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Abstract 

In this paper we consider the bundle of )2,0( type tensor frames over a smooth manifold, 

define the horizontal and complete lifts of symmetric affine connection from a given manifold 
to this bundle. Also we investigate the properties of the geodesic lines corresponding to the 
complete lift of an affine connection and determine the relations between Sasaki metric and 

lifted connections on the bundle of )2,0( type tensor frames. 
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1. Introduction 

Let M  be an n  - dimensional manifold of class 
C . The problem of extending  
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differential- geometrical structures on  M to its fiber bundles has been the subject 

of a number of paper. Yano, Kobayashi and Ishihara [11, 12] have defined the 

complete and horizontal lifts of an affine (linear) connections on M  to tangent 

bundle )(MT . On the other hand, using the Riemannian extension, Yano and 

Patterson [13, 14] have investigated the complete and horizontal lifts of linear     

connections on M  to cotangent bundle )(MTC
.The relations   between various 

metrics and connections on the )(MTC
 have been studied by Mok [8]. Similar 

studies for linear frame, coframe and tensor bundles were carried out in [2-7, 9].  

In the present paper, we shall define the complete and     horizontal lifts of 

a symmetric linear connections from a manifold M  to the bundle of )2,0(

type tensor frames ).(0

2 ML  In 2 we briefly describe the definitions and results 

that are needed later, after which the horizontal lift of a symmetric linear 
connection is defined in 3. The complete lift of a symmetric linear connection is 
investigated in 4. We  study the properties of the geodesic line of the complete lift  
of the linear connection in 5. The relations between Sasaki metric and lifted 

connections on the )(0

2 ML  are determined in 6. 

2. Preliminaries   

Let M an n  - dimensional differentiable manifold and )(0

2 ML  the 

bundle of )2,0(  type tensor frames of M   [1]. The bundle )(0

2 ML   

consists of all pairs ),,( xAx  where x  is a point of M  and xA  is a basis for the 

linear space )(0

2 xT  of all )2,0( tensors at a point x . We denote by  

MML )(: 0

2  the projection map defined by .),( xAx x   For the 

coordinate system  ixU ,   in M , we put )()( 10
2 UUL    and a )2,0( type 

tensor 21
X   of the frame  xA can be uniquely expressed in the form   

,)()(2121

x

j

x

i

ij dxdxXX 


 

so that   21,),(0

2



ij

i XxUL  is a coordinate system in ).(0

2 ML  Indices 

,...,,,...,,, kji  have range in  n,...,2,1 , while indices ,...,, CBA  have range 
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in   4,...,1,,...,1 nnnn  and indices ,...,,
212121  kji   have range in

 .,...,1 4nnn   Summation over repeated indices is always implied.  

 We denote by  )(Mp

q the set of all differentiable tensor fields of type

),( qp  on M . Let   be a linear connection, )(1

0 MV    a vector field and

)(0

2 MA    a  )2,0( type tensor field on M  with local components  ik

ij V,

and ijA  , respectively. Then there are exactly one vector field VH
 on M , 

called the horizontal lift of V , and exactly one vector field A
V

21   on )(0

2 nML    

for each pair  ,,...,2,121 n    called the 21 vertical lift of A  , that are 

known to be defined in  )(0

2 UL (see, [1]) by  

  ,
21

2121



 
ij

m

kjmj

m

kimj

k

i

iH

X
XXV

x
VV









                      (2.1) 

21

2

2

1

1

21









 

ij

ij

V

X
AA




                                           (2.2) 

with respect to the natural frame  

















2121
,,



ij
iii

Xx
 in  )(0

2 ML  , where 

1

1


  is the Kronecker delta. If f is a differentiable function on ffM V , , 

denotes its canonical vertical lift to )(0
2 ML . 

 Let ),( ixU  be a coordinate system in M . In ,MU   we put 

),(1
0)( M

xx
X

h

h
iii 








   

 .,...,2,1,),(0

2 njiMxxdxdx khj

h

i

k

jiij    

From (2.1) and (2.2), we have 

  ,
21

2121

)( 

 
kh

m
hjim

m
himkh

h
ii

H

X
XXX




                     (2.3) 
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21

2

2

1

1

21







 

hk

k
j

h
i

ijV

X


                                           (2.4) 

with respect to the natural frame     
21

,
ii    in  )(0

2 ML . 

 These
4nn   vector fields are linearly independent and generate, 

respectively, the horizontal distribution of linear connection   and the vertical 

distribution of )(0

2 ML .We call the set  ,21

)(

ijV

i

H X  the frame adapted to the 

linear connection   o n ).()( 0
2

1 MLU    Putting  

ijV

ii

H

i DXD 



21

21

,)(   

we write the adapted frame as   .,
21iii DDD   From (2.3) and (2.4) we see 

that VH
 and A

V
21   have respectively, components 

  














0

i

iH

i

iH V
VDVV                                                 (2.5) 

  .
0

2

2

1

1

21

21

2

2

1

1

21
















ij

IV

iij

V

A
ADAA


















 




                       (2.6) 

3. Horizontal lifts of linear connections 

Let  k

ij be the symmetric linear connection on M .  

Definition 3.1 Ahorizontal lift of the symmetric linear connection  on 

M to the bundle of )2,0( type tensor frames )(0

2 ML   is the linear connection  

H
defined by 

   ,, 2121 AAYY X

VV

H

H

X

HH

H

H

XX
 

       

0,0 22

1111
 AY

VHHH

B
V

B
V




                       (3.1) 

for all )(, 1

0 MYX   and ).(, 0

2 MBA   

The components of the horizontal lift H
 of  k

ij  o n  M  in the 
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natural frame,
ix


 are defined in the adapted frame ID  by decomposition 

.K

K

IJ

H

JD

H DD
I

                                                   (3.2) 

From (3.1) and (3.2), by using of (2.5) and (2.6), we get. 

 Theorem 3.1 The horizontal lift H

 of the symmetric linear connection 

  given on M , to the bundle of )2,0(  type tensor frames )(0

2 ML   have the 

components 

,

,0

,0,0

2222

22

22

111122112211

k

ip

q

l

q

il

k

p

p

ik

H

p

ik

Hp

ik

Hp

ik

p

ik

H

p

ki

Hp

ki

Hp

ki

Hp

ki

H












































                  (3.3) 

 

with respect to the natural frame  ID   (see, [1]). 

 We note that matrix  J

IA and its inverse matrix  K

JA
~

are defined of the 

form 

 

,

0

222222

2222








































l

j

k

r

m

kjim

m

kimj

j

l

j

l

j

l

j

l

J

L

J

L

XX

AA

AA

AA























                        (3.4) 

 
and 
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 









































j

i

h

k

m

hjim

m

ihmj

j

l

i

j

i

j

i

j

i

j

I

J

XX

AA

AA

AA























2

1

2

1

1111

11

22

11

22

0

~~

~~

~1

                                     (3.5) 

 

Now let us consider the following transformation of  frames on )(0

2 ML  : 

  





















2211

,,


jk

jii
Xx

DD  

,

0

2

1

2

1

2222 


















j

i

h

k

m

kjim

m

kimj

j

l

XX 













 

 
i.e. 

J

J

II AD  . 

 We denote the components of the linear connection  H
with respect 

to the natural frame   i  by ,P

IK

H  i.e. 

.
1 p

P

IK

H

k

H    

Then 

  .
~~~~ K

L

I

J

S

KI

K

L

I

J

P

İK

HS

P

S

JL

H AAADAAA                        (3.6)                                        

Using (3.3), (3.4) and (3.5), from (3.6) we have 

Theorem 3.2 The horizontal lift H
 of a symmetric linear connection   

given on M, to the bundle of )2,0( type tensor frames )(0

2 ML  have the 

components 
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     ,

,,

2

2

1

1

2

2

1

1

21

21

2

2

1

1

2

2

1

1

21

21

l

js

r

m

vvr

jm

l

s

vvs

jl

j

ls

r

q

r

lq

j

s

s

lj

s

jl

Hs

jl

s

jl

H

vv
































 

 

   ,2 2121

2121

b

rj

a

ls

a

sj

b

lrba

p

jl

a

ps

a

lp

p

js

a

lsjra

b

lp

p

jr

l

jp

b

pr

b

lrsbs

s

lj

XX

X













 

021

212121212121







s

lj

Hp

lj

H

vv

s

jl

Hs

lj

H

vvvv
                     (3.7) 

with respect to the natural frame.  .,
11


















ih

i Xx
 

4.  Complete lifts of linear connections 

Now we consider the symmetric linear connection   on the 

differentiable manifold M .  We determine the new linear connection  


on the 

bundle of )2,0( type tensor frames )(0

2 ML  by following manner: 

,P

JL

P

IL

HP

JL K 


                                  (4.1) 

where 
p

jlK is the )2,1(  type tensor field on the )(0

2 ML  with unique non-zero 

components 

,212121 m

rljmp

m

lpjrm

p

jl RXRXK
                                   (4.2) 

with respect to the natural frame 



















21

,


ij

j Xx
 and R is the curvature tensor of 

 . 

By using of (3.7), (4.1) and (4.2), we obtain the non-zero components of 

the linear connection


 in the induced natural frame 



















21

,


ij

j Xx
:     
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,

,,

2

2

1

1

2

2

1

1

21

21

2

2

1

1

2

2

1

1

21

21

l

jp

r

s

vvr

js

l

p

vvp

jl

j

lp

r

q

r

lq

j

p

p

lj

p

jl

p

jl

vv




































 

 

 .2

2

21

212121

b

rj

a

lp

a

pj

b

lrba

m

jl

a

mp

a

lpj

a

pjl

a

ljpra

b

jlrbp

p

jl

X

XX










       (4.3) 

We have 

Theorem 4.1 Covariant differentiation with respect to the linear 

connection 


 has the following property: 

   ),( YXQYY X

CC

CX




 

for all ),(, 1

0 MYX  where  















22

0
),(




k
F

YXQ    vertical vector field on the  

bundle of )2,0( type tensor frames )(0

2 ML  such that 

 

 ,

)(

22

2222

l

b

a

k

a

k

l

bba

a

ikj

a

jki

jia

m

m

k

a

m

m

kla

k

YXYXX

RRYXXYYXXF









 

R  is the curvature tensor field of linear connection  and  YX CC ,  are 

complete lifts of vector fields YX , from a   manifold  M  to )(0

2 ML , respectively. 

Proof. Let us consider the vector fields  ).(, 1

0 MYX   The complete lift 

XC
of vector field X from a manifold to the bundle of )2,0( type frames )(0

2 ML  

defined by [4]  

m

j

aa

im

m

i

aa

mj

iCiC XXXXXXX aa  212121,                   (4.4) 

with respect to the natural frame 



















21

,


ij

i Xx
. 

1) If ,kK   then by using (4.3) and (4.4), we have 
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     

    ;
k

X

Ck

X

jk

ij

k

i

iJCk

IJ

kC

i

ICkC

C

YY

YXXYYXY
X



 


 

2) In the case
22kK   by the same way, we obtain=kn: 

   

 







m

klm

m

lmki

i

jCk

ij

iCjCk

ji

iC

JCk

ij

iCkC

i

iCkC

i

iC

JCk

IJ

kC

i

ICkC

C

YXYXX

YXYX

YXYXYX

YYXY

v

v

X

2222

1122

11

22

11

11

2222

11

1122

222222



























 

   

  

   

   

 













l

i

i

k

s

r

m

irm

s

k

i

s

r

l

m

rmi

s

i

i

k

r

s

m

rmi

m

ki

i

lm

m

li

i

mk

j

ik

l

pv

l

ip

j

kv

m

j

v

pm

m

p

v

mj

ii

jk

l

r

r

jl

i

k

jm

irm

m

rmi

b

li

a

jk

a

ki

b

jlba

m

ij

a

mk

a

jkj

a

kij

a

jikla

b

ijlbk

ii

s

kls

s

lski

m

irm

m

rmi

YXXYXXYXX

YXXYXX

YXYXX

YXXXXX

XXYX

YXYXXXXX











































121212

22222

1

2

1

2

1

2

1

11112

2

1

1

2

2

1

1

111122

2222

2222

11

1111

2

 

  222222

222222

222222

222222

222222

222212

2











 

k

X

Cj

ik

m

jlm

ip

il

m

kpm

i

j

ik

m

lmj

ip

il

m

pmk

ijl

jk

m

ilm

jr

jl

m

krm

jl

jr

m

rmk

jl

jk

m

lmi

jl

jr

m

rmk

b

li

a

jkba

jia

ki

b
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a
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jia
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a
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  

 .22

22

b

l

a

k

a

k

b

lba

a

ikj

a

jki

iia

m

m

k

a

m

m

kla

YXYXX

RRYXXYYXX









 

Thus, we have shown that 

   ),( YXQYY X

CC

CX




                               
(4.5) 

for all ),(, 1

0 MYX  where    















22

0
),(




k
F

YXQ is the vertical vector field 

on, )(0

2 ML moreover 

  

 .22

2222

bXYXX

RRYXXYYXXF

l

a

k

a

k

b

lba

a

ikj

a

jki

iia

m

m

k

a

m

m

kla

k









 

Thus, Theorem 4.1 is proved. 

 The complete lifts of the symmetric linear connections in the cotangent 
and coframe bundles satisfies relations analogously to (4.5) (see, [9, 13]). 

Therefore, the linear connection 


 defined by formula (4.1) and satisfying the 
relation (4.5) is called the complete lift of the symmetric linear connection   on 

M  to the bundle of )2,0(  type tensor frames )(0

2 ML  and denoted by .C
By 

using the transformation 

  ,
~~~ K

L

I

J

S

KI

K

L

I

J

P

IK

CS

P

S

JL

C AAAAAA   

it is easy to establish that a complete lift C
 of a symmetric linear connection   

defined on M  to the bundle of )2,0( type tensor frames )(0

2 ML  has nonzero 

components in the form 

,
~~

212121 m

rljms

m

lsjrm

S

jl

Cs

jl

S

JL

C RXRX
   

l

js

r

q

vr

jq

l

s

vS

jl

C

v
 










2

2

1

1

2

2

1

1

21

21

~
                        (4.6) 

with respect to the adapted frame   ,ID  where R  is the curvature tensor of  . 
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5. Geodesics of the complete lifts 

Geodesics of complete lifts of linear connections in tangent, cotangent, 
tensor, linear frame and linear coframe bundles has been studied in [4, 6, 7, 8, 9, 
11,13]. In the present section we will investigate geodesics of the complete lifts of 

linear connections in the bundle of )2,0( type tensor frames. 

Let C
~

 be a geodesic curve on the bundle of )2,0( type tensor frames 

)(0

2 ML  with respect to the complete lift C
 of the symmetric linear connection 

  on M . In induced coordinates  11,),(1  ih

i XxU
  the equation of the 

geodesic curve 

)(:
~ 0

2 MLIC   

   )()(),()(
~

:
~

11 txtXtxtCtC I

ih

i 
  

are of the form 

4

2

2

,...,2,1,,,0 nnKJI
dt

x

dt

dx

dt

xd JI
K

IJ

C
K

            (5.1) 

By using of formulas (4.4) for 
K

IJ

C , from (5.1) we obtain: 

,0
2

2


dt

x

dt

dx

dt

xd ji
k

ij

C
k

                                       (5.2) 

  

   
dt

dx

dt

dX

dt

dx

dt

dx
X

XX
dt

Xd

j

bib

l

i

jk

i

k

b

jl

ji
b

il

a

jk

a

ki

b

jlab

m

ij

a

mk

a

jki

a

kij

a

jikal

m

ijlmk
kl

22

22

2222

22

2

2
2

2















(5.3) 

let us consider the covariant differentiation of :)(22 tX kl


 

  .)( 2222

22

22

dt

dx
X

dt

dx
X

dt

dX
tX

dt

m

al

a

pk

p

kb

b

pl
kl

kl




 


      (5.4) 

Now taking into account the equality (5.2) and symmetry of the linear 
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connection  given on M , from (5.4) we obtain: 

























dt

dx
X

dt

dx
X

dt

dX

dt

d

dt

dx
X

dt

dx
X

dt
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dtdt

X

p
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a

pk

p
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b
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p
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a

pk

p

kb

b
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klkl

2222
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2222
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2

2












 

dt
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dt

dx

dt

dx
X

dt

dx
X

dt
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dt

dx

dt

dx
X

dt

dx
X

dt
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a
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p
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a
pj

blb
ik
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a
pk

p
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b
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kbb
il

22

2222

22

2222
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

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


































 

    p

ij

a

pk

a

jp

p

ik

b

jkial

p

jb

b

ip

p

ij

b

pl

b

jlikb XX 2222 

    
dt

dx

dt

dX

dt

dx

dt

dx
X

j

bib

l

i

jk

i

k

b

jl

ji
b

ri

a

jk

a

ki

b

jlab

22

22 2


         (5.5.) 

Taking into account (5.5), the equation (5.3) is written in the form: 

,02222

22

2

2


dt

dx

dt

dx
XR

dt

dx

dt

dx
XR

dt

X ji

al

a

kij

ji

kb

b

lij
kl 


          (5.6) 

from the above we get 

Theorem 5.1. Let  be a symmetric linear connection on a differentiable 

manifold M  and let   )(),()(
~

22 tXtCtC kl


  be a curve on the bundle of )2,0(  

type tensor frames )(0

2 ML . In order for the curve )(
~

tC  to be a geodesic line of the 

complete lif C
t of the  , it is necessary and sufficient that the following 

conditions be satisfied: 

i) The curve )(tC  is a geodesic line of the linear connection  ; 

ii) The each )2,0(  tensor field )(22 tX kl


 satisfies the relation (5.6) along the 

curve )(tC  
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6.  The Sasaki metric and the complete lift 

Let g  be a metric and   a symmetric linear connection on M . The 

Sasaki metric on the bundle of )2,0(  type tensor frames )(0

2 ML  denoted by gS  

(see, [1]). Note that metric gS  is an analogue of the metric introduced by Sasaki 

[10]. 

The line element of gS on  )(1 U is taken to be 
2121

11



  jqip

ijpqji

ij

JI

IJ

S XXggdxdxgdxdxg                 (6.1) 

where 

     
k

mp

m

ki

k

ip

m

kpipip dxXdxXXdxX 21212121     

is the  usual covariant differential. 

 It is easily seen that (6.1) defines a global metric on )(0

2 ML  and that the 

component matrix of gS   w i t h  r e s p e c t  t o  t h e  a d a p t e d  f r a m e  i s   

.

0

0

2211

















ijpq

ij

gg

g

 

                             (6.2) 

 

We would like to establish conditions for C
 to be metrical with respect to

gS .  Let us denote by  IJ

S g  the matrix in (6.2). By a simple calculation based on 

(4.6) and (6.2) we determine the possible non-zero components of C
 gS :  

;
~

~~~

~~

22

22

22

22

ijkim

Sm

kj

C

im

Sm

kj

C

jm

Sm

ki

C

mj

Sm

ki

C

ijk

iM

SM

kj

C

Mj

SM

ki

C

ij

S

kij

SC

gg

ggggD

gggDg





















                      (6.3) 
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 ( 6 . 4 )  

 

 


2211

22

211121

~~




 mi

Sm

kj

C

mi

Sm

kj

C gg  

   mi

Sm

kj

Cjilq

kyy gggD
1121

2111

~
   

   jilq

kyymi

Sm

kj

C ggDg
21112211

22

21

~
 






 

 

  .
21112111

21212212

21212212

21122121

211221212111

ji

k

lq

yy

jilq

kyy

imrl

a

i

kmrqyy

imrl

a

k

rqjmyy

jmrq

yy

i

kmrla

jmrq

yy

k

rlima

ji

k

lq

yy

gggg

gg

gg

gg

gggDg




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       ( 6 . 5 )  

From (6.3), (6.4) and (6.5), we get  

Theorem 6.1. Let g be a metric and   a symmetric linear connection on 

M. Then, C
 is metrical with respect to   gS if   is the Riemannian connection of 

g  and is locally flat. 

  
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