X9 XMSI8,0.Y° — X0, X8 610,Y° — X9, X525, 0,Y " +
+ X0, X5/ 810, Y + XY IX Lo I + XY IX{2%0,I'f -

- X'YIX 70 Te = XY IX 20T

T +2X Y IX e p T —
= X'YIXZADDg = XY IX @Ay + X 2o XT3 Y ) -
— X g XY D= X 22 g XY = X9, XTTRY D+
+ X2 0, X" Y T4 XX 220 YT — XX 22 0,Y "I —

= X X220, Y "I + X' X220, Y "T =0 (VY )%=
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Poa m a m a i a a
+ X (VXY YR AV, Y Y XA - XY (RS +RE)-
— X (VXYY 4V, XV YR
Thus, we have shown that

Ve, Y="(VY)+7Q(X,Y)) (4.5)

for all X,Y e 34 (M), where y(Q(X,Y)):[ jis the vertical vector field

F kﬁzaz

on, L(M) moreover

Foe = X[ (V, X"V Y2 +V,Y "V X - X'Y'(R% + RS ))-
— X (VXPV, Y * +V, X2V b)

Thus, Theorem 4.1 is proved.
The complete lifts of the symmetric linear connections in the cotangent
and coframe bundles satisfies relations analogously to (4.5) (see, [9, 13]).

Therefore, the linear connection V defined by formula (4.1) and satisfying the
relation (4.5) is called the complete lift of the symmetric linear connection V on

M to the bundle of (0,2) type tensor framesL)(M) and denoted by ° V. By
using the transformation

CT-S ANSCTP Al AK NS Al AK
Oy =A T AJAL - (al Al )AJ AL,
it is easy to establish that a complete lift °V of a symmetric linear connection V

defined on M to the bundle of (0,2) type tensor frames L5(M) has nonzero

components in the form
CrS _ sCrSy, _ ynnpm nr2pm
1—3L - 1_}I 1—}I - er RIsj + Xms erj’

C S, _ v, ca, ol or v ooy of 7l
P =gt s ST - 555551, (4.6

jlvllzz n o7
with respect to the adapted frame {D, }, where R is the curvature tensor of V.
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5. Geodesics of the complete lifts

Geodesics of complete lifts of linear connections in tangent, cotangent,
tensor, linear frame and linear coframe bundles has been studied in [4, 6, 7, 8, 9,
11,13]. In the present section we will investigate geodesics of the complete lifts of

linear connections in the bundle of (0,2) type tensor frames.
Let 6 be a geodesic curve on the bundle of (0,2) type tensor frames

Lg(M) with respect to the complete lift °V of the symmetric linear connection

V on M. In induced coordinates(ﬂ’l(U),Xi,Xiﬁ“’l) the equation of the
geodesic curve

C:l—LYy(M)
C:t>Cty=(x (1), X @®)=(x" ()
are of the form
d’x ¢ dx' x’

N =0 LI K=12. 040t ()

By using of formulas (4.4) for ‘r ” , from (5.1) we obtain:

d?x* o, dx' x!

+°r =0, 5.2
dt? Y dt dt 2
PBocts
d ;(k; +[XB o+ X (0,172 — 0,1 — 0,72 + 25T )+
(5.3)
dx' dx’ D i ) dX 2 dx!]
PBoay | b a b b i i ob i
+ X[ +rr)d o +2(res - rist) .
let us consider the covariant differentiation of X /22 (t):
) X'BZ"‘z dx” dx™
Xﬂzaz Fbxﬂzaz _1"3 Xﬁzaz 5.4
i 0)=° e gy a Y

Now taking into account the equality (5.2) and symmetry of the linear
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connection V given on M, from (5.4) we obtain:

XS [dx({z“z

del dt Pal gt

dxP dx®
= OB 22 pay Bay T |
d?  dt PO dt J

_d [ dXg
dt

dx? dx®
by fras a vy fray
Tor e T X WJ*

fr ) gy
rﬁ(kabz L b x e ST X e dXIJdXI

T el S TR S P

dX Bocts p p i dX Pty
_l"itl’(( bl _Te Xﬁzaz dL_]"sz Bacty dLjdi: kl

dt PITrab g a gt | dt dt

+ (x [t (@ir}’I - rglrijp + rigr;;)+x Lt (— air}’k o DI R )—
dx' dx’ o dX % dxd
Paasy (T agb b i i ob i
— X/ (rj,r;; Jrl“J.kl"ﬁ))—dt o +2(r].,5k -I6, )—(;t o (5.5.)

Taking into account (5.5), the equation (5.3) is written in the form:

S X | po y o, IX' OX] gy OX X
Tar TR g g TR g T B
from the above we get

Theorem 5.1. Let V be a symmetric linear connection on a differentiable
manifold M and let C(t) = (C(t), X [ (t)) be a curve on the bundle of (0,2)
type tensor frames LS (M) . In order for the curve C (t) to be a geodesic line of the

complete lif v of the V, it is necessary and sufficient that the following
conditions be satisfied:

i) The curve C(t) is a geodesic line of the linear connection V ;
i) The each (0,2) tensor field X [°2(t) satisfies the relation (5.6) along the
curve C(t)
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6. The Sasaki metric and the complete lift

Let g be a metric and V a symmetric linear connection on M. The
Sasaki metric on the bundle of (0,2) type tensor frames L (M) denoted by °g

(see, [1]). Note that metric Sg is an analogue of the metric introduced by Sasaki
[10].

The line element of *gon 77*(U) is taken to be
*g,dx'dx’ = g dx'dx! +68,, gPigUeX i oX S (6.1)
where
éXi'ﬁlﬁ2 = dXéXi‘glﬂ2 —I]Z‘Xiﬁlﬁzdxk —FkE“erlpﬁdek
is the usual covariant differential.
It is easily seen that (6.1) defines a global metric on LZ(M) and that the
component matrix of Sg with respect to the adapted frame is
gj; 0
(6.2)

O é‘ﬁ1‘7‘1 5/72“2 g pqg !

We would like to establish conditions for®V to be metrical with respect to
Sg. Let us denote by SgIJ the matrix in (6.2). By a simple calculation based on

(4.6) and (6.2) we determine the possible non-zero components of ‘y s g:

CVSgij = Dksgij_cjrllzvl Sgr\/lj_cfkjl'vI Sgnvl =
= Dkgij _Cj:'ljinsgmj_C]:krin/}za2 ° gm/,zazj_cl‘::(?qs Oim — (6.3)

_CrMpa, S _ .
1y i, =V, 0
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Cy S _Cyg S NS _Cprm s _
Vi gi/}lalj_ Vi gji/,m =D, gi/,mj Fki,,}lb,1 Gwmj

_CrMs _Cprm s CrMpe _Crms _
17(j giﬁmM F gmj F gmﬂzazj 11] gipmm

ki/}lai kiﬂlal
(6.4)
C Mgy S _ Loy Boas DI rlomi _
B Fki - giﬁmmﬁzaz - _(Xlrz ’ Rimk = Xpi? Rikj )5ﬁ1ﬁz 50‘1“2 99 =
_ B | B | rl o mi
- _(Xlrlm1 ijk + Xmllal Rikj )g g,
Cys NS _CPM Sy _CpM s _
V giﬁl“lez B Dk giﬁl”‘lijz rk'ﬂm g Mlmz Fklmz g'ﬂmM
_ IgNjiy CTM S _CT Mgy S _
B Dk (§ﬁ1y1 50(1}/2 99 rkiﬁlal 9 Miyp, ijﬁlaq 9 L
_Cpm s, _CTMpe Sy _
FkJWz glﬁl"lm rkjﬁyz g'ﬂlalmﬂzaz
_ Iq) ji,cTm s _
- 5ﬂ1y1 5a1y2 (Dk g Qg+ I_‘kjyly2 giﬁlalm
_CT M S _ ( Iq) ji
ijylyz giﬁloqmﬁzaz B 5513’15“1312 Dkg g +
Iq ji k rq~ jm
+ 551)’1 50‘13/2 9 Dk g+ 5,3152 50‘1512 é‘imrﬂdﬂz Y1 50‘1)’2 99+
i rge im _
+35,5,9,2, 9 k10,00, 99
k rl im
- é‘ﬂ2y16‘0lzyz 5jmrfq5ﬂ1ﬁz 5a1a2 g g + ( 6.5 )

+ 5 5 5 F;m5ﬂ1ﬂz 50‘1612 g rlg " =

PoY1~ a2y, g

- 5/31)’150‘1)’2 (Vk glq)g g + §ﬁ1)’15051y2 glqvkg ji'
From (6.3), (6.4) and (6.5), we get

Theorem 6.1. Let g be a metric and V a symmetric linear connection on

M. Then, °V is metrical with respect to s g if V is the Riemannian connection of
g and is locally flat.
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