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Abstract

Using congruence schemes, we present a characterization of compatible reflexive
relations for k-majority algebras (i.e. for algebras having k-ary near unanimity operation
among its term operations, k > 3). For algebras in congruence n-permutable varieties we
show that every binary (n — 1)-pretransitive compatible relation is symmetric and we
obtain some consequences for special types of relations.
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Introduction

Congruence scheme is a very important idea in the study of congruence
lattices of algebras (see [1]-[3]). A term function m(xy, ..., x;) of an algebra
A = (4; F) is called k-majority term (or k-ary near unanimity term; see [4], p.34),
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k=3, if
m(y,x,x,..,x) =mx,y,%,%,..,x) = =mx,x,..,x,y) =%
holds for all x, y € A. Clearly, 3-majority term is exactly the majority term; for
example, any lattice (L;V,A) admits a majority term. Algebras having a k-majority
term are called k-majority algebras. In [3], some different characterisations of
majority algebras are given. A quasiorder of an algebra A = (A4; F) is a reflexive,
transitive binary relation p € A2, which is compatible with the operations of A.
Let (QuordA; ©) stand for the set of quasiorders of A. It is easy to see that
(QuordA; ©) is an algebraic lattice (here the lattice operation A is the usual set
intersection of the binary relations).
1° 4-majority algebras
Proposition 1. Let A = (4;F) be an algebra and consider the following
assertions.
(1) A has a 4-majority term function m.
(2) For everya,b,c,d € A and any compatible reflexive relations @, 5,6,y S
A? SCHEME-4 below is satisfied.
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e b
Here (a,x1) Eanp, (x1,c) €S, (xe,b)ye any.
(3) For any compatible reflexive relations @, 8,7, 5 S A? we have
an(Bedey)c((@anp)e(Beénéof)e(Goynyed))nNale(any)n
N@np)e[((BedNdoB)e(beynyed)e(any))nal
(4) For any quasiorders «, 8,8,y of A we have:
an(@Bebey)=[(anp)e(Bednsef)e(eynyecd))Nale(any)n
N@np)e[((Bednéep)o(§eynyed)e(any))Nal.
Then (1) = (2) = (3) = (4).
Proof. (1) = (2). Let m(t,u,v,w) be a 4-majority term function A* - A of
algebra A = (4; F). Take x =m(a,c,e,b), x; = m(a,a,c,b), x, =m(a,c,c,b),
x; =m(a,a,eb), x, =m(a,eve,b),xs=m(a,cb,b)and xo, =m(a,e,b,b).
Then we see that (a,x;) = (m(a,a,a,b),m(a,a,c,b)) € fand (a,x;) =
= (m(a,a,c,a),m(a,a,c,b)) € a.So, (a,x;) € anp.
Similarly, we find that
(x¢,b) = (m(a,e,b,b),m(b,e,b,b)) = (m(a,e,b,b),m(a,b,b,b)) Eany.
It is clear also (x1,¢) = (m(a,a,c,b),m(c,c,c,b)) €P,
(x1,%2) = (m(a,a,c,b),m(a,c,c,b)) €P,
(x5,¢) = (m(a,c,c,b),m(c,c,c,b)) €B,
(x1,x3) = (m(a,a,c,b),m(a,a,e, b)) €6,
(e,x,) = (m(a,e e e),m(a,e e b)) €y,
(e,x¢) = (m(a,e, e,e),m(a,e b,b)) €y,
(x4,x¢) = (m(a,e,e,b),m(a,e,b,b)) €v,
(x5,x6) = (m(a,c,b,b),m(a,e, b, b)) € 6,
(x1,b) = (m(a,a,c,b),m(b,b,c,b)) € a,
(x3,b) = (m(a,a,e, b),m(b,b,e, b)) € «a,
(x5, b) = (m(a,c,b,b),m(b,c,b,b)) € a,
(a,x3) = (m(a,a,e,a),m(a,a,e, b)) € a,
(a,x5) = (m(a,c,a,a),m(a,c,b,b)) € «a,
(a,x¢) = (m(a,e, a,a),m(a,e, b, b)) € a,
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(x5,x) = (m(a,c,c,b),m(a,c,e, b)) €6,
(x3,x) = (m(a,a, e, b),m(a,c,e, b)) €B,
(x,x4) = (m(a,c,e,b),m(a,e, e, b)) €96,
(x,x5) = (m(a,c,e,b),m(a,c,b,b)) €y.
(2)=(3). Let(a,b) Ean (B eodoy). Then there are elements c,e € A such
that (a,c) € B, (c,e) €4, (e,b) €Y.
Applying SCHEME-4 we obtain elements x, x4, ..., Xg € A such that:
(a,x1) €Eanp,(x1,¢) €P, (x1,x) €P, (x2,¢) € B, (x1,%3) €6, (e,x4) €Y,
(e,x6) €V, (x4,%6) €Y, (X5,x6) €6, (x6,b) ENy.
Next,
(x1,b) € a, (x3,b) € a, (x5,b) €E a, (a,x3) € a, (a,x5) € a, (a,xg) € a;
moreover, (x,,x) € §, (x3,x) € B, (x,x,) €8, (x,x5) €Y.
So, (a,b) € [((@anP)e(BedNébef)e(eynyed))Nale(any).
Similarly, we get:
(@b)e(@np)e[((Bednsep)e(@eynyecd)e(any)) Nal.
Thus
an(Beodey)Sl((@nP)o(BesnseP)o(Boynyod)nale(@ny)n
N@np)e[((BedNndof)e(oynyed)e(any))Nnal.
(3)=>(4). Ifa,pB,6,y € QuordA, then
[((@nB)e(Bednébepf)e(beynyed))nale(any)n
N@np)ef[((BedNdop)e(Beynyed)e(any))na] s
Sl(@np)e(Bednéep)e(eynyecd))nNale(any)Sacaa
and
[((@nB)e(Bednébepf)e(beynyed))nale(any)n
N@np)e[((Bedndef)e(@eynyed)e(any))nal s
Sl@np)e(Bedndef)e(@eynyed))nale(any) <
gﬁoﬁo6o6oyoy,
So, [((@anP)e(BednNseP)e(eynyecd))nNale(any)n
N@anp)e[((Bednéef)e(Beynyed)e(any))nNalSan(fedey).
As the converse inclusion holds by assumption, we obtain (4). ]
Let 8(a, b) denotes the principal congruence of an algebra A = (4; F)
generated by the pair (a,b) € A X A. It is well known that if p: A - Bis a
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homomorphism then (u, v) € 8(a, b) implies (¢ (u), p(v)) € 8(p(a), (b)).
Theorem 2. LetV be a variety of algebras. Then the following assertions
are equivalent:

(a) V has a 4-majority term.

(b) Any algebra A = (A; F) € V satisfies SCHEME-4.

(c) For any algebra A = (4; F) € V and any compatible reflexive relations
a,B,8,y € A® we have
an(Bedey)Sf((@anp)e(Bedndef)e(eynyed))nNale(any)n

N@np)e[((BedNdof)e(beynyed)e(any))Nal

(d) For any algebraA = (4;F) € V and every a, 3,8,y € ConA satisfy the
equality
an(Bebey)=[(anp)e(BednNéep)e(feynyecd))Nale(any)n

N@np)e[((BedNdoB)e(beynyed)e(any)) Nal
Proof By Proposition 1, (a) implies (b), (b) implies (c) and (c) implies (d), as
ConA € QuordA.
(d) implies (a). Now consider the free algebra [y, (x,y,z,t) € V. As
(x,t) € 6(x,t) N (O(x,y) ° 6(y,2) ° 0(z,1)),
the assumption (d) implies:
(x, t) €[(B(x, ) NO(x,y)) o (B(x, ) 2 (¥, 2) NO(y,2) ° O(x,¥)) °
0 (H(y,z) 00(z,t) NO(z,t) o G(y,z)) N @@, t)] e
o ((x,t) NO(z,t)) N (O(x,t) N (O(x,¥)) ° [((B(x,¥) e 0(y,2) N O(y,2) °
6(x,y)) e
0o (0(y,2)o0(z,t) N B(z,t) 2 O(y,2)) o (B(x,t) NO(z,t))) NO(x,t)].
Hence there is a term m(x, y, z,t) € Fy(x,y, z,t) such that
x(0(x,t) N B(x,y))m(x,x,y,t),
m(x,x,y,t)0(x,y)m(x,y,y,)8(y,z)m(x,y,z,t) &
& m(x,x,y,t)0(y,z)ym(x,x,z,t)0(x,y)m(x,y,zt)
and
m(x,y,zt) 0(y,z)ym(x,z,z,t)0(z, t)m(x, z,t, t) &
& m(x,y,z,t)0(z,t) m(x,y,t,t)0(y,z) m(x,zt,t);
next m(x, z,t, t)(@(x, t)No(z, t))t;

moreover, m(x, x,y,t)0(x, t)t & x0(x,t)m(x,zt,t).

Now, using the endomorphism ¢ : Fy(x,y,2,t) = Fy(x,y,2,t) with
e =) =x, ¢@) =z, ¢t)=t from (x,m(x,x,y,t)) €0(x,y) we
obtain:
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(x, mCx,x,%,8)) = (p(x), m(p(x), (x), p(¥), (1)) =
= (p(), (M, x,,1))) € 0(0(), p(3)) = 6x,x) = A
Thus x = m(x, x, x, t). The identities
x=m(x,x,y,x)=m(x,y,x,x) =m(y,x,x,x)
can be proved in a similar way. ]
2° 5-majority algebras

Proposition 3. Let A = (4;F) be an algebra and consider the following
assertions.

(5) A has a 5-majority term function m.

(6) For every a,b,c,e,d € A and any compatible reflexive relations

a,B,8,p,y S A% SCHEME-5 below is satisfied.

~

Jx, X4, ) X12
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59




Sevil Kazimova, Oktay Mamedov/Journal of Mathematics and Computer Sciences v. 1 (2) (2024)

p p /12 —>»b

X11 Y
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Here (a,x1) € a NP, (X1,x2) € B, (X3,%4) € B, (X11,X12) €V, (X12,b) Ea Ny.
(7) All compatible reflexive binary relations a, 8,6, p,v € A? satisfy
an(Bebepey)Sf((anp)e(BednNsef)e (pedNédep)o
(podNdop)o
c(yepnpey)nale(@ny)n(anp)efan((Bedndep)e
°o(pedNdop)o(pednNidep)e(yepnpey)e(any))l
(8) Forevery quasiorders @, 8,6, p, y of algebra A we have:
an(Bebdopoy)S[((anp)e(Bedndof)oe (pedndop)e
o(pedNédop)e(yepnpey))Nale
c(@ny)n(anp)efan((Bedngep)e
°o(pednédop)e(pednNdop)e(yepnNpey)e(any)l
Then (5) = (6) = (7) = (8).
Proof. (5)= (6). Letm(s,t,u,v,w):A%> > A be a 5-majority term function of
algebra A. Suppose (a,b) € a, (a,c) € B, (c,e) €6, (e,d) € pand (d,b) € y for
the elements a,b,c,e,d € Aand leta,f,d8,p,y € A? are compatible reflexive
relations of A. Take x =m(a,c,e,d,b), x; =m(a,a,a,c,b), x, =m(a,c,c,c,b),
x;=m(a,a,a,eb), x,=m(a,c,c,eb), xs=m(ac,e,e,b),
x¢ =m(a,c,c,d,b), x;=m(a,cd,d,b),xg=m(a,eed,Db),
x9=m(a,e,d,d,b), x;o =m(a,e b,b,b),x;; =m(a,d,d,d,b).
x1, =m(a,d,b,b,b).
Then we obtain:
(a,xq) = (m(a, a,a.a,b),m(a,a,a,c, b)) =
= (m(a,a,a.c,a),m(a,a,a,c,b)) €anp.
(%12, b) = (m(a, d,b,b,b),m(a,b,b,b, b)) =
= (m(a, d,b,b,b), m(b,d,b,b, b)) Eany.
Also,
(x1,0) = (m(a, a,a,c,b),m(cc,c,c, b)) €L,
(xy,c0) = (m(a, c,ccb),m(cc,c, c,b)) € B,
(x1,x5) = (m(a, a,a,c,b),m(a,cc,c, b)) € B,
(%9, x4) = (m(a, c,c,c b),m(acc,e, b)) € 0,
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(x1,x3) = (m(a, a,a,c,b),m(a,a,a,e, b)) €6,
(x3,x4) = (m(a, a,a,eb),m(a,c,c, e,b)) € B,
(x4, x5) = (m(a, c,c,eb),m(a,c, e,e,b)) €9,
(X4,%x¢6) = (m(a, c,ceb)m(accd, b)) € p,
(x5,x) = (m(a, c,e,e,b),m(a, c,e,d,b)) Ep,
(x6,x) = (m(a, c,c,d,b),m(a,c,e, d,b)) €9,
(x,x7) = (m(a, c,e,d,b),m(a,c,d, d,b)) Ep,
(x,xg) = (m(a, c,e,d,b),m(a,e,e,d, b)) € 9§,
(xg,%x9) = (m(a, e,e,d,b),m(a,ed,d, b)) € p,
(x7,%9) = (m(a,c,d,d,b),m(a,e,d,d, b)) €35,
(x9,x10) = (m(a, e,d,d,b),m(a,e,b,b, b)) Evy,
(x9,%11) = (m(a,e,d,d,b),m(a,d,d,d,b)) €6,
(x10,X12) = (m(a, e,b,b,b),m(a,d,b,b, b)) € p,
(x11,%12) = (m(a,d,d,d,b),m(a,d,b,b,b)) €,
(a,x15) = (m(a, d,a,a,a),m(ad, b,b,b)) € «a,
(x1,b) = (m(a,a,a,¢c,b),m(b,b,b,c,b)) € qa,
(a,x10) = (m(a, e,a,a,a),m(a,e,b,b, b)) € «,
(x5,b) = (m(a,a,a,e,b), m(b,b,b,e,b)) € a.

(6) = (7). Let (a,b) Ean (B o opoy). Then there are elementsc,d,e € A
such that(a,c) € B, (c,e) €6, (e,d) Epand (d,b) €Ey. Also,(a,b) €Ea. By
applying SCHEME-5 we obtain elements x, x4, ..., X1, € A such that (a,x;) €
anp, (x1,x) €L, (x1,x3) €S, (x2,x4) €5, (x3,x4) €B, (x4,x5) €6,
(x4, x6) €Ep, (x5,x) €Ep, (X6,x) €S, (x,x7) €Ep, (x,x3) €S, (xg,%9) Ep,
(x7,x9) €8, (x9,X%10) €Y , (X9,x11) €5 , (x10,X12) €Ep , (11, %12) €V,
(x12,b) €Eany, (x,b) €, (a,x3) €a.

So,
(@b) e[((@anp)e(BeénNéeP)e(pednNéep)eo
o(pedNédop)e(yepnpey))Nale(any).
Similarly, we get:
(@b)e(@np)elan((Bedndepf)e(pedndeop)e
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o(pedNdop)e (yepnNpeoy)e(any))]
Thus,
(@b) e[((@anp)e(BeénNéep)e(pedNéop)eo
o(pedNdep)e(yepnNpey))Nale(any)n
N@np)eflan((fedndop)e(pedndeop)e
o(pedNdop)e (yepnpeoy)e(any))]
Hence, the inclusion in (7) is proved.
(7)=>(8).Ifa,B,6,p,y € Quard(A) then
[((@npB)e(BednNbeB)e(pedndep)e
o(pedNdep)e(yepnpey))Nale(any)n
N(@np)elan((Bedndep)e(pedndep)e
o(pedNdop)e (YepnNpoy)e(any))] <
SlCanp)e(Bodnéef)o(pedndep)e
°o(pedNébop)e(yepnpey))Nale(any)Sacaca
and
[((@np)e(Bedndeof)e(pedNdop)e
o(pedNéop)o(yepnpey)Nale(any)n
N@np)elan((fedndop)e(pedndop)e
o(pedNdéep)e (yepNpey)e(any))] S
(@np)efoeboebopopoycySBofobopoyS fobopoy.
Thus
[((@npB)e(BednNbep)e(pedndep)e
o(pedNéop)e(yepnpey)Nale(any)n
N@np)elan((fedndop)e(pedndop)e
o(pedNéop)e (yepnNpey)e(any))]San(Bedepey).
As the converse inclusion holds by the assumption, we obtain (8). ]

Theorem 4. Let V be a variety of algebras. Then the following assertions are
equivalent:

(a) V has a 5-majority term.
(b) Any algebra A = (A; F) €V satisfies SCHEME-5.
(c) For any algebra A = (4; F) € V and any compatible reflexive relations
a,B,8,p,y € A% we have
an(Bebepey)Sf((anp)e(BednNsef)e (pednNdep)o
o(pednNédep)eo(yepnpey)Nale(any)n
N(anp)efan((fednédep)e
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o(pednNédop)e(pednNdop)e(yepnNpey)e(any)l
(d) For any algebra A = (4;F) € V and every a, 3,8, p,y € ConA satisfy the
equality:
an(Bedepey)=[((anp)e(BeéNéboPf)e (pebdNébop)eo
o(pedNdop)o(yepnNpey))Nale(any)n
N(anp)efan((fedNnéep)e
o(pednNdep)o(pednNéep)e(yepnpey)e(any))].

Proof. In view of Proposition 3, (a) implies (b) and (b) implies (c). Proposition
3 also gets that (c) implies (d), as ConA € QuardA.

(d) implies (a). Consider now the free algebra Fy,(x,y,z,u,t) € V. As
(,t) €EB(x,t)N(B(x,y)00(y,2) 0o 0(z,u) c O(u,t)),
the assumption of (d) implies:
(x,t) €[(0(Cx, t) N (B(x,y)) o (((B(x,) ° 6(y,2) N O(y,2z) 2 O(x,y)) °
o (0(y,2)o0(z,u)NO(z,u) e 0(y,z)) e (B(z,u) e 8(u,t) N B(u,t) o 0(z,u)))
NO(x,t)]e
o (B(x, ) NO(w, 1)) N (O(x, 1) NO(x,¥)) o [((B(x,¥) 2 O(y,2) N O(y,2)
°f(x,¥)) e
o (0(y,2) o 08(z,u) NOB(z,u) 2 O0(y,z)) e (B(z,u) cB(u,t) N O(u,t) e O(z,u)) o
o (B(x,t)NO(u,t))) NB(x,1t)].

Hence there is atermm(x,y,z,u,t) € Fy(x,y, z,u, t) such that:

x(8(x,t) N O(x,y))m(x, x,x,,)0(x, y)m(x,y,y,7,0)0(y, 2)m(x,y,v,2,t) &

& m(x,x,x,y, )0y, z)m(x, x, x,z,t)0(x,y)m(x,y,y,z,t)
and
m(x,y,y,2z,t)0(y,z)m(x,y,z,2,t)0(z,u)ym(x,y,z,u,t) &
& m(x,y,y,zt)0(z,uym(x,y,y,u,t) 6(y,z)ym(x,y, z,u,t).
Next,
m(x,y,z,u,t)0(y,z)m(x, z z,u,t)0(z,u)ym(x, z,u,u,t)0(z,u)
0z, uym(x,u,u,u, t)0(u, )0 (u, t)m(z,u, t, t,t) &
&m(x,y,z,u,t)0(z,u)ym(x,y,u,u, t)0(y, z)ym(x, z,u,u, t)0(u,t)
O(u, t)m(x, z,t, t,t)0(z,u)ym(x,u, t, t, t),and m(x,u,t,t,t) (Q(x, t) No(u, t))t.
Now, using the endomorphism ¢@: [Fy,(x,y, z,u, t) = Fy(x,y, z,u, t) with
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p(x) =) =x,¢) =2z ¢@) =u, () =tand from (x,m(x,x,x,y,t)) €
0(x,y) we obtain:

(2 m(x,x,%,%,8) = (900, m(P(), (), (), 9 (), 9())) =
= (), 9(m(x,%,%,7,0)) € 6(9(x), (1) = 6, x) = A

Thus, x = m(x, x, x, x, t). The identities x = m(x,x,x,y,x) = m(x,x,y,x,x) =
=m(x,y,x,x,x) =m(y,x, x,x,x)
can be proved in a similar way. ]
Remark. Also, it is easy to see that under conditions of Proposition 3 ((5)
implies (6)) we have the following relations:
X20X13, X406X13, X56X13 and Xy3pXg, X13PX9, X13PX11;
here x;3 = m(a,e, e, e,b).

3° On 6-majority algebras
Using the methods given in the proofs of Theorems 2 and 4, one can

prove a similar theorem for varieties of algebras with 6-majority terms (we show
only first two parts):

Theorem 5. LetV be a variety of algebras. Then the following assertions are
equivalent:

(a) PV has a 6-majority term.

(b) Any algebra A = (A; F) € V satisfies the following SCHEME-6:

/\

a dx, x4, ---'x1§

\/'b

/'\
el \

Xg
x/

N
v
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Here (a,x1) € a N B, (x1,%3) € B, (x1,%2) € 6, (X2,X4) € B, (X3,%4) €6,
(%4,X6) € 6, (X4,X5) € €, (X6,X7) € €, (x5,%7) € §, (X7,%9) € €, (x7,Xg) € p,
(x9,x) € p, (xg,x) € &, (x,Xx11) €€, (X,X10) € 6, (X10,X12) € & (X11,X12) €,
(x12,%13) € &, (X12,%14) € P, (X14,X15) € &, (X13,%15) € P, (X15,X16) € P,
(x15,%17) € ¥, (X17,%18) € p, (X16,X18) €V, (X158, D) Ea Ny. O

Moreover, it can be shown that there is an algorithm for constructing
congruence schemes in the case of a variety of algebras with a k-majority term for
an arbitrary k. In this case, the number of internal “rhombs” is equal to 2(k-3).

4° On compatible relations

Definition. Let 8 be any binary relation which is compatible with all operations
of an algebra A = (4; F). If the relation 8™ = @ 0 § o ...o B (n times) is contained
in@, 0™ € 6, then we will say that 8 is n-pretransitive relation of A. Of course,
every compatible relation is 1-pretransitive.

Theorem 6. If Ais an algebra in an-permutable variety then every (n — 1)-

pretransitive relation of A is a symmetric relation.

Proof. Let (a,b) € 8 and 6 is a (n — 1)-pretransitive relation of A. Assume
that there exist (-preserving) terms p;, ..., p,,—1 of A satisfying the identities:

{X = P1(X, Z, Z), pn—l(xl X, Z) =2z

* -
) pi(x,x,2) = pi41(x, 2,2) Vi

for n-permutability (a result of Hagemann and Mitshke). We must show that

(b, a) € 6. Indeed by (*) we have:

b = pn—l(a' a, b)gpn—l(al b! b) = pTl—Z(ar a, b)gpn—Z(a! br b) =
.. =py(a,a, b)fp,(a,b,b) =p,(a,a, b)dp,(a,b,b) =a.

65



Sevil Kazimova, Oktay Mamedov/Journal of Mathematics and Computer Sciences v. 1 (2) (2024)
As ™ < 0, we have (b, a) € 0, as required. O

Definition. Let 8 be any binary relation on a set A. If for a pair, (a,b) € A X A
there is an element ¢ € A such that (a,c) € 0 and (b, c) € 6 then we will say that
(a, b) has a right 8-bound.

Lemma 7. Let a binary relation 8 is compatible with the operations of an
algebra A and let p: A3 — A be a term of A satisfying the identity p(x, x,y) = y. If
(a,b) € A X A has a right 8-bound, then forall z € A p(a, b,z)0z.

The proof is obvious: indeed, let ¢ be a right 8-bound for (a, b) in A. Then for
all z € Awe have: p(a,b,z)0p(c,c,z) = z.

Corollary 8. Let a binary relation 8 is compatible with the operations of an
algebra A and let p: A3 — A be a term of A satisfying the identity p(x, x,y) = y. If
(a,b) € A X A has a right 8-bound, then forall z € A p(a,b,z)0z

Now we immediately obtain the next result, but firstly we recall the Maltsev
condition given by H.-P.Gumm: a variety V is congruence modular if and only if for
some n = 1 there exist 3-ary terms d,, ..., d,, and p such that V satisfies

(G1) do(x,y,2) = x,

(G2) di(x,y,x) = xforalli,

(G3) d;(x,x,y) = d;41(x,x,y) fori even,

(G4) d;(x,y,y) = di+1(x,y,y) for i odd,

(G5) dp(x,y,¥) = p(x,7,¥),

(G6) do(x,x,y) = .

Proposition 9. Let a binary relation 8 is compatible with the operations of an
algebra A and assume that every pair (a,b) € A X A has a right 8-bound. If the
variety var(A) generated by A is congruence modular then A satisfies the
equations (G1)-(G4) and the relation

(G5') Vx,y dp(x,y,y)0y.

Note. In a special case when 8 is a compatible ordering relation, congruence
modularity implies congruence distributivity (see [5]).
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